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Chapter 1
Foreword by Stéphane Jaffard

In May 1990, I attended the annual day of the French Mathematical Society
(SMF), which, that year, had chosen the crisp new subject of wavelet analysis.
The flow of wavelets had not yet spread among large areas of Science, but a
few top researchers were already actively working in this field. The SMF was
aware of its great potential, both inside mathematics and for other sciences,
and had decided to present it to its members.

At the end of the afternoon, a short man with a brushy moustache ad-
dressed me. He explained that he was a probabilist studying Gaussian fields,
had heard that I was a student of Yves Meyer (the best possible recom-
mendation...) and wished to enroll me in his research project. I had a very
light background in probability, and was rather taken aback. But, if T had
learned anything from my short mathematical life as a student in the start-
ing subject of wavelets, it certainly was that big steps forward are the con-
sequence of chance and unexpected encounters... and I jumped in without
second thoughts. The next step was a couple of weeks at Clermont-Ferrand,
where Albert Benassi explained his program. Albert was not a Bourbaki-style
mathematician, but he was far-sighted, and had caught sight of a rich land,
which would later become a fruitful field of interactions for mathematicians,
signal analysts and image processors. When Albert was doing mathematics,
he was wearing seven-league boots, and didn’t clear all the way between each
step; so following him in this adventure was a challenge... and a very reward-
ing one! When I joined, Daniel Roux, then Albert’s PhD student, was already
part of the team. Serge Cohen and Jacques Istas would join a little later, and
would quickly become prominent contributors in the development of this new
area of mathematics. So that the present book can certainly be described as
the final, polished output of the adventure that we lived as young scientists.

One shouldn’t infer that it only is an account of twenty years of excit-
ing mathematics. It is much more: An introduction to a subject which now
is extremely active, and flourishing in many directions. The conjunction of
recent high resolution data acquisition techniques and Internet has for con-
sequence that large collections of high resolution signals and images, coming
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from many different areas of science, are now available. The challenge for sig-
nal and image processing is to store, transmit, treat and classify these data,
which requires the introduction of wider and wider classes of sophisticated
models. Their mathematical properties have to be investigated, simulations
are needed in order to confront visually models with data, and statistical
tools need to be developed so that the corresponding key parameters of the
models can be identified. This ambitious scientific program precisely is the
purpose of this book.

A first originality is that it deals with fields, and not processes. If the lit-
erature concerning stochastic processes is extremely rich, it is much less the
case for fields; this may be due to the fact that several key probabilistic tools
have been developed specifically in dimension one, as a consequence of the
natural interpretation of the one-dimensional variable as the time axis, and
have less natural extensions in several dimensions. However, the need for a
similar treatment of fields increased recently, with many motivations raising
from image processing (in 2D), or for simulations of three dimensional phe-
nomena. A second originality is that the book encompasses the three facets
of the same scientific field: A probabilistic study of classes of random fields,
the development of statistical methods of identification of their parameters,
and finally simulation techniques. These topics require diverse skills and usu-
ally are not met in the same book. However each of them enriches the other
two: Questions raised in one part motivate developments in another, and
their conjunction will make this book an extremely valuable tool, both for
mathematicians interested in understanding possible applications, and for
scientists working in signal an image processing, and who want to master the
mathematical background behind the models that they use; let us stress the
fact that the very detailed and pedagogical chapter dealing with preliminar-
ies make the book really accessible to scientists with a light background in
probability and analysis.

This rich mixing of different aspects of the same subject certainly is in
the spirit of the new way of performing scientific investigations which was
initiated by Benoit Mandelbrot, half a century ago: His motivations to develop
mathematical models rose from the inspection of data picked in a wide range
of different sciences, and the mathematical properties of these models would
often follow from observing their simulations; it is by no means a surprise
that fractal analysis is a recurrent theme in the present book. If the reader
will allow me a bold comparison, the composition of the book with three
views of the same scientific topics is reminiscent of some of the most famous
Picasso portraits, where the juxtaposition of slightly different perspectives
give a much deeper insight of the subject.

Stéphane Jaffard, Professor of Mathematics, Université Paris Est
Créteil, October 2011



Notations

a.s.: almost surely.

(a.s.) .
=": almost sure equality.

#(2: cardinal of the set (2.

B(K) is the space of bounded functions on a set K.

CH is the space of Hélder-continuous functions on [0, 1]%.

C™ is the space of m times differentiable functions.

C™™ is the space of m times differentiable function in the first variable
and n times differentiable function in the second variable.

det(A): determinant of the matrix A.

d e
@, equality in distribution.

Ey: let Z @ Ni1(0,1) (notation defined below), then Ej = E|Z|".
i.i.d.: independent and identically distributed.
EX: expectation of the random variable X.

(&) = Joa explia&) (@) g2t

(s 9) 2@y = Jpa F)T(E) s

We denote by I'(t) = fOJrOO x'~te~%dz the classical Gamma function for
t>0.

o iff : if and only if.

Kx is the Reproducing Kernel Hilbert Space (RKHS) associated to a
Gaussian field X.

log, (7) = aad.

N the set of non-negative integers.

N* the set of positive integers.

Ng(m, X): d-dimensional Gaussian vector of expectation m and covariance
matrix X

f(z) = O(g(x)) as © — x¢ when there exists a finite constant C' such that
|f(z)] < Clg(z)| in a neighborhood of z. The point 2y may be a real
number or +00 or —oo.
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X, = op(Yy,) if X,,, Y,, are sequences of random variables defined on the
same probability space such that

Ve >0, lim P(|X,| > e|Y,]) = 0.
n—oo

This notation can be generalized to fields X (z), Y (z) as X (z) = op(Y (2))
in a neighborhood of some xg.

X, = Op(Yy) if X, Y,, are sequences of random variables defined on the
same probability space such that

Ve >0, IM > 0, supP(| X,| > M|Y,|) < e.
neN

This notation can be generalized to fields X (z), Y (z) as X (z) = Op(Y (2))
in a neighborhood of some xg.

f(z) = o(g(x)) as © — z¢ when lim,_, % = 0; xo may be a real number
or +00 or —oo.

e ( is the set of rational numbers.
e R the set of real numbers.

R(z), S(z) are respectively the real part and the complex part of a complex
number z.

R(z,y) = EX, X, : covariance of a second order field.

r.v.: random variable.

S is the space of fast decreasing functions.

&’ is the space of tempered distributions.

S84 = {x € R¥*1 5. t. ||z|| = 1}, the d-dimensional sphere where ||z| is the
Euclidean norm of z € R4t1,

s.t.: such that.

supp f is the support of the function f.

o(X) is a sigma field on the set X.

¢ A: transpose of the matrix A.

varX: variance of the random variable X.

. n
Up ~ Uy, means that lim — =1.
n—-+oo Un

u, X v, means that there exists a constant 0 < C' < oo such that éun <
vp < Cu,, Vn eN.

f(x) ~ g(x) as © = o when lim,_,,,
or +00 or —o0.

[x] is the integer such that [z] <z < [z] + 1.

f(z)

5 — 15 xo may be a real number
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Chapter 2
Introduction

Fractals everywhere ! This is the title of a bestseller, but it is also a reality:
Fractals are really everywhere. What a change since the days of Charles Her-
mite declaring "I turn away with fright and horror of this terrible scourge of
continuous functions without derivative" !. Historically, the first fractals are
the Cantor set, and the Weierstrass function, followed by the famous Brown-
ian motion. In these seminal examples, there were already between the lines
the basic properties self-similarity and roughness, we will find throughout
this book. But, what does mean this word "fractal"? Or its more or less syn-
onymous "fractional"? There are probably as many definitions as there are
people who work on the subject. We follow two tracks in this book.

e First, if an object is similar to each part of itself, i.e. the whole has the
same shape as one or more of the parts.
e Second, if its Hausdorff dimension is not an integer.

A very common object is similar to each part of itself: a straight line ! The
self-similarity does not necessarily imply roughness. And, among the graphs
of deterministic functions, the straight line is the only self-similar graph.
A bit disappointing ! But now replace condition "find a graph where each
part is similar to itself" with the condition "find a graph where each part is
statistically similar to itself". We obtain an infinite number of random graphs
that satisfy this statistical self-similarity. In fact, there are so many that we
do not know how to classify them, even if we know how to define some broad
categories. For example, if we impose the graph to be Gaussian, for each self-
similarity index 0 < H < 1 there exists a unique solution, up to a constant,
the famous fractional Brownian motions. For H = 1, the graph of fractional
Brownian motion is a random Gaussian straight line. For H # 1, the graph of
fractional Brownian motion is statistically self-similar, rough (its Hausdorff
dimension is (a.s.) equal to 2-H and its pointwise Holder exponent is H). Thus
fractional Brownian motions became the archetypes of random fractals, we

L "Je me détourne avec horreur et effroi de cette plaie lamentable des fonctions continues
qui n’ont pas de dérivées" letter of Charles Hermite to Thomas Stieljtes, 20 may 1893.
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devote to fractional Brownian motions an important section in the chapter 4,
which is concerned with self-similarity in a bigger generality. A smooth curve
is locally approximated by a straight line, this is a general fact. A straight line
is self-similar and a smooth curve becomes locally self-similar. Similarly, parts
of a random graph could locally look like a, necessarily self-similar, random
graph: One then speaks of local asymptotic self-similarity (in short lass).
For instance, numerous random fields look locally like fractional Brownian
fields and we study several within the chapter 5. To compare a model with
reality implies the statistical estimation of the parameters describing the
models. The estimation of the fractional parameter of a process is an issue
for which there are several approaches known. In this book we will mainly
use generalized quadratic variations to estimate fractional parameters. This
statistical method is treated in the chapter 6 devoted to Statistics. Finally, the
simulation of theoretical models is a necessity. Again, it is not as simple as one
might think, even in the Gaussian case. Numerical problems, computations
time, are still not resolved, and we dedicate the chapter 7 to discuss these
issues.

Now that the broad picture is depicted we can be more precise and describe
the points we stress in this book. Our main aim is to present multifractional
fields. Surprisingly enough we don’t write anywhere a definition of multi-
fractional fields. Actually we think that multifractionality is a concept that
depends on the applications one is interested in. Moreover we don’t write
any precise definition of a fractional field either. So it seems that the study
of (multi)fractional fields is not rigorous in a mathematical sense. It is wrong
and we want to provide in this introduction the reader with a walkthrough
to multifractional fields.

If you have a good familiarity with Probability theory, Statistics, Analysis
specialized in Hausdorff dimension and some background with wavelets then
you can skip the Preliminaries chapter 3. If not or if you discover later that
you are missing some basic definition then this chapter is to make the book
as self contained as possible for an undergraduate student in Mathematics.
Please note that one does not need to be a mathematician to read this book.
We have tried to make it as friendly as possible to applied scientists and
engineers. Although most of the results of chapter 4 and chapter 5 are given
with complete and rigorous proofs, we have tried not be too technical. A
nasty consequence of this choice is the fact that this book does not make a
proper account to the most recent and sophisticated results in the domain of
the (multi)fractional fields. On the other side if the first three chapters are
still too technical for your own background, we may suggest to start with
chapters 6 and 7.

The beginning of the hard core of the book is in section 4.2.2, where the
main properties of fractional Brownian process are explained. First of all you
can find a uniqueness result that shows that up to a constant it is the only
Gaussian process, which is H-self-similar and with stationary increments.
In this part we make explicit the covariance structure, the regularity of the
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sample paths including the computation of the Hausdorff dimension of the
graph, and two integral representations of fractional Brownian motion : One
which is called the moving average representation and one which is in the
Fourier domain and which is called harmonizable.

So far so good but we think that restricting the word “fractional” to either
Gaussian, self-similar or processes with stationary increments is too restric-
tive for applications. Hence we will describe various generalizations of frac-
tional Brownian motion in section 4.3 of chapter 4. Some are parameterized
by multidimensional index, some are non-Gaussian but they all keep in some
sense the H-self similarity property, which is the common property of most of
the objects considered in the chapter 4. At this point we would like to prevent
the reader from a possible misunderstanding : This book is a treaty neither
on fractional Brownian motion nor on self-similarity. There are many good
references in the literature on those topics (E.g. [53], [54].) and we will avoid
to talk on any properties of fractional Brownian motion related to stochastic
integration because as far as we know there are not easy to generalize to
other (multi)fractional fields.

The goal of the chapter 5 is to advertise multifractional fields. At this
point a reasonable question is to wonder why bother with these general-
izations of fractional Brownian motion. The answer comes from the data
encountered by practitioners using fractional Brownian motion. Very often
they have data for which the parameter H seems to vary with the time or the
location where it is observed. It can be experienced because of the estimation
of H or by simply observing the visual roughness of the sample paths. In
this case the model of fractional Brownian motion is too rigid for your data
because H is constant in this model or for a deeper mathematical reason :
self-similarity and stationarity are global properties of the model and they
cannot be adjusted to fit variations of data. A first solution to generalize the
model of fractional Brownian motion is to localize the self-similarity prop-
erty. This way of thinking yields a discussion carried in section 5.2. In the
Definition 5.2.1 of local asymptotic self-similarity the constant index H is
replaced by a function = ~ h(x) which varies with the location z € R? and
which is called a multifractional function. However we do not think that lo-
cal asymptotic self-similarity alone is enough to call a field multifractional.
Obviously one wants to be able to compute at least some pointwise Holder
exponent at each point of multifractional fields. In the chapter 5 we provide
many examples of Gaussian locally asymptotically self-similar fields : Filtered
white noises, multifractional Brownian fields, step fractional Brownian pro-
cesses, generalized multifractional Gaussian processes. For each of this locally
asymptotically self-similar field one can compute the multifractional function
and its value at a location x is almost surely also the pointwise Holder ex-
ponent. The reason why we have various models is that the assumptions
on the regularity of the multifractional function = +— h(z) is less restric-
tive when a more sophisticated model is used. The previous list was ordered
with growing sophistication. It is desirable because in some applications like
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image processing you expect discontinuous multifractional functions. Actu-
ally some data related to turbulence models have very wide “multifractional”
functions for which the precise value of the pointwise Holder exponent at a
point z is not interesting but only the Hausdorff dimension of the set of the
points  where the Holder exponent is given is relevant. This theory yields
“multifractal” processes or fields. It is not in the scope of this book since
we are interested in applications where the pointwise Holder exponent can
be estimated. An introduction to multifractal processes is available in the
chapter 10 of [75]. Later in the chapter 5 non-Gaussian multifractional fields
are introduced using moving average or harmonizable integrals that extends
the representations of fractional Brownian motion. Beside, new models called
fractional Lévy fields show that the multifractional function obtained in the
lass property is not always equal to the pointwise Holder exponent.

At this point we think that we can propose a rule of the thumb to know
if a field should be called multifractional. Multifractional fields have three
properties :

Local asymptotic self-similarity with a multifractional function h.
The sample paths should have at every point x a local Holder exponent,
which can be different from h(zx).

o Almost sure efficient estimation of the multifractional function h and of
the local Hélder exponent should be feasible with the observation of only
one sample of the fields.

If you accept the previous rule you can understand why we are interested in
the chapter 6 in the estimation of the parameters of multifractional models.
It is the third condition to have a useful fractional model. In practice the
use of various discrete generalized quadratic variations along the paths of
fractional fields described in the previous chapter is our favorite tool for the
estimation. It allows in some sense a unified treatment for the estimation even
if other techniques exist for fractional Brownian motion. In this chapter we
have to distinguish the unifractional case where H is a real number and the
multifractional case where we have to estimate the multifractional function
h.

In the chapter 7 we review some simulation techniques to get the flavor
of what are the multifractional fields introduced in the previous chapters.
Once again we do not focus on the simulation of fractional Brownian motion
which is easily available in the literature (See [10] for instance.) but more on
multifractional fields. Unfortunately many approximations have to be made
to deal with computation times and this chapter should be thought more as
an introduction to the problems encountered in simulating the multifractional
fields than as the last words on this topic.

To finish this introduction we would like to thank many collaborators that
help us to understand multifractional fields and to write this book. First of all
both authors would like to express their endless gratitude to Albert Benassi.
Albert has introduced both of us to the wonderful world of multifractional
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fields and the questions raised by their applications to real data. He was not
only a collaborator for many of the articles used to write this book but also
the source of most of the questions for which you have partial answers here.

Many parts of this book were taught at graduate students both in Toulouse
and in Grenoble and we would like to thank the audience that helps us to
improve our explanations. The universities where we are doing research and
teaching leading to this book Université de Grenoble, Université de Toulouse,
Université de Versailles Saint-Quentin en Yvelines and during a sabbatical
semester of one of the author Cambridge University UK provided us stim-
ulating environments. We are also indebted to many colleagues and former
students. We gratefully acknowledge in particular Jean-Marc Azais, Jean-
Marc Bardet, Alexandre Brouste, Jean-Francois Coeurjolly, Laure Coutin,
Claire Christophe, Sébastien Déjean, Coralie Fritsch, Sébatien Gadat, Fabrice
Gamboa, Stéphane Jaffard, Céline Lacaux, Sophie Lambert, Michel Ledoux,
Olivier Perrin and Mario Wschebor.






Chapter 3
Preliminaries

In this chapter we have collected some results that will be used in the sequel
of the book. We have divided these results in two parts. In the first one we
recall some facts concerning stochastic processes. In the second part some
results concerning fractal analysis are given.

3.1 Stochastic fields

The main topic of this book is random fields. In this section we provide
the reader with some theoretical background for random fields. The case of
Gaussian fields, which give numerous examples, is particularly stressed. Nev-
ertheless we assume some prerequisites for distributions of random variables
and some elementary facts in probability theory. See [52] for a convenient
introduction to probability theory.

3.1.1 Definition

Definition 3.1.1 Stochastic field.

Let T be a set and (E, &) a measurable space. A stochastic field indexed by
T, taking values in (E,&), is a collection (X;,t € T) of measurable maps X
from a probability space (£2,05(12),P)) to (E,E).

In this book, we are mainly concerned by real or complex valued stochastic
fields indexed by R%, d > 1. If it is not mentioned otherwise, 7" will be R or
a Borel subset in R?. When d = 1, one usually speaks of stochastic processes
rather than of stochastic fields. The measurable space (E,€) is the space
R or C endowed with its Borel o-algebra B(R) or B(C). For every t € T,
the stochastic field X yields a real or a complex valued random variable on
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(£2,0(£2),P)). Fix now w € 2. The map ¢t — X;(w) is the sample path of the
stochastic field. We will mainly give conditions for real valued fields.

3.1.2 Kolmogorov’s consistency theorem

The distribution of a stochastic field is characterized by finite dimensional
distributions of the field.

Definition 3.1.2 Finite dimensional distributions of the field.

Two stochastic fields (X;,t € T) and (Yi, t € T) are said to be versions of
each others if they have the same finite dimensional distributions. It means
that for everyn > 1 and t1,...,t, €T

d
Xepre o X)L (.. V). (3.1)

These distributions are called the finite dimensional distributions (or mar-
gins) of the field (X, t € T).

Let us stress that the one dimensional distributions are not enough to
characterize distributions of a stochastic field. Actually even for n = 2 we

can have X, @ Y;, and X, @ Y:,, whereas (X;,,X;,) has a different

distribution from (Y;,, Y3, ). Let X, @ Y:, = @ Xt, @ Y, be standard normal

variables with X;, = X;, and Y;, independent from Y, then the distribution
(Xt,, Xt,) is clearly different from the distribution of (Y3, Y:,).

Let (X¢,t € T) be a stochastic field. The distribution of the random vector
(Xtyy.o 0y Xe,), n>1, (t1,...,t,) € T™ is characterized by its characteristic
function. For (A1, ..., An) € R™ the characteristic function is defined by

Virootn ALy An) = Eexp ZAXt

The Kolmogorov’s consistency theorem [28] ensures the existence of a stochas-
tic field such that the finite-dimensional distributions are consistent.

Theorem 3.1.1 Kolmogorov’s consistency theorem.
Let . 4, (A1,...s n),n > 1,(t1,...,t,) € T™ be a collection of char-

acteristic functions. Assume that for any permutation (o(1),...,0(n)) of
(1,...,n), one has
wtg(l),...,tg(n) ()‘0(1)7 ey o’(n)) ¢t1 tn ()‘13 R /\n) )

and that, for any m <n

¢t1,...,tm ()\1, ey )\m) == wh,m,tn ()\17 ceey )\m707 PP 7O) . (32)
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The finite-dimensional distributions associated to these characteristic func-
tions are called consistent. If the collection of characteristic functions is con-
sistent, there exists a stochastic field such that, forn > 1, (t1,...,t,) € T™,

Ytrotn Aty An) =Eexp (0> N Xy, | (3.3)
j=1

Existence of the Brownian motion will be proved with the Kolmogorov’s
consistency theorem in the next section.

3.1.3 Gaussian fields and non-negative definite
functions

Many fields in this book will be Gaussian fields. First we recall some ele-
mentary facts concerning Gaussian random variables and Gaussian random
vectors. The distribution of a Gaussian random variable with mean EX = m
and variance o2 has a density

(2) 1 (x —m)?

€Tr) = ex —_——

et var TP\ 202

with respect to Lebesgue measure. In this case the distribution of the Gaus-

sian random variable is denoted by A/ (m, c?). Conventionally, if X @) e
R, the distribution of X is considered as a degenerated Gaussian distribution

N(m,0). A Gaussian random variable is call standard if X @ N(0,1). The

characteristic function of X 2 N (m,o?) is
Eexp (iAX) = exp (iAm — 0°\?/2) .

Sometime we will need complex valued Gaussian variables.

Definition 3.1.3 Let X be a complex valued random variable. It is a stan-
dard complex Gaussian variable if VIRX and V23X are two independent
real standard Gaussian random variables.

Please note that if X is a standard complex Gaussian variable then
EX =0, E|X|?=1,

this normalization explains the v/2 in Definition 3.1.3.

Definition 3.1.4 Let X be a complex valued random variable. It is a complex
Gaussian variable if there is a standard complex Gaussian variable Z and
a,b € C such that
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X =aZ +b.

Definition 3.1.5 A random vector X = (Xy,...,Xq) is called a Gaussian

random vector if any finite linear combination of its coordinates Y ;_; A X;
is a Gaussian random variable.

One can check that if X is a real valued Gaussian random vector with mean
EX = m € R? and covariance matrix I;; = E(X; — m;)(X; — m;), the
characteristic function of X is given by

1t
Eexp (iA.X) = exp (i)\.m ~5 )\F/\> ,

A1
where X is the transpose of the vector A = | : | . Let us recall that any

Ad
covariance matrix is a non-negative symmetric matrix in the sense that V) €
R?, *AI’\ > 0. This classical non-negativity property for symmetric matrix
is generalized to non-negative functions (Definition 3.1.9).

Example 3.1.1 Existence of the Brownian motion.

Let us now prove the existence of the standard Brownian motion with the
Kolmogorov’s consistency theorem. One aims to construct a stochastic pro-
cess (B(t))i>o satisfying the properties of the following definition.

Definition 3.1.6 A process (B(t)):>o satisfying

e B(0)=0,
o for all s <t, the increment B(t) — B(s) is independent of (B(u),u < s),
o B(t) — B(s) has a centered Gaussian distribution with variance |t — s|

is called a standard Brownian motion.

Let 0=ty <t; <...<tp,and Aq,..., A, € R. Set AJ‘ = B(tj)—B(tjfl), 1<
j <n. Then

n n J
St -3y (Y )
j=1 j=1 k=1
Since the Ajs have to be independent and Gaussian, the characteristic func-

tions of the B(t;) should be given by

2

E exp iZ/\jB(tj) = exp —1/22 Z/\k (t; —tj—1) | -(34)

j=1 \k=j

It is now straightforward that the characteristic function (3.4) satisfies the
consistency conditions (3.2) and (3.2). By Kolmogorov’s consistency theorem,
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the standard Brownian motion (B(t),t > 0) exists and its distribution is
unique. A process (B(t),t > 0) such that B(t) = aBy(t) + b, where a, b € R,
and where By is a standard Brownian motion is called a Brownian motion.
The standardization in Definition 3.1.6 amounts to fix B(0) = 0 almost surely
and var(B(1)) = 1.

Definition 3.1.7 Gaussian fields.

A stochastic field Xyt € T is a Gaussian field if and only if, for all
n>1,1t1,...,t, €T, the random vector (Xy,, ..., X ) is a Gaussian random
vector.

For Gaussian fields the distribution is characterized by the mean and the
covariance functions. Let us define these functions.

Definition 3.1.8 Mean value and covariance function.

Let (X¢,t € T) be a complex valued stochastic field such that E|X;|?> <
+oo, VteT. The mean value of X is the function t — m(t) = EX;. A real
valued stochastic field such that EX; = 0 Vt € T is called a centered field.
The covariance function of X is the function

(t,s) = R(t,s) = E(X; — m(t)(Xs — m(s)).

If X is a real valued field then the mean is also a real valued function and
R(t,s) = E(X; — m(t)(Xs — m(s)).
We first give a characterization of covariance functions of Gaussian fields.

Definition 3.1.9 Non-negative definite function.

A complez valued function (t,s) — ¥(t,s),s,t € T is called Hermitian if
Y(s,t) = ¥(t,s). Moreover an Hermitian function is a non-negative definite
function if, for everyn >1, A,..., A\ €C, t1,...,t, €T

D ANib(tity) 2 0.

4,j=1

If a function (¢,s) — (t,s),s,t € T is real valued, then Hermitian func-
tions are nothing else but symmetric functions.

Proposition 3.1.1 Let ¢ be a non-negative definite function. Then, for all
t,seT,

0 <(t,t), (3.5)

Ru(t, 5)° <t (s, s) . (3.6)

Proof of Proposition 3.1.1
Apply the definition of non-negative definite function with n =1, ¢; =t
and A\; = 1, the equation (3.5) is straightforward.
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Apply now the definition of non-negative definite function with n = 2,
t1 =t,ta =s, Ay =1 and Ay = —X € R. It follows that the polynomial \ —
A24(s, ) —2ARY(t, s)+1)(t, t) is non-negative. The discriminant 4(Re(¢, s)* —
Y(t,t)Y(s, s)) is therefore non-positive and (3.6) is proved.

Proposition 3.1.2 The covariance function R of a stochastic field is a non-
negative definite function.

Proof of Proposition 3.1.2
Since

D NA R, ) =B D N(X () —EX (1)) | >0,
j=1

J,3'=1

the proposition is proved.

We now prove that any non-negative definite function is a covariance func-
tion of a Gaussian field. For the sake of simplicity we suppose that the fields
are real valued until the end of the section.

Theorem 3.1.2 Characterization of real valued Gaussian fields.
Let m(t),t € T be a function and R(t,s),t,s € T be a non-negative definite
function. Then the formula, forn > 1, A\y,...; A €R, t1,...,t, €T,

E exp iz/\thj = exp iZ)\jm(tj) X
j=1 j=1

exp | —=1/2 > NAyR(tj,ty)
G'=1

characterizes the distribution of an unique real valued Gaussian field X, whose
mean value function is m, and whose covariance function is R.

Proof of Theorem 3.1.2
In order to apply Kolmogorov’s consistency theorem, we first need to check
that the functions

Yty Moo ) =exp | 1D Amity) | x
j=1

exp | =1/2 > MNAjyR(tj,t;)

J,3'=1

are characteristic functions. Let X, be the matrix (R(t;,t/));j/=1,...n- 2n is
a symmetric, non-negative definite matrix. It can be written (e.g. [65]) in the
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form ¥, = P,A, P! where P, is an orthogonal matrix and A4, is a diag-

onal matrix diag(\q,...,\,) whose eigenvalues Aq, ..., A, are non-negative.
Define then /X, by VX, = P,/A, P; ! where /A, = diag(v/A1, ...,V ).
Let €1, ...,e, be nii.d. standard normal variables and set E,, =? (e1y---,En)-

Set M,, =t (m(t1),...,m(t,)). Then the characteristic function of the Gaus-
sian random vector Z, = M, + VX, Epn is ¥4, 1, (A1,..., ). It is then
straightforward that these characteristic functions ¢, 4, (A1, ..., A,) satisty
the consistency conditions (3.2) and (3.2). By the Kolmogorov’s consistency
theorem, theorem 3.1.2 is proved.

Non-negative functions are of prime importance for Gaussian fields. We
therefore recall two characterizations (see [121] for Bochner’s theorem and
[127] for Schoenberg’s theorem). First let us extend the definition 3.1.9 of
non-negative definite functions.

Definition 3.1.10 A complex valued function f : T — C is called non-
negative definite if the function (t,s) — f(t—s) is non-negative definite in the
sense of Definition 3.1.9 i.e. for everyn > 1, A,..., A\, €C, t1,...,t, €T

Y ANt —t5) > 0 and f(—t) = f(t)

i,j=1

Theorem 3.1.3 Bochner’s theorem.

Among the continuous real valued functions, the non-negative definite func-
tions onT = R™ are those functions which are the Fourier transforms of finite
symmetric measures.

In Schoenberg’s theorem functions of negative types are used.

Definition 3.1.11 Functions of negative type.

A complez valued symmetric function (t,s) — ¢(t,s),s,t € T is a function
of negative type if, for every n > 1, A1,..., A, € C such that > ;" \; =0,
t1,...,tn, €T

D ANd(tint) 0.

i,7=1

In Proposition 3.1.2 we remark that covariance functions are non-negative
functions in the sense of Definition 3.1.9. If R(¢,s) = r(t — s) (which means
that the centered stochastic fields X; with covariance R is stationary in a weak
sense c.f. Definition 3.1.22) then r is a non-negative function in the sense of
Definition 3.1.10. In this case E(X () — X (s))? = ¢(t, s) is of negative type.

Theorem 3.1.4 Schoenberg’s theorem.
Let (t,s) — o(t,s),s,t € T be a complex valued symmetric continuous
function with ¢(t,t) = 0.

1. Fix tg € T. Define ¢ by
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¢(f7 8) = d)(th t) + d)(th 3) - d)(tv 5) :

Then ¢ is a function of negative type if, and only if, ¢ is a non-negative
definite function.

2. ¢ is a function of negative type if, and only if, e is a non-negative
definite function for all A > 0.

Let us consider some consequences of these theorems.
Corollary 3.1.1

o Functions (t,s) — ||t||* + ||s||? — ||t — s||*",t,s € R™ are non-negative
definite functions if and only if 0 < H < 1.

e Functions t — e 11"t € R are characteristic functions if and only if
0<a<?2.

Proof of the Corollary 5.1.1
n
Function (t,s) — ||t — s||? is of negative type. Indeed, for Z A =0
i=1
D At =t = =201 DNl P <0
i,j=1 i=1

Using the change of variables u = Az, one easily proves that, for x > 0,
0<H<1

H - +oo 67)@ -1

where Cy is a constant depending on H
+oo —u
A1 e v -1
Cn = /O e
Then

n Lt o AN e Mt
ij=1NiAj
S Al = I =G [ EHREEE 7y

4,j=1

By Schoenberg’s theorem, szzl)\i)\je_)\“t1'_t1||2 is non-negative. Since
Cy < 0, functions (t,s) — ||t — s|[> are of negative type for 0 < H < 1.
Again by Schoenberg’s theorem, functions (¢,s) — |[t||>7 + ||s||? — ||t —
s|[?# t,s € R" are non-negative definite functions for 0 < H < 1. Let
us now check that there are not non-negative definite for H > 1. Con-
sider now three points t1,%2,t3 on a straight line such that |[to — 1] =

lts — t2]] = 1 and ||ts — 1| = 2. Take Ay = A3 = —1 and A2 = 2. Then
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3
Z Nidj| [t — ]2 = =8 + 2211 is strictly positive when H > 1. Func-
i,j=1
tions (¢,s) — ||t — s||?! are not of negative type for H > 1. By Schoenberg’s
theorem, functions (t,s) — |[|t||?2 + ||s||*# — ||t — s||*",¢,s € R™ are not
non-negative definite functions for H > 1.

The part 2. of the Corollary follows then again by Schoenberg’s theorem:
functions t — e 1"t € R are non-negative definite functions if and only
if 0 < a < 2. By Bochner’s theorem, they are then characteristic functions.
Actually, for @ = 2, it is the characteristic function of Gaussian random
variable and for 0 < o < 2 it is the characteristic function of a-symmetric
random variables (See for instance [126]).

3.1.4 Orthonormal expansions of Gaussian fields

The aim of this section is to present briefly the orthonormal expansion of
Gaussian fields. One can read [4, 5, | for proofs and detailed results.
One can associate to every Gaussian field two Hilbert spaces. The first one
is called the Gaussian space and it is a subspace of square integrable random
variables. The second one is an Hilbert space of deterministic functions called
Reproducing Kernel Hilbert Space. Let us first define Gaussian spaces.

Definition 3.1.12 A vector space H of centered Gaussian random variables,
which is a closed subspace of L*(£2, A, P) is called a Gaussian space.

Actually Gaussian spaces are generalizations of random vectors. Let us

consider (X7,...,X,4) a random Gaussian vector and
d
H= {Z )\zX'u for()\l, ey )\d) S Rd}
i=1

It is clear that H is a finite dimensional Gaussian space.

In this section, we assume that Gaussian fields are complex valued. When
the Gaussian field is real valued the following definition clearly makes sense,
the reader has just to forget the conjugation bar on the second factor.

Definition 3.1.13 Let X;,t € T be a centered Gaussian field (i.e. EX; =

0, Vt € T). The subspace of L*(£2, A, P) of the linear span of margins

X,, Yt € T and of their limits in L? is denoted by

L2

Hx ={Z such thatIn e N, IN; e C fori=1,...,nand Z = Z)\iXti} ,
i=1

(3.8)
72
where EL is the closure in L? of the set E. The space
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Hx ={hz : T+ C such that 3Z € Hx and hz(t) = E (Zyt)} (3.9)

endowed with the Hermitian form

de —
<hzl7hZQ>HX :f]E(leQ) (310)

is called the Reproducing Kernel Hilbert Space (in short RKHS) of the Gaus-
stan field X.

Let us remark that every random variable in the Gaussian space of a
Gaussian field X is Gaussian since limits of Gaussian random variables are
Gaussian.

Proposition 3.1.3 If we use the notations of definition 3.1.13 the map h :
Hx — Hx defined by Z — hy is a one to one linear map such that

Ihzllmx = 1Znx  VZ € Hx. (3.11)

Proof of the Proposition 3.1.3

Obviously h is a linear map satisfying (3.11). Since Hx is the linear span
of X;, it is a one to one map. The isometry property is a consequence of the
definition of the scalar product on the RKHS.

If X is a Gaussian field, please remark that

hx,(s) = E(X,X,) = R(t, s). (3.12)

Hence finite linear combinations of the functions (R(t,.)),c, are dense in Hy.
The name of “reproducing” Kernel Hilbert space comes from the following

property :
Vhy € Hx (hz,R(t, ) u, =E(ZX;) = hz(t). (3.13)
In particular
(R(t,.),R(s, ) u, = R(t,s) Vs, teT. (3.14)

Let us now suppose that there exists a countable orthonormal basis
(en)nen of Hx. One will consider two orthonormal series, one in the Gaussian
space, the other one in the RKHS.

Theorem 3.1.5 Let X be a centered Gaussian field and (en)nen an or-
thonormal basis of Hx. Let us denote by n, = hil(en) a random variable in
Hx. Then the variables (n,)nen are independent identically standard Gaus-
stan random variables and constitute an orthonormal basis of Hx. Moreover

+oo -
VEET, Xi=> mmen(t) (3.15)
n=0

where the convergence is in L?(£2) and
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+oo
VEeT R(t.) = en(Jen(t) (3.16)
n=0

where the convergence is in Hx.

Please remark that the convergence in (3.15) can be strengthened under
mild assumptions to get an almost sure convergence in a functional sense,
similarly in (3.16) the convergence is very often uniform. We refer to [5] for
abstract results on those questions, but many examples will be found in the
next chapter.

Proof of Theorem 3.1.5

Since (e )nen is an orthonormal basis of Hy, (9,)nen is an orthonormal
basis of Hx. Since every linear combination of the 7,,’s are Gaussian random
variables, orthogonality yields independence and ||7,||L2 = 1 means that (7,,)
is a standard Gaussian random variable. Moreover X; € Hx and

+oo
n=0
—+oo
= Z<R(tv ')7 en>HX77n
n=0

“+o0o
= Z 77n67n(t)a
n=0

where the convergence is in Hx. With the same arguments

+oo

R(t,.) =Y (R(t,.).en)ryen(.)

n=0

where the convergence is in Hx.

Let us give some elementary examples of Reproducing Kernel Hilbert
Space.

First let us consider T' = {1,...,n}, then a real centered Gaussian field
is nothing but a real valued centered Gaussian random vector (X7,...,X,).
Let us consider the covariance matrix R = (R(i, j)):, jer = (E(X:X;))i, jer-
Matrix R is a non-negative symmetric matrix. In this case both the Gaussian
space and the RKHS are finite dimensional vector spaces. Every function f in
Hx maps {1,...,n} onto R and can be viewed as a vector (f(1),..., f(n)) €
R™. Since the linear span of (R(i,.));cr is Hx, there exist A,..., A\, in R
such that

Moreover, if g € Hx is given by



18 3 Preliminaries
n
9() =>_uR(j,.),
j=1

then .

i,j=1
In this case the dimension of Hx and Hx is the rank of the matrix R.
Another example of Gaussian field is given by standard Brownian motion

introduced in example 3.1.1. For sake of simplicity let us take T' = [0, 1]. One
can compute the covariance of this centered Gaussian field. If s < ¢

E(BsB;) = E(Bs(Bs + By — By)) = s,

hence,
R(s,t) = min(s, t).

Because of (3.14) we already know that
(R(t,.), R(s,.))ryx = min(s,t).

Remark that the derivative of R(s,.) exists for every ¢ # s, and Vs €

[0, 1], ‘Z—f(s,u) = 1j9,5(u). Then,

1
(B(t. ), Bl D = [ S5, 5 b 0)d

0
If f(u) =", NR(s;,u) and g(u) = E:il pi R(si,u) then
1
(t9) = | f(wg(wdu
0
Hence the RKHS Hp of the Brownian motion B is included in
Hy = {h:[0,1] — R, almost everywhere derivable, such that
1
/ (R’ (u))?du < oo, h(0) = 0}.
0

Space H; endowed with the scalar product

1
Wyem,U@=AfWMMM

is classically called the Cameron Martin space of the Brownian motion and
is a closed subspace of L?[0, 1]. Moreover if h € Hy, h' is the limit in L?[0, 1]
of functions of the form Y " | A\j1o,, and h(t) = fot h'(s)ds is the limit in
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Hy of Y0 \iR(s;,t), hence

Hp = H;.

3.1.5 Orthogonality between Gaussian processes

In the chapter 6 concerning statistics, we will give estimators of functionals
of Gaussian processes that are using only one sample path of the process.
Usually in statistics independent samples of processes are needed to identify
models, but in the Gaussian setting sometimes only one sample path is enough
to distinguish two Gaussian processes.

This powerful tool is related to the equivalence and orthogonality of Gaus-
sian measures (e.g. [70], [109]). Our aim is not to present a review of general
results on the equivalence and orthogonality of Gaussian measures, but only
to give partial results, that will be useful later on.

Let us first recall that two probabilities P, Q defined on (£2,0(£2)) are
equivalent if VA € o(£2), P(A) = 0 & Q(A) = 0. The two probabilities
P, Q are orthogonal if 34 € o(£2), P(A) = 0 and Q(A) = 1. In the later
case one can roughly speaking distinguish P and Q with only one sample w.
The heuristic rule is if w € A then one has taken the sample w under the
probability Q almost surely. On the contrary if P and Q are equivalent there
is no way to distinguish P and QQ with only one sample.

In this book we will avoid the classical name of Gaussian measure, which
is too close from the random Gaussian measures studied in the section 3.1.6.
In our framework a Gaussian measure is either the distribution of a random
Gaussian vector, which is a probability on some finite dimensional vector
space or the distribution of a Gaussian random process (or field), which is
a probability on the space of functions to which belong almost surely the
sample paths of the process. In this section we will use the name Gaussian
process even if we are actually working with random Gaussian vectors.

We first have the fundamental theorem (e.g. [109]).

Theorem 3.1.6  The distribution of two Gaussian processes are either
equivalent or orthogonal.

Let X and Y be two Gaussian processes. A measurement of the difference
between two probabilities Px and Py is given by the Hellinger’s distance (e.g.
[44, ch. 6.4]). Let us first consider a measure y such that both Px and Py
have densities dfl%‘ respectively dc]%’ with respect to u. Please note that one

can always take yu = Px + Py. One can define

dPx dPy d

Px,Py) = —_—
p(X7Y)/ duduM
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This integral does not depend on p and is usually written

p(Px,]Py) = /\/PXPy.
The Hellinger’s distance is then defined by
H(Px,Py) =1- p(]Px,]Py) .

It is easy to check that two Gaussian measures are orthogonal iff p(P, Q) =
0.
The computation of p is also easy for real valued random variables. For

instance it is easy to check that if X @ N(0,0%),Y @ N(0,0%), with
0% >0, 0% > 0 then
))dm

(Px,Py) / 1 —x2
= X
pPUX, Py . 2WJ§(J%6 Pl
1
))dw

2 (
=——" [exp|—— =+
V2roxoy /R P ( 4 O'g( o

20)(0’y
=\ 52 o2 (3.17)
ox + o0y

If both X; and X5 and Y; and Y5 are independent, then:

+

@w‘ .

1
0%
1

=

<

P(Px, vy Pxav2)) = P(Px,, Px,) X p(Pyy, Py, ) .

Another useful result is the Kakutani theorem that yields a criterion of
equivalence for sequences of independent Gaussian random variables. See
for instance Theorem 2.12.7 in [29]. A special instance of this theorem is
when you have (o, )nen and (By)nen two sequences of positive numbers. You
can consider the Gaussian processes (X, )neny and (Y, )nen where the X,,’s
and the Y,,’s are sequences of independent Gaussian random variables with
distributions N(0,a2) and N(0, 3%). Then Py and Py are equivalent if and
only if

20,8,
1T/ #0
n>0 Oé% + ﬁTQL
or
2
ap
> ( - 1) < 400 (3.18)
>0 Bn

Let (X¢)te[o,1) be a real valued centered Gaussian process parameterized
by the compact interval [0,1] with continuous sample paths almost surely.
Then the covariance function R of X is continuous on [0, 1]2. There exists a
classical technique to find an orthonormal basis of the RKHS of X. Let us
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first define the integral operator (still denoted by R)

£ = /O R(t, 5)p(s)ds. (3.19)

Since the function R is bounded on [0,1]?, the integral on the right hand
side of (3.19) is convergent for every function ¢ € L?[0,1]. Moreover R is a
bounded linear operator from L2[0,1] into L?[0,1]. Then the bilinear form
B from L?[0,1] x L?[0,1], defined by B(p,1) = (Rp, 1) is non-negative
and symmetric. Hence there exists an orthonormal basis (,),>0 of L?[0,1]
such that ¢, is the eigenfunction of the operator associated to the eigenvalue
A2 > 0. We assume that B(y, ) > 0 for every non-vanishing function ¢, or
equivalently that all A, > 0. Moreover the functions ¢, are continuous on
[0,1] since ¢, = Ii’éf [0,1], R(t,.) € L?[0,1] and (¢n)n>0
is an orthonormal basis of L?[0,1] it is easy to check that

= Agn(t)en( (3.20)

n>0

where the equality is in a L? sense. Actually one can prove the Mercer theo-
rem in this setting that claims that the convergence of the right hand series
of (3.20) is indeed uniform on [0, 1] and absolute. See [117] for the proof. The
alert reader may observe that the series expansion (3.20) is similar to (3.16),
which is the series expansion obtained in Theorem 3.1.5 for general Gaussian
fields. Actually one can extend the analogy quite completely. Let (1, )nen be
a sequence of independent A(0, 1) random variables, then the series

=3 Mgt (3.21)

n>0

are convergent in L?(§2) and X is a centered Gaussian process with covariance
R. Tt is the counterpart of (3.15). Moreover one can show that (A,@n)nen
is an orthonormal basis of the RKHS Hy of X. Actually we can show the
following result

Lemma 3.1.1 The vector space

Hx = {h such that, 3(a,,) with h(t Z AnAnen(t Z a; < oco.} (3.22)
n>0 n>0

endowed with the inner product (h,9)uy = Y ,>0anbn, where g € Hx and
9=050bnAnipn is the RKHS of X. -

Proof of the Lemma 3.1.1
To check this fact, let us remark that Hx is an Hilbert space and
(An¢n)nen is an orthonormal basis of Hy. Because of Mercer theorem
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(R(t7 ')7 h’)HX = (Z /\nQDn(t)QOm Z an)\n@n)HX

n>0 n>0

= Z An G pn(t)

— h(t).

Hence Hx is the RKHS of X.
Please note that the partial sums

n<N
are conditional expectations of X
XN = E(XU:N),

where Fy = o(n, such that n < N). Since X has almost surely continuous
sample paths, Xy converges almost surely uniformly to X by applying a
theorem of convergence of martingale in the Banach space of continuous
functions on [0,1] (see [110] p 104 Proposition V-2-6).

Let X and Y be two continuous Gaussian processes on [0, 1] with contin-
uous mean value mx and my and the same continuous covariance function
R. Let A\2,n > 0 be the eigenvalues and ¢,,(t),n > 0 be the L?>-normalized
eigenfunctions of the covariance R. If functions mx and my can be expanded
as uniformly convergent series on the basis ¢, (t),n >0

mx(t) =Y mxaen(t) . (3.23)

n>0

my (t) = ZmY,n<Pn(t) )

n>0

then we denote by Px the distribution of Z(Annn + mx n)en(t), respec-
n>0
tively by Py, the distribution of Z()\nnn + My n)@n(t).
n>0
Let us now apply Kakutani theorem to the sequences X = A +
mX,n)nEN and Y = (Annn + mY,n)n€N~
The Hellinger’s distance between P; and Py can be computed

1 1
p(Ps,Py) = H /exp{— [(l‘—mx7n)2—|—(Z‘—my7n)2]}d1‘
n>0 An \% 2w Jr 4)\'%7,

o (mX,n - TrLY,n)2
R U VN
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It follows that P; and Py are equivalent iff

_ 2
- (mxn = myin)” Ame,n) < . (3.24)

n>0 n

Hence if the series in (3.24) is convergent P ¢ and Py are equivalent. It follows
that Px and Py are equivalent.

This implies in particular that the mean value function of a Gaussian
process satisfying (3.23) can not be identified with the observation of a single
sample path on [0,1]. Indeed, let us give an example. Let X be a Brownian
motion on [0,1] and let Y'(t) = X (¢) + m(t). Eigenfunctions ¢, (t) are equal

2 1)t
0 V2sin <(nJ;)77) and eigenvalues are equal to \2 = (m)2 Take
(2 )mt
a mean value m(t E My, 251n< nt W), 1th§ mn <oo.It

n>0 n>0

follows from (3.24) that the Gaussian measure associated with processes X
and Y are equivalent. Therefore, the mean value cannot be estimated from
the observation of a single path of Y.

Now let X and Y be two continuous centered Gaussian processes on [0, 1]
with covariance functions Rx and Ry. Moreover, we assume that the co-
variance operators Ry and Ry can be diagonalized on the same L2-basis
en(t),n =0

= Z Ao (t)en(t')

n>0

=Y uien(t)en(t) .

n>0

Applying Kakutani theorem and the computation in (3.18) yields that the
two measures Py and Py are therefore equivalent if

3 (A” - 1>2 < +o0. (3.25)

n>0 Hn

This implies in particular that the covariance functions Ry, Ry cannot
be identified under the assumptions above from the observation of a single
sample path on [0, 1].



24 3 Preliminaries

3.1.6 Gaussian random measure

Actually many Gaussian fields in this book are obtained as integrals of ran-
dom measures. In this section some elementary properties of random Gaus-
sian measures are given. Let us first give some abstract definitions.

Definition 3.1.14 A Gaussian random measure on a 1measure Sspace
(M, M, ) is an isometry T from the Hilbert space L?(M, M, i) onto a Gaus-
sian space included in some L*(02, A, P).

In definition 3.1.14 one can wonder why the isometry is called a “measure”.
For random Gaussian measures the o-additivity property is replaced by the
following property. If (A,,),en is a sequence of mutually disjoints measurable
sets such that pu(UyenAy,) < oo, then the Gaussian random variables Z(A4,,)
are independent because they are orthogonal by isometry. One says that
random measures are independently scattered when they satisfy this property.
We will also consider non-Gaussian random measure that are independently
scattered. See definition 3.1.17.

Moreover since Y 14, = 1y, 4, is converging in L?(M, M, u) we get the
convergence in L?(£2, A, P) of

Z I(An) = I(UnENAn)'

neN

Actually one can prove that the convergence holds almost surely. Beware
of the fact that in general one cannot find a negligible set IV such that in
the complementary of N, > -Z(An) = Z(UnenAy) holds for all sequences
of mutually disjoints measurable sets such that p(UpenA,) < oo. In other
words a random Gaussian measure is not in general a measure valued random
variable.

Let us give two standard constructions of Gaussian random measures, that
are used throughout the book.

3.1.6.1 Real valued Brownian random measure

Definition 3.1.15 Real valued Brownian random measure.
When M = R?%, M = B(R?) and u(ds) = ds/(27)¥?, T is called a Brow-
nian random measure and will be denoted W (ds).

It is a real valued Brownian random measure, because we impose here
that L?(ds) is a space of real valued functions and, in this case, the random
variables in L?(£2, A,P) are also real valued.

Let us now give some straightforward properties of Brownian random mea-

sures. For any f € L?(R?), the random variable / f(s)W(ds) is a centered
R4
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Gaussian variable with variance

2
5 ds
E( y f(S)W(dS)> = Joa f(s) @)

Moreover, for any f,g € L?(R),

ds
B[ sewias [ aowa) = [ 166655 620

In particular, if f and g are orthogonal for the inner product of L?(R?), then
the random variables / f(s)W(ds) and / g(s)W (ds) are independent.
Rd Rd
Let Y, fa be convergent series in L?(R%), then

L®
Ad;fn(s)W(ds) = g/R fn(s)W (ds)

If (en)n>1 is an orthonormal basis of L?(R%) and (g,),>1 be a sequence
of i.i.d. M(0,1), one can construct formally a Brownian random measure

Zanen 271— d/2

n>1

that can be defined rigorously by

F&W(ds) =Y < fren >pogay en, Vf € L*(RY),  (3.27)
]Rd

n>1

where

d
< f,en >[2(Rd) = /Rd f(s)en(s)ﬁ :

Series expansion (3.27) can be compared to (3.15) in Theorem 3.1.5. In some
sense random Gaussian random measure is reverting the construction of The-
orem 3.1.5: One starts from two orthonormal bases to construct Gaussian
variables instead of extracting two orthonormal bases of Hilbert spaces from
a Gaussian field.

3.1.6.2 Fourier transform of a real valued Brownian random
measure
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Since the Fourier transform is an isometry of L?(R%) onto itself, we might
expect that the Fourier transform of a Brownian random measure is still
a Brownian random measure. Although this construction is very useful, we
need to be more precise and to be careful.

Definition 3.1.16 Fourier transform of a real valued Brownian random
measure.
If W(ds) is a real valued Brownian random measure, one can define the

Fourier transform of W (ds), denoted by /W(df), as follows. Let F be the space
of complex valued functions f € L?>(R?, C) such that f(—¢&) = f(€). For every

feF, one sets
g ™ [ Fawias) (3.25)

If the real valued Brownian random measure
§ Enen
2 d/2
n>1 7T

is as in (3.27), then

JOW() = | J(s)W(ds)
= Z < ﬁen >12(R4) En
n>1

=) < [.& >raga) En (3.29)

n>1

R4

&
“Ognm

n>1 (

M

En

Hence

d§
= enen(d) ETrEE (3.30)

n>1

On one hand please remark that by definition / f (f)W(df) is always
d

a real valued Gaussian random variable. Actually a IIRiecessaury and sufficient
condition for a function f in L2(R%, C) to have a real valued Fourier trans-
form f is f € F. Hence it explains why we restrict the definition of W to
F. On the other hand W is not defined on L?(R,C) and it is not a Gaus-
sian random measure in the sense of Definition 3.1.14. Nevertheless Fourier
transform of real valued Brownian random measure are very useful mainly be-
cause the isometry property with L?(R, C) still holds. It is a straightforward
consequence of Parseval equality. For every f,g € F
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B[ W [ o@W@) - [ 1@ e 63
_ / F95s) s (332)
Rd ™

3.1.7 Poisson random measure

In this book we are using Poisson random measures to build stable ran-
dom measures. A Poisson random measure N on a measurable state space
(S,S), endowed with deterministic measure n, is an independently scattered
o-additive set function defined on Sy = {A € S s. t. n(A) < 4o00}. Thus,
for A € Sy, the random variable N(A) has a Poisson distribution with mean
n(A)
A k
P(N(A) _ k) _ efn(A) (n(k'))

for k=0, 1, 2,.... The measure n is called the mean measure of N. Moreover
the Poisson random measure N is independently scattered in the following
sense.

Definition 3.1.17 A random measure M is independently scattered, if for a
finite number of sets {A;} ;e that are pairwise disjoint, the random variables
(M(A;j))jes are independent.

Furthermore the Poisson random variables have expectation and variance
given by their mean i.e.

E(N(A)) =varN(A) = n(A4),
for every A € Sy. Their characteristic function is easily computed
E(e"N W) = exp (n(A)(e" - 1)),

for every v € R.

Our goal is to build a-stable (symmetric or complex isotropic) random
measures to define a-stable self-similar fields. The first step in that direction
is to define a stochastic integral with respect to Poisson measures. Actually
the Poisson measures used to build stable random measure are compensated.
Let us define compensated Poisson measures on R? x R with mean measure
n(ds, du)

N=N —n.

Then for every function ¢ : R? x R — R such that ¢ € L?(R? x R, n) the
stochastic integral

/ ©(s,u)N(ds, du)
R4 xR
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is defined as the limit in L?(£2) of

/ cpk(s,u)]v(ds,du)
R4 xR

where ¢y, is a simple function of the form ZjeJ a;14,, where J is finite. Then
~ def ~
/ ZalejN(ds,du) = ZajN(Aj)
RIXR jeg jeJ

where the Poisson random variables N(A;) have intensity n(A4;) and are
independent since the sets A; are supposed pairwise disjoint. Consequently

the characteristic function of } . ; aj]\~f(Aj) is
exp Zn(Aj)(ei“j“ —1—idajv)|,
jeJ

and the convergence in L?(f2) implies that the characteristic function of the
stochastic integral is Vv € R

E exp <w / godﬁ)) = exp { /IR dXR[eXp(ivgo) — 1 —ivgln(ds,du)| . (3.33)

Moreover varN(A) = n(A) yields

E (/Rw 4p(3,u)]\7(ds,du)>2 = /Rde ©2(s, u)n(ds, du), (3.34)

first for simple functions, then for every ¢(s,u) € L?(n(ds, du)).
Please note that as Poisson random measure, compensated Poisson random
measure are independently scattered.

3.1.8 Lévy random measure

With the help of the compensated Poisson random measure, we will define
Lévy random measure for which the control measure has a finite moment of
order 2. It is not the case of stable Lévy measure, but the random stable
measures are defined as limits of such Lévy measures, which are also useful
to construct locally self-similar fields considered in the chapter 4. Let us take
a control measure v such that

/ luPr(du) < oo Vp > 2. (3.35)
R
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Then a Poisson random measure N is associated with the mean measure
n(ds,du) = dsv(du) and for every function f € L?(R?, ds) one can define

f(s)M(ds) &f / F(s)uN(ds, du), (3.36)
R4 RIXR

since f(s)u € L?(R? dsv(du)). One can easily compute the characteristic
function of such a random variable and check that this variable is infinitely
divisible (see for instance the Lévy Kintchine formula in [116]). Actually the
name “Lévy” comes from the fact that in dimension d = 1, this random
Lévy measure is related to the increments of processes with stationary and
independent increments, which are called Lévy processes. To illustrate this
point of view, let us remark that the process X (t) = [ 1104 (s)M(ds), t >0
is a Lévy process. (See exercise 4.6.6.)
Let us now state an isometry property for Lévy random measure.

2
B ([ son9) = [ u@of i, (3.37)

which is a consequence of (3.34). When A is a Borel set of R? with finite
Lebesgue measure, we will denote by M (A) the random variable M(14).

Please note that Lévy random measure are independently scattered in the
sense of Definition 3.1.17.

3.1.9 Stable random measure

In this book we will also consider the special instance of stable random vari-
ables (or stable measures). Let us recall characteristic functions of symmetric
a-stable random variables X

B(e¥) = exp (~oo])

where 0 < a < 2 and where o is called the scale factor. Please note that the
case o = 2 formally corresponds to the Gaussian case. Because of harmo-
nizable representations used in the sequel, we will also need complex valued
stable variables. Let us introduce complex isotropic stable variables X7+ X5,
their characteristic functions are given by :

(e ¥ 12%2) — oxp (~o (0] +13)°2)
At this point, the a-stable symmetric random measure M, will be defined

as a limit of a Lévy random measure M, r(ds). Let us consider f € L*(R%)N
L?(R%), then, for any positive number R, the integral on the left hand side
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£ Mon(ds) ™ [ f(s)uNa(ds,du) (3.39)
Rd R xR

is defined by the integral on the right hand side, where the mean measure
of Ng is ng(ds,du) = |11'”1'§f dsdu. Roughly speaking, M, g is a stable mea-
sure where the “big jumps’ have been truncated. Let us now check that
Jga f(8)Mq, r(ds) converges in distribution, when R — 400, to a symmetric

a-stable random variable, which scale factor is given by ( [za |f(s)|0‘ds)1/a.
The limit will be denoted by [, f(s)Mq(ds). The random measure M, (ds) is
called a random stable measure and we shall only consider in this book sym-
metric random stable measure. Let us give a formal definition of a symmetric
random stable measure (in short SaS random measure).

Definition 3.1.18 Let (E, &, m) be a measurable space with a o-finite mea-
sure m. For every £-measurable function f such that fE|f|adm < 00, @
symmetric random stable measure M, satisfies that [}, f(s)M/(ds) is an a-

symmetric random stable variable with scale factor (fE \f|"‘dm)1/a . Moreover
M,, is assumed to be independently scattered.

In this book symmetric random stable measures will be limit of Lévy random
measures.

Lemma 3.1.2 For all functions f € L*(R?) N L?(RY), the limit in distribu-
tion of

li M, r(d
Rlm Rdf(S) Rr(ds)

exists. Moreover the limit in distribution is the distribution of an a-stable
random variable with scale factor (C () [z |f(s)|0‘ds)1/a , where

™

Cla) = 200 (o) sin( %)’

(3.39)

where I' is the classical Gamma function.

Proof of the Lemma 3.1.2

To prove the Lemma it is enough to show the convergence of the char-
acteristic functions of [, f(s)Ma,r(ds) to the characteristic function of an
a-stable random variable with the scale factor given in Lemma 3.1.2.

Because of (3.33)

— log <]Eexp (w/f(s)Ma,R(ds))» -
1y <rdu

/ [1 —exp(ivf(s)u) + ivf(s)ulds——=——. (3.40)
R4 xR |ul

Moreover for 0 < a < 2 if you change the variable u into |z|u you observe
that the function
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du
CE’—)/[l zzu+1$u1|u\<R]| |1+a
R

is homogeneous. Hence, for 0 < a < 2,

du
C(Oz)|x\(’ = /R[l _ z:c" + Z.Tul\u|<R]|‘m (341)

for every = € R, where the constant C(«) is given by letting x = 1 in (3.41).
Indeed C(a) does not depend on R. Hence

C(a)_/R(lcos(u))du

Ju| e
77
200 (o) sin(75*)

This formula for C(a) can be deduced for instance from (7.2.13 p 328 in
[126]). Hence,

. du
a ads — d 1— if (s)vu . 1 )
ol [ 1f)ds = [ s [ 1= O gt i

(3.42)
Then,

ol [ Ire)ds - log@exp(w [ 16 aRds»))
= [ s [ o= e

Please note that the last line is negative and finite for any R > 0. Hence,
it converges to 0 by monotone convergence. Consequently the convergence in
distribution is established and

g (Bexp (10 [ M) ) ) = ~Cl@lul* [ 170)ods. (349

Deﬁnition 3.1.19 For all functions f € L*(R?) N L%(RY), we denote by
fRd M, (ds)

i [ FoMa ().

Actually [, f(s)Ma(ds) is defined for every function f € L%(R?) since
La(Rd) N LQ(Rd) is dense in L®(R). At this point it is not clear that
Jga f(8)Mq(ds) does define an a-symmetric stable random measure in the
sense of Deﬁmtlon 3.1.18. But the integration with respect to M, (ds) could
be defined as a stochastic field ( [, f(5)Mq(ds)) ser~ parameterized by L* as
in section 3.2 in [126], since the proof of Lemma 3.1.2 can be carried for any
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finite number of functions fi,..., fr € L*(R?). Moreover the independent
scattering property is a consequence of the same property for Lévy random
measures, which is a direct consequence of the independent scattering for ran-
dom Poisson measures. We omit the complete proof in the book but we claim
that there exists an a-symmetric stable random measure M, (ds) in the sense

of Definition 3.1.18 such that imp_, ;o [ga f(5)Ma,r(ds) @ Jra [(s)Mq(ds).

3.1.10 Complex tsotropic random measure

In chapter 4 we need to construct a complex isotropic a-stable random mea-
sure to define a self-similar field. Let us sketch the various steps that allow
us to define this random measure starting from a complex Poisson random
measure. Since this construction is parallel to the one in the real case we do
not give details.

Let us consider an isotropic control measure on the complex field v(dz).
Isotropy means that if P is the map P(pexp(if)) = (6, p) € [0,27) x (0, 00),
then

P(v(dz)) = dfv,(dp) (3.44)

where df is the uniform measure on [0, 27).We still assume that
/ lulPr(du) < oo Vp > 2. (3.45)
C

and we consider the associated Poisson random measure N = N — n, where
N is a Poisson random measure on R? x C with mean measure n(d¢,dz) =
dév(dz). Similarly to the real case one can define a stochastic integral for
every complex valued function ¢ € L?(C x R?, dév(dz)) denoted by

[, eleaNe o). (3.46)
RdxC

If ¢ is real valued so is [ pdN, and if R(z) denotes the real part of a complex

z then R([ @dN) = Ik R(p)dN, the same property is true for the imaginary
part < of stochastic integrals. Furthermore, for every u, v € R

Eexp (i(u / R(0)dN + v / %(ap)dN)) _

exp[/ [exp(i(uRt(p) + vS(p))) — 1 — i(uR(p) + vS(p))]dsv(dz)].
R xC
(3.47)
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Like real Poisson random measures, complex Poisson random measures
satisfy an isometry property.

2
E

/ (€ 2)N(dE dz)| = / (€, 2)Pn(dé, d), (3.48)
Rd xC RdxC

where |¢(&, z)| is the complex modulus of the complex number ¢(&, z). This
property is obvious for simple functions of the form jes aila, and is triv-
ially extended to functions in L? by letting a sequence of simple functions
converges to every L2 function. One can now define the complex isotropic
Lévy random measure :

Definition 3.1.20
F(6)M(de) = / F©2 + F(-OAN(dE dz)  (3.49)
R4 RexC

for every function f : RY — C where f € L*(R%).

Then, if L
VEER?,  f(=€) = [(©) (3.50)
the following integral is a real number since
feMe) = [ 2ROV d2) (3.51)
Rd RdxC
e ( / f(g)zN(dgdz)) . (3.52)
R4xC

When f satisfies (3.50), for every measurable odd function a :

/f(é) exp(ia(€)) M (d) < /f(§)M(d§)7 (3.53)

is a consequence of (3.47). Moreover stochastic integrals have symmetric dis-
tributions :

- / &))@ / F(6)M(de). (3.54)

Moreover an isometry property for the Lévy measure M (d€) when f satis-
fies (3.50) :

+oo
B [ HOMUOP = 4nl It [ supldn)  (@355)

holds, it is a consequence of (3.48). The properties of complex valued random
Lévy measures are proved in exercise 4.6.7

Actually the characteristic function (3.47) allows us to compute every mo-
ments of the stochastic integrals [ f(£)M (d€).
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Proposition 3.1.4 If f € L2(RYNL*»(R?) and f satisfies (3.50) then
[ F(&)M(d€) is in L*P(£2) and

( / f(f)M(dE))2p

p

=3 )

n=1

2 “+o0 m
Cm ) fllzme fo " P2 v,p(dp)

ZH 2o 0 . (3.56)
P ge1 (mq!)

where ), stands for the sum over the set of partitions P, of {1,...,2p} in
n subsets K, such that the cardinality of K, is 2m, with my > 1 and where
| fll2m, is the L>™a(R?) norm of f.

Proof of the Proposition 3.1.4

An expansion in power series of both sides of (3.47) yields the result.

One can also define complex isotropic a-stable random measure as a
limit of complex isotropic Lévy random measures. Let us consider a com-
plex isotropic random Lévy measures M, r associated to ng(d§,dz) =
d{lzldﬁlkgfg, one can prove a lemma similar to Lemma 3.1.2.

Lemma 3.1.3 For all functions f € L*(R?) N L?(RY), that satisfy (3.50),
the limit in distribution of :

lim f(f) o r(d§) (3.57)

R—+oc0

exists. Moreover the limit in distribution is a real valued o-stable m{}dom vari-
able with scale factor (C(a)Q’l_l f | cos(0)|“d0 [na|f(& ad{) , where
C(«) is defined in (3.39).

Proof of Lemma 3.1.3
Let consider for © € R the characteristic function

— log <]E exp (zu@?/f M, R(dé“)))

. . d
/ (exp(iup2R(F(E)e™))—1—iup2R( (€))L}, < pledd -2
R4 x[0,27] x (0,400) P

As in Lemma 3.1.2, one can show that

Rli_r}lgo—log (Eexp (zuﬂ%/f M, R(df)))
27
e [ [ mes et aca.

which can also be written
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Clajet [ leos)ldt [ If©1de.

Definition 3.1.21 For all functions f € L*(R%) N L2(R?), we denote by
Jra F(E)Ma(dE)

lim f(&)Ma,r(dS).

R—>+OO R4

3.1.11 Stationary fields and fields with stationary
increments.

In this book, stationary fields and fields with stationary increments will be

considered. Let us give some definitions and representation theorems for such
fields.

Definition 3.1.22 A field (X(t))icra such that E|X;|?> < +oco, Vt € R?
is called weakly stationary if the mean value is constant and if there exists
a function r such that the covariance R(t,s) = r(t — s). It is called strictly
stationary if Vo € R?
(4)
(X(t+6))iere = (X(t))rera- (3.58)
Remark 3.1.1 If X is a strictly stationary field, then X is weakly station-

ary. When X is a Gaussian field, strict stationarity and weak stationarity

are equivalent, since mean value and covariance characterize the distribution
of Gaussian fields.

Definition 3.1.23 If X is a weakly stationary field, then the function r such
that the covariance R(t,s) = r(t — s) is a non negative function in the sense
of Definition 3.1.10. If r is a continuous function, by Bochner theorem 3.1.3,
there exists a finite symmetric measure ji on RY such that

r(t) = /R | eEp(de). (3.59)

The measure i is called the spectral measure of the field X. If p admits a
density with respect to the Lebesgue measure d€, this density is called the
spectral density of X.

Example 3.1.2 Spectral representation of Gaussian stationary field

Let (X;, t € R?) be a centered stationary Gaussian process with covariance

’I"(h,) = EXt+hXt .
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Asgsume that r is a continuous function with the corresponding spectral mea-
sure p(d€) = f(£)d€. Please remark that r(h) = r(—h), and by Bochner’s
theorem 7(h) = [p. €™ f(€)dE, so (&) = f(—¢) is a non negative function
in L'(R%). Let us consider the field defined by

V= ent [ VO ). (3.60)

where /V[7(d§) is the Fourier transform of a real Brownian random measure
introduced in Definition 3.1.16. Clearly, Y is a centered Gaussian field with
covariance function

EY,Y, = it=s)¢y
Vo= [ et
=r(t—s).

Hence Y and X have the same distribution and (3.60) is called the spectral
representation of X.
Let us now consider fields with stationary increments.

Definition 3.1.24 A field (X (t))icpa such that

(X(t+06) = X(5+6))rere 2 (X() = X(5))ep- (3.61)

for every s and & in R is called a field with stationary increments.

There exists also a spectral representation of the covariance of fields
with stationary increments, which is similar to Bochner’s theorem. Let us
assume that X is a centered field with stationary increments, such that
E|X,|?> < +o00, Vt € R Moreover if Xo = 0 a.s. and the covariance
is continuous, then there exist a sigma finite measure pu on R? such that
Jga nf (1, [[€]|*)du(§) < 400 and a symmetric non-negative definite matrix X
such that

R(t,s) = /Rd (e — 1) (e ™€ — 1)du(&) +' tXs. (3.62)

(See a discussion concerning this result in [142] and the references therein.)
One can also deduce from this result an integral representation for Gaussian
fields with stationary increments.

Example 3.1.3 Spectral representation of Gaussian stationary fields with
stationary increments.

Let us consider a centered Gaussian field X with stationary increments,
such that Xg = 0 a.s. Let us assume that the covariance function is continu-
ous, and that the spectral measure p(d¢) = f(£)d¢. As in stationary case, f
is called the spectral density of X. Then
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x, @ (2m)% /Rd ("€ — D)/ FOW(dE) + t.N (3.63)

where W (d¢) is the Fourier transform of a real Brownian random measure
and where N is a centered Gaussian random vector with covariance . Please

note that / (e — 1)\/f(£)W(df) and N are independent for all ¢t. See
R4

exercise 3.3.9.'

3.1.12 Regularity of the sample paths

In this book we very often have to check whether a given field is Holder con-
tinuous. The Kolmogorov-Chentsov’s theorem (e.g. [79] for a proof) answers
this question when the field have finite moments of high order. Sadly enough,
the Definition 3.1.2 is not precise enough to decide if the sample paths of a
field are regular or not. Classically the following definition is introduced to
have a convenient definition of equality for two fields.

Definition 3.1.25 Modification.
A field Y is a modification of a field X if, for every t, P(X; =Y;) = 1.

Please note that if Y is a modification of a field X then Y and X are two
versions of the same field. See exercise 3.3.8.

One can find a modification Y with jumps of a continuous process X. For
instance let £2 = [0,1], A = B[0,1] and take the Lebesgue measure P on {2
as a probability measure. Let us consider Y;(w) = 144, for t € [0,1]. Every
sample path of Y are discontinuous but Y is a modification of X;(w) =1 for
every t € [0,1] and w. Actually P(w # t) = 0 for every ¢ € [0, 1].

Theorem 3.1.7 Kolmogorov-Chentsov’s theorem.
Let (Xy, t € [A, B]%) be a random field. If there exist three positive con-
stants a, 3, C such that, for every t,s € [A, B]¢

E|X: — X,|* < Clt = s]|**7,

then, there exists a locally v-Hdélder continuous modification X of X for every
v < B/a. It means that there exist a random variable h(w), and a constant
6 > 0 such that

X, (w) — X,
Plo,  sup U@ X@I_ gy
lt—sll <h(w) It —s||7

Locally v-Holder functions are defined later in Definition 3.2.2. Before proving
the theorem, let us give a classical application.

Example 3.1.4 Regularity of the Brownian motion.
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Since B; — B; is a centered Gaussian variable of variance |t — s|, for all
a > 0, there exists C,, such that

o /2
E|B; — By|* = C, (E(B; — B,)?)"/

= Cu|t —s|*/?.

We now apply Kolmogorov-Chentsov’s theorem with d = 1, C = Cy, and
8 = a/2 — 1. The Brownian motion is locally y-Holder continuous for every
v < 1/2—1/a. Letting a — 400, we get that the Brownian motion is locally
~-Hoélder continuous for every v < 1/2 — ¢, € > 0. Actually the modulus
of continuity of Brownian motion has been studied in much more details.
See [79] for an introduction to this study.

Let us now state a theorem that ensures the differentiability of a stochastic
process (proved in [13, p.69]).

Theorem 3.1.8 Let (X¢,t € [A, B]) be a stochastic process such that there
exist three positive constants oy, Bo, Co such that, for every t,t + h € [A, B|

E|X;n — Xi|® < Colh| o,

and there exist three positive constants a1, B1 > ay, Cy such that, for every
t,t+h, t—he€[A, B]

E|X(t4h) + X(t — h) — 2X (t)|** < Cy|h[* P .

Then there erists a modification of X which has almost surely C' sample
paths.

3.1.13 Sequences of continuous fields

In this book we will consider sequences of continuous fields that will converge
in distribution. Actually continuous fields may converge in distribution in two
ways. If we recall that the distribution of a field is characterized by its finite
dimensional distributions (Cf. Definition 3.1.2.), the convergence of those
margins is a natural prerequisite for the convergence of the distributions of
fields.

Definition 3.1.26 Let X™ be a sequence of fields. We say that X™ converge
in distribution to the field X for all finite dimensional margins of the fields,
if, for every k € N* and t1,...,t, € T

—
=

lim (X7, X0) 2 (X, Xu). (3.64)

n—-+oo
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Please remark that we don’t need that the fields are continuous to have
convergence of finite dimensional margins. But this convergence might be
too weak for some applications. Let us be more specific. If X™ are con-
tinuous fields defined on [A, B]?, sometimes we need to show that the
SUPye(a,pje X "(t) is converging in distribution to sup,cia e X(t). Please
see [82] (especially section I 6.3.3 p 196) for a comprehensive study. Unfor-
tunately the supremum of a continuous function does not depend in general
on a finite sequence of points ¢;’s and the convergence of finite dimensional
margins does not imply the convergence of distributions of supremum. Let us
consider the space C° of continuous functions from [A, B]¢ onto R endowed
with the topology induced by the uniform metric distance

p(f,9) = sup |f(t) —g(t)|.

te[A,B]¢

This topology is also the topology corresponding to the uniform convergence.

Definition 3.1.27 Let X™ be a sequence of continuous fields. We say that
X™ converges in distribution to the continuous field X on the space of con-
tinuous functions endowed with the topology of the uniform convergence, if,
for every bounded continuous functional F : C° — R

lim EF(X") =EF(X). (3.65)
n—-+00

Remark 3.1.2 If the set of parameters of the fields is R%, we say that X™
converges in distribution to the continuous field X on the space of continuous
functions endowed with the topology of the uniform convergence on every
compact set, if for every compact [A, B]? the fields X™ restricted to the set
of parameters [A, B¢ is converging in distribution to the continuous field X
restricted to [A, B]Y on the space of continuous functions endowed with the
topology of the uniform convergence.

Let us prove that the convergence on CY is stronger than convergence in
distribution of finite dimensional margins.

Proposition 3.1.5 Convergence in distribution on the space of continuous
functions endowed with the topology of the uniform convergence implies the
convergence of finite dimensional margins.

Proof of Proposition 3.1.5
If k€ Nand ty,...,t € [A, B]¢ then the functional

F(f) =@(f(t1), .-, f(tx))

is a bounded continuous functional on C° provided ¢ is a bounded continuous
function.
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Moreover the supremum of a continuous function is obviously a contin-
uous functional on C°. Hence convergence in distribution on the space of
continuous functions endowed with the topology of the uniform convergence
implies convergence in distribution of the suprema. Actually to prove conver-
gence in distribution on the space of continuous functions endowed with the
topology of the uniform convergence we need tightness of the distributions of
the continuous fields X™ in addition to the convergence of finite dimensional
margins.

Let C be the Borel sigma field on the metric set C° and X be a continuous
field defined on the probability space (2,0(§2),P)). The distribution of X is
a probability Px such that for every Borel set B in C,

Px(B) = P(w, X(w) € B).

Then tightness of the distributions of fields X™ is defined as the tightness
of their distributions and is very similar to the tightness of probabilities on
B(RY).

Definition 3.1.28 Tightness.

A sequence of probabilities (P,,),>1 on (C°,C) is tight, if for every e > 0,

there exists a compact set K. such that inf, > P, (K.) >1—¢.

Description of the compactness in C° involves modulus of continuity of
functions as stated in Ascoli’s Theorem, see for instance [79].
For any function f € C°, let us introduce its modulus of continuity

w(f,0) = sup [f(t) = f(s)].

l[t—sll<d
One can find the following theorem in [32].

Theorem 3.1.9 Tightness criteria.
Let (P,)n>1 be a sequence of probabilities on CO. The sequence (Pp)n>1 is
tight if and only if

1. For every n > 0, there exist to € [A, B]%, a > 0 and ng such that for
n>ng
Pn(f €C? |f(to)l > a) <.

2. For every e > 0, n > 0, there exist 6 > 0 and ng such that for n > ng
Pu(f € C% w(f,0) >¢) <.

Actually in this book we will mainly use the following sufficient conditions
to have tightness of continuous fields. One can find a more sophisticated
version of this result in [80], see also [32, 27, 92] for different types of sufficient
conditions.

Corollary 3.1.2 Tightness of random fields.
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Let (X™),>1 be a sequence of random fields valued in C°. The sequence of
random fields (X™),>1 is tight if

1. there emists to € [A, B]? such that (X"™(to))n>1 is tight,
2. there exist three positive constants o, 8 and C such that, for t,s € [A, B]¢

supE| X} — X7* < C||t — s||d+’8 .
n>1

Remark 3.1.3 It is obvious that if there exists v > 0 such that

sup E|X" (to) | < o,
n>1

then (X" (to))n>1 is tight. It is often used as an alternative to assumption 1.
in Corollary 3.1.2.

Remark 3.1.4 Please remark that, if we consider only one field X, assump-
tion 2. in Corollary 3.1.2 is the same as the assumption in Theorem 3.1.7.
Actually one way to show that there is continuous modification of a given
field is to construct a sequence converging to X in C°. So it is quite natural
that assumption 2. is a generalization of assumption 2. in Theorem 3.1.7.
The proof of the Corollary is actually also a proof of Theorem 3.1.7.

Proof of Corollary 3.1.2

Let us first remark that we only have to prove that assumption 2. in
in Corollary 3.1.2 implies assumption 2. in Theorem 3.1.9. Without loss in
generality we may assume A =0, B = 1.

Let D, = {&, k€ {0,...,2"}%} and D = U,enDy,. Let us fix 0 < v < 2,
and define for [ € N

Cy(w) s 2 XL (1) — X(s)].
lt=sl=gr

Yz >0,

400
P(Cr>a) <> Y P(IX'() - X'(s)]| > 27"a)

n=1 t,seD,,
lt—sll=gw
< 1 o oYnaR Xl Xl e
<Y Y (1X1(0) - X' ()"
n=1 t,seD,,
t=sl=gm

+oo
2d $ gnldtra=d=p)

o
n=1

4207—B+1
<——
(1 =208z

IN

(3.66)
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For every = > 0, let 2, = {C; < z}. Then P(2\ ) < &, where the
constant C, = 4227 Joes not depend neither on [ neither on z, and

= Q—2o7)
such that

1
VneN, Vi, s€ D, Ywe Q2 ||t —s]=—, |X'(t)—X'(s)| <277z

27’L
(3.67)
Let us show by induction that

1
Ym>n+1,t s€ D, and |t—s|< Q—n,Vweﬂi,

|XH(t) — X'(s)| < 2dx i 277, (3.68)

J=n+1

For m =n+1, t = k/2"T! s = k'/2""! and ||k — k|| < 2, hence (3.67)
implies (3.68). Let us assume (3.68) for m = n+1,..., M and take ¢, s €
D41 such that ||t — s|| < 5. There exist ¢/, s € Dy such that ||t/ — /|| <
30 It = t]| < 3311, |Is' — s|| < gat+r, and such that at most d coordinates
of ¢’ are different from the corresponding coordinate in ¢. Similarly there will

be at most d coordinates of s’ different from the corresponding coordinate in
s. Then, Yw € QL

X)) = X' (s)] < IX'(8) = X&) + 1 X' () = X'(s)] + | X' (s") = X'(s)]

M
< dw2 VMY ody YT 270 4 dg2 Y,
j=n-+1

Hence (3.68) is proved by induction.
Let us consider ¢, s € D such that ||t —s|| > 0 there exists n > 0 such that
27+l < ||t — s|| < 2". Then, for m > n such that ¢, s € D,,

+oo
X'(t) = X' (s)| < 2dw Y 27
j=n+1

= 2dx2~ V("D

2dx
- _ ol

1
1-2-7

Vw € 2. Since the fields X! are continuous and D is dense in [0, 1]%,

IP’( sup XU0) — X'(s)| > C’<x> < Cs (3.70)

¢, s€l0,1)4, t2s It — 8|7 z’

where C< = —22_ Then for e > 0,6 >0, l € N

1-2—7
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IP’( sup Xl(t)—Xl(S)ZE> SP( sup |Xl(t)_Xl(S)|>€>
| \

[t—s||<5 li—sl<s It —sl” o
C.0C<“
< = — (3.71)
E(X
o \1/0@) ,
Hence for all » > 0, one can take § = (#) > 0, which does not

depend on [, such that VI € N,
P(X!' e 00 w(X',0)>e) <.

For practical purposes, in order to prove the convergence in distribution
of a sequence of random fields in the space of continuous functions, one uses
the following result.

Theorem 3.1.10 Let (X™),>1 and X be random fields valued in CY such
that for all k € N and for all ty,...,t, € [A,B]? the finite dimensional
distributions of (X™(t1), ..., X™(tx)) converge to (X (t1),..., X (tx)) . If there
exist three positive constants o, 8 and C such that, for t,s € [A, B]?

sup B[ X7 — XU'|* < Ot — 5|7,
n>1

then X™ converges to the continuous field X in distribution on the space of
continuous functions endowed with the topology of the uniform convergence.

Proof of Theorem 3.1.10

First (X"),,>1 is tight since convergence of finite dimensional distributions
implies tightness of the distribution of (X" (t9)),>1 for any to € [A, B]¢, and
we use Corollary 3.1.2. Hence there exist converging subsequences of Px» in
the space of continuous functions endowed with the topology of the uniform
convergence. Moreover their limit P is unique because of the convergence of
the finite dimensional distribution of (X"),>1.

3.2 Fractal analysis

3.2.1 Hoélder continuity, and exponents

In this book we will often discuss the regularity of the sample paths of the
random fields. We choose not to be too technical in a domain where many
refinements are possible. For sake of simplicity we will mainly focus our at-
tention to the Holder continuity and the Theorem 3.1.7 is a good example of
results that can be expected. Therefore some definitions are introduced.
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Definition 3.2.1 Let f : R — R be a function such that there exist C' > 0
and 0 < H <1 so that

If(t) — fu)| <Ot —ul|® Vt, ueRY

The function f is called H-Hélder continuous. The set of H-Hdélder continu-
ous functions on [0,1]% is denoted by CH.

Unfortunately the conclusion of many theorems like Theorem 3.1.7 is only
that the sample paths are locally Holder continuous, which means that their
restrictions to every compact sets is H-Holder continuous.

Definition 3.2.2 Let f : R — R be a function such that on every compact
set K there exist a constant C(K) > 0 depending only on K and 0 < H < 1
so that

If(t) — f(u)| < C(K)||t —u||¥ VYt ueK.

The function f is called locally H-Hélder continuous.

Please note that if H' < H, H-Holder continuous functions are H’-Holder
continuous. The same property is true locally. Hence if we know that a func-
tion is H-Holder continuous, one can wonder what is the best H. These con-
siderations lead to the definition of Holder exponents that can have different
natures : global, local or pointwise. In this book we will only be concerned
with pointwise Holder exponents.

Definition 3.2.3 A real valued function f defined in a neighborhood of t,
has a pointwise Hélder exponent H if

flt+e) - f(t)

H(z) = sup{H’, im .
(@) { lel—o el

=0} (3.72)

3.2.2 Fractional derivative and integration

The aim of this section is to give rough ideas on fractional derivative and
integration. Precise and detailed statements can be for instance found in
[108], [125] for the Riemann-Liouville approach and in [135] for the Fourier
approach.

3.2.2.1 Riemann-Liouville approach

Let us start with heuristic computations. For an integer n, let D™ be the
nth derivative and D™™ be the n-fold integral. Then:
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-1 = t s)ds .
D f(t)—/of()d

Operator D! is define up to a constant: we choose it such that D~ f(0) = 0.
More generally, we can check by induction that

D7) = gy [ (= s

(n—1

Let v > 0. Let us define the fractional integration operator D™, sometimes
called the Riemann-Liouville operator:

DA = Fi [ =9 s

where I" is the gamma function.

For v = 0, operator D is equal to identity by convention. It follows that
DP£(0) should be different of 0.

Let v < 0. Let [v] be the integer part of v and put {v} = v — [v]. The
fractional derivative operator D" is defined by

Dyf(t) — pl+t [le{u}f(t):| )

The Riemann-Liouville approach has been used for differential calculus
associated to fractional Brownian motion since it is a non-anticipative way
of defining fractional derivative and integration.

3.2.2.2 Fourier approach

A different approach of fractional calculus, that will be mostly used in
this book, is based on the Fourier approach. Let us start too with heuristic
computations. Let f be the Fourier transform of a function f. It is well-known
that Fourier transforms a derivative into a multiplication and an integration
by a division:

—
~

fOIE) = ()" f(8) -

The idea is to replace the integer n by any real v. There is clearly a problem

n
for defining (i€)¥. For £ # 0, let us write (i§)" = (zé) |€]™ . In the Fourier
domain, multiplying by ¢ is a translation and multiplying by — is an appli-

€l

cation of Riesz transform. We only keep the multiplication by the modulus
of £. We define a pseudo fractional derivative/integration operator of order v
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of f by taking the inverse Fourier transform of |{ |"f(§)

£ [ e o

As for the Riemann-Liouville approach, we want the v fold integral of a
function f to be null at ¢ = 0. This leads to the operator

£ e—itf v )
F= [ A= G

Now we need to make some precise statements and especially to know if
the operator (3.73) should have a real meaning. In this book, we will focus
on the case —=3/2 < v < —1/2. Let us put H = —v —1/2s0 0 < H < 1.
Define the so-called harmonizable fractional operator

e — 1 d¢
IHf /f |€|H+1/2 (27‘()1/2 :

(3.73)

ezt£
Because function & - ————— belongs then to L2: the operator Z* is defined
72
on L?. Since
e it —1 H-1/2 H—1/2
W: (|t — sl —|s] ) s

Plancherel’s formula leads to the so-called moving-average fractional opera-
tor:

ds
IH H-1/2 | |H—1/2 )
£ =C [ 1=l = a1

These formal computations are made precise in (4.29).
This can be done in arbitrary dimension d > 1. The d-dimensional harmo-
nizable fractional operator is then

- B N | dé
IHf(t) = a f(g) ||€||H+d/2 (27T)d/2 ’

and is defined on L?(R?). The moving-average fractional operator is obtained
via Plancherel’s formula

ds
~H H—d/2 _ H—d/2
T = € [ Fle = | = )

See (4.27) for a probabilistic counterpart.
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3.2.3 Fractional dimensions

The aim of this section is to summarize basic notions of “fractal dimension”,
or “fractional dimension”. All results are given without proofs, and we refer
for instance to [54] for more details.

3.2.3.1 Box-counting dimension

If F is a non-empty set of d-dimensional Euclidean space R? the diameter
of F'is given by |F| = sup{|lz —y|; =, y € F}.

For F a non-empty bounded set of R%, let N. be the smallest number of
sets of diameter ¢ that can cover F. Basically, if this number N, behaves, as
e — 0, as a power ¢~ the box-dimension of F will be H. Let us be more
precise. The lower and upper box-dimension of F' are defined by

log N,

dimp F' = liminf ,
e—0+ —loge

and

S log N,
dimpgF' = lim sup 08 Ve
e—0+ —loge

If these lower and upper box-counting dimensions are equal, we refer to the
common value as the box-counting dimension of F’

log N,
dimp F = Lim 8¢
e—0+ —loge

Box-counting dimension, despite its simplicity, has several drawbacks:

e When the lower and upper box-counting dimensions are different, the box-
counting dimension is not defined.

e When F' is unbounded, the box-counting dimension is infinite. For in-
stance, the box-counting dimension of a straight line is infinite !

e A set F and its closure F have the same box-counting dimension. It follows
that the set of rational of [0, 1] has a higher box-counting dimension than
the Cantor’s set.

e The box-counting dimension does not generate a measure as the Hausdorff
dimension that is defined in the next section.

3.2.3.2 Hausdorff measure and dimension
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Hausdorff dimension [68] has been introduced to avoid the drawbacks of
box-counting dimension'. As opposed to box-counting dimension, we first
define the Hausdorff measure and then the associated dimension.

If {U;} is a countable (or finite) collection of sets of diameter at most §
that cover F,ie. F C |J;° U; with 0 < |U;| < § for each i, we say that {U;} is
a d-cover of F. Suppose F is a subset of R? and s is a non-negative number.
For any ¢ > 0 we define

H3(F) = inf {Z |U;|°, {U;} is a é-cover of F} . (3.74)

As ¢ decreases, the class of permissible covers of F' is reduced, therefore Hj(F)
increases as 0 — 0. The following limit exists

H(F) = lim H3(F) (3.75)

and is called the s-dimensional Hausdorff measure of F. It can be shown that
H? is an outer measure on Borel sets. Hausdorff measures generalize Lebesgue
measures: for integer 4, H' is, up to a constant, the usual Lebesgue measure.

Actually the limit in (3.75) is for all s, except eventually one value, null
or infinite. First s — H3(F') is clearly a non increasing function, so is s —
H*(F). Moreover if t > s and {U;} is a d-cover of F' we have

i ‘Uz|t S 5t—s f: |Uz‘s

so HE(F) < 6" *Hi(F). Letting 6 — 0, we see that if Hj(F) < oo then
H.(F) = 0 The Hausdorff dimension of F is the only possible s where s —
H#(F) jumps from +oo to 0, more precisely

dimpy F =inf{ss. t. H*(F) = 0} = sup{s s. t. H*(F) = co}. (3.76)
3.2.3.3 Some techniques for calculating Hausdorff dimension

We first start with a basic inequality between dimensions for any bounded
set U:
dimpy U < dimzpU < dimpU .

In this book we are mainly interested in the Hausdorff dimension of the
graph of functions or random fields. In this case an upper bound of the

1 An alternative dimension is the so-called packing dimension, or Tricot’s dimension, cf.

(136, 137]
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Hausdorff dimension is usually obtained by knowing the Holder continuity of
the function. Let us state a precise result

Lemma 3.2.1 For 0 < H < 1 let f be a H-Hélder continuous function (See
Definition 3.2.1) Then dimp{(t, f(t)) 0 <t <1} <2 - H.

Proof of Lemma 3.2.1
The number of squares of the 1/p-mesh that intersect the graph of f is
at most p(% + 2), where C is the constant in Definition 3.2.1. Let F =

{(t, f(H) 0<t <1},
lim H‘f/p(F) =0

p—+oo

when s >2—H. Soif s >2— H, H*(F) < oo and
dimpg{(t, f(¢))0<t <1} <2-H.

Actually the hard part to compute Hausdorff dimension is usually to get a
lower bound. Sometimes we will use the following Lemma due to Frostmann

[61].

Lemma 3.2.2 Let F be a Borel set in R?. Let us define the s-energy of F
associated with a given probability measure p

_ [ du(x)dp(y)
IS(M) _F[é ‘.’E _ y|S .

If there exists a probability measure p on F with :
Is(p) < o0

then dimg F > s. If H*(F) > 0 then there exists a probability measure 1 on
F with I(p) < oo for all t < s.

We refer to Theorem 4.13 in [54] for the Proof of the Lemma 3.2.2.
Remark 3.2.1 Graph of a function.

Let F be the graph of a function f on [0,1]: F = {(¢, f(¢), ¢ € [0,1]}. Then
the s-energy of F associated with a given probability measure p is:

o= [[ (el 156~ 1))

=2 dp(a)duty) -
3.2.4 Lemarié-Meyer basis

In this section we summarize some classical facts that will be used in the
section 4.2.2 concerning an orthonormal basis of L?(R), whose functions have
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a convenient property, called later in this section localization. This basis is
actually an example of a multiresolution analysis and is related to wavelets.
See [75] for a broad introduction to the topic. Since we will not use other
tools from wavelets we restrict the presentation to Lemarié-Meyer basis.

There exists a function ) € L?(R) such that the support of z@ is
included in {2F < [¢| < 87} and such that the functions

W) (2) = 29790 (292 — k)

where j € Z, k € Z, constitute an orthonormal basis of L?(R). See [107]
for the proof and for a precise definition of ¥(!) that we don’t need here.
The set Z x Z x {1} is denoted by A and the notation A\ = (4, k,1) is used
henceforth. With this notation a basis of L?(R) is (1&52) ac4- Each function
in the basis is obtained by applying a dilation with scaling factor 27 and
translation of & to (). If j is negative and |j| is large we say that wj(.lk)
corresponds to a low scale factor, where as when j is positive and |j] largé,
we speak of high scale factor. Actually one can deduce from this first basis,
a second basis, where all the functions corresponding to non-positive j are
in some sense aggregated. Let us denote by Vj the closed linear vector space
spanned by (w;lk):)jg()’kez. There exists a function (® in L?(R) such that
(¢ (2 — k))rez is an orthonormal basis of the space V. We get another
orthonormal basis of L? (Qﬂ;f;)c)AeA* where AT = N* x Z x {1} J{0} x Z x {0}
where ) (z) = O (z — k).

Let us now remind the localization property of the function in the Lemarié-
Meyer basis. As a consequence of Fourier inverse transform we have

3
(1) _ iz
W () = /{ oy IO G

Hence (1) is a C> function and, by integration by parts, one can show that
for every K € N

C(K)

(1) < _Z\MT
B < [

1) belongs to the space S of fast decreasing functions. Moreover

C(K)27/?

[a(@)] < m (3.77)

for every K € N. This last equation can be interpreted as 1) € S but we
shall use the fact that the right hand side of (3.77) is maximum at the point
k/27 as the localization of 1, in a neighborhood of A which is considered by
an abuse of notation equal to k/27.
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3.3 Exercises

3.3.1 Inequality for anti-correlated Gaussian random
variables

Let (X,Y) be a centered Gaussian random vector in R? such that E(XY) < 0.
Prove that
P(X >a, Y >b) <P(X > a)P(Y > b)

where a, b > 0.

3.3.2 Tail of standard Gaussian random variables

1. Let X be a standard Gaussian random variable. For every r > 0, show
that

2 2
2t ) exp( o

= ) SP(X| > 1) < \/Z?“_lexp(_;). (3.78)

2. Let (Xj)jen be a sequence of centered Gaussian random variables such
that

EX? <1
Show that Vn > 2 VA > 1 3v > 0 such that
P( sup |X;| > /2\log(n)) < yn'™>. (3.79)
1<j<n

3. Let (X,)en be as in the previous question. Show that there exists an
almost surely positive random C(w) variable such that

sup |X;(w)| < C(w)y/log(n)) Vn >2 a.s. (3.80)

1<j<n

4. Let (1;,k)(j,k)en+xz be a sequence of Gaussian random variables such that
En;r = 0 and ]En ' < 1. Show that there exists a positive random variable
C, which is almost surely finite, such that

Injxl < Clog(j + 1)1/2 + log(|k| + 1)1/2) a.s. (3.81)
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3.3.3 Conditional independence

Let K, H; for i € I be closed vector spaces included in a Gaussian space H
of centered random variables such that K C H; for i € I. The sigma fields
o(H;) are said to be conditionally independent with respect to o(K) if

E(Y;Yjlo(K)) = E(Y;|o(K)E(Y;|o(K)) (3.82)

for every i # j € I and o(H;)-random variables Y; that are complex valued.
Let us say that H; for ¢ € I are orthogonally secant with respect to K if

E(X;X;) = E(Pk (X;) Pk (X)) (3.83)

for every i # j € I where X; is in H; and Px denotes the orthogonal projec-
tion onto K.

1. Show that if K = {0}, conditional independence of o(H;) with respect to
o(K) is equivalent to H; for i € I orthogonally secant with respect to K.
In this case conditional independence is nothing but independence of the
sigma fields o (H;).

2. Prove that (3.82) implies (3.83) when K is any closed vector space included
in Hz

3. Show that if H; for i € I are orthogonally secant with respect to K then
o(H;) are conditionally independent with respect to o(K).

The results of this exercise will be used in the next chapter see exercise (4.6.3).

3.3.4 Some properties of covariance functions

Let R and @ be two covariance functions defined on the same index set T
Show that

1. AR is a covariance function for all A > 0.
2. R+ @Q is a covariance function.
3. RQ is a covariance function.

3.3.5 Examples and counter-examples of covariance
functions

1. Prove that the following functions ¢ — r(¢) are covariance functions

a. r(t) = (1= [t|*)4, t € R, 0 < a < 1. (One can show first that r is a
characteristic function. Let us recall Pélya’s criterion : r is a character-
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istic function if r is real valued, non-negative, r(0) = 1, r(—t) = r(¢)
and convex.)

b. r(t) = e " cos(t) , 0 < a < 2.

c. r(t)=1/(1+t*)", n € N*~.

d. r(t) = K,(t) where K, is the modified Bessel function of the second

kind. Let us recall

_ T(v+1/2)22 [ cos(ut)
Ky(t)—T/O Tt

Let f(2) =>_,,5¢ fn?" be an analytic function such that f,, > 0. Let r(t)
be a covariance function. Shows that f(r(t)) is a covariance function.

Is always the function (t,s) — R(t,s) = [t|>1() 4 |s|2H(5) |t — g H()FH(5)
a covariance function ?

3.3.6 Covariance functions on the sphere

Let S? = {t, ||t||gs = 1} be the unit sphere of R? and let d be the geodesic
distance on S?, which can be defined by

cos(d(t,t')) = t.t'

where t, t' € 52 C R? and where the inner product is the Euclidean scalar
product in R3. Fix O on S? and define, for ¢, s € S2,

w

Ru(t,s) = 1/2(a*7(0,t) + d*7(0,s) — d*" (t,s)) .

Show that R/, is a covariance function. One can use the following prop-
erty of the distance on the sphere. Let H; be the half-sphere H; =
{s € S?, d(t,s) < w/2}. Let ds be the uniform measure on Sy and let
du(s) = 1/4ds. Then

d(t, S) = M(HtAHS) )

where A denotes the symmetric difference of sets.

Show that Ry is a covariance function for 0 < H < 1/2.

Show that Ry is not a covariance function when H > 1/2.

Show that (t,s) — exp(—d?*#(t,s)) is a covariance function iff 0 < H <
1/2.

Show that (t,s) — 1 —1/2||t — s||?# is a covariance function iff 0 < H < 1.
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3.3.7 Gaussian bridges

Let X (t),t € [0, 1] be a centered Gaussian continuous process with covariance
function R(t,s) satisfying R(1,1) = 1. The Gaussian bridge Bx(t),t € [0,1]
is by definition the stochastic process X conditioned by X (1) = 0. Show that:

Bx(t) = X(t) — R(1,1)X(1) .

3.3.8 Version versus Modification

Show that if Y is a modification of a field X then Y and X are two versions
of the same field.

3.3.9 Sum of fields with stationary increments

Show that the sum of two centered Gaussian fields vanishing at 0 € R¢
with stationary increments is with stationary increments if the fields are
independent

3.3.10 Equivalence of the distributions of Gaussian
processes

Let (X¢)e[0,1] be a continuous centered Gaussian process and let Hx be its
reproducing kernel Hilbert space. Let m be a deterministic function. Show
that the measures associated with the processes X and X +m are equivalent
iff me Hy.



Chapter 4
Self-similarity

4.1 Introduction

Self-similarity is a major part of the mathematics. One can refer to [53]
for a general reference. The self-similarity literature is quite confusing for
beginners since the statement of very elementary facts may look very similar
to deep theorems. On the one hand if you assume that you observe a self-
similar phenomenon, then the self-similarity is an invariance property and you
expect your phenomenon to be easier to study than general phenomena with
no structure. On the other hand if you want to have a complete classification
of self-similar fields then we can find in the literature a lot of counter-examples
that prevent to draw even an heuristic picture of what is true for every self-
similar fields. Following [138] a classical tool to simplify the study of the self-
similarity in the stochastic case is to assume that the fields have stationary
increments.

In the first section of this chapter we consider objects parameterized by real
numbers : self-similarity in dimension 1. In the deterministic case self-similar
functions are homogeneous functions. Homogeneous functions are therefore
very useful in the study of processes which are statistically self-similar. The
brief section 4.2.1 states some classical facts related to the Fourier transform
of the homogeneous functions. Then the self-similarity for processes i.e. fields
parameterized by d = 1 dimensional spaces is introduced in the section 4.2.2.
This quite long and important section is also devoted to the celebrated frac-
tional Brownian motions introduced in [83] and in [101], which are the only
Gaussian processes which have stationary increments and are self-similar.
To finish with the one dimensional case we relax the definition of the self-
similarity to get another invariance property called here semi self-similarity.
In the paragraph 4.2.3 Weierstrass functions both deterministic and random-
ized are introduced and we recall that asymptotically random Weiertstrass
processes converge to fractional Brownian motion.

55
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The self-similarity property for fields (when the space of parameters is d
dimensional with d > 1) is still more involved. In this case the stationarity
of increments may take various forms, and it yields different models that are
described in the section 4.3.

In the section 4.4 some non-Gaussian fields are introduced. Again we did
not try to be exhaustive in this part. We chose stable fractional fields because
there are limits of fractional fields that appear in the next chapter.

At last, since we expect fractional fields to be Holder continuous, we
conclude this chapter by a section where the relationship between the self-
similarity and the regularity of sample paths is studied.

4.2 Self-similarity and fractional Brownian motion

4.2.1 Deterministic case

If we come back to the heuristic we gave in the introduction a self-similar
function should be similar to each part of itself. So at each scale ¢ > 0
x +— f(ex) should be similar to x — f(x) itself. Let us be a bit formal for a
while. If we denote the similarity operator by 7. then

flex) =To(f)(z) VYo e R (4.1)
One consequence of (4.1) is that T is a semigroup in € > 0 i.e.
Teer =T 0Ty

for every €, ¢ > 0. If one assumes moreover that ¢ — T. is smooth then
it turns out that formally T.(f) = ¢*f. Hence a function f : R? — R is
self-similar if for every € > 0

flex) = f(x). (4.2)

Obviously self-similar functions are nothing but homogeneous functions.
Then if the dimension is 1 and if the function is assumed to be symmet-
ric

fz) = Cla|™.

But even if d > 1 it is classical to reduce a multivariate model to one dimen-
sional one by assuming additional invariance. In the setting of homogeneous
function it is usual to assume rotational invariance and then the only self-
similar function which is rotationally invariant is :

f(z) = Cllz*
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where ||z|| stands for the Euclidean norm in R¢. The next step is to de-
fine stochastic self-similarity which is the main aim of this chapter. In the
stochastic setting a spectral analysis is often carried to study self-similar
fields. Returning to the deterministic case the spectral analysis consists in
the computation of the Fourier transform of homogeneous functions. It is
a classical result that Fourier transform of homogeneous ‘“function” of order
« are homogeneous “function” of order —d — «. We recall that the Fourier
transform of a function is defined in this book by

fie) = [ explia) 1) 557

It is a consequence of the formal computation

| exotia <€) (@) i = 7o (4.9

given by the change of variable 2/ = ex. Actually the computation above is
formal since the integrals are not defined for f(z) = ||z||*. To give a rigorous
mathematical sense to the previous computation one can use Fourier trans-
form for distributions and pseudo-functions and we refer the reader to [128]
(VIL7) example 5 for precise definitions.

Since harmonic analysis of homogeneous functions is a very important
tool for the study of self-similar processes with stationary increments one
will present another way to make rigorous (4.3) for 0 < a < 1. With the
same change of variable as in (4.3) we get

et 1 de
— ol A o 4.4
L e amyirz = Callel (4.4

where C, is a positive constant. Since homogeneous functions in dimension
1 is an uninteresting model for modeling, we will relax the condition of self-
similarity in two directions in the following sections. First we present the
stochastic self-similarity, where f is a random field, and where the equality
in the counterpart of (4.2) is only equality of distributions. Let us stress a
little bit more this point that may lead to some confusion. Usually the sample
paths of self-similar stochastic fields are not homogeneous functions in the
sense of (4.2). Another way to relax (4.2) is to require the equality not for all
e > 0 but only for ¢ in a discrete subgroup of R™, it is what is done usually
for fractals in the deterministic setting. We will call this property semi-self
similarity.
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4.2.2 Fractional Brownian motion

4.2.2.1 Covariance structure of fractional Brownian motion

A H-self-similar field satisfies

d)
(X (et)ier < & (X(1))iex (45)
for every € > 0 where we recall (Definition 3.1.2) that D neans that for
every positive ¢ and for every positive integer n and (t1,...,t,) € R"

d)
(X(et1), .., X(etn) L H (X (t1), ..., X(tn))-
In the last section we have insisted on the fact that a stationary hypothesis
was needed to study such fields, but the naive assumption of stationary fields
(d)
X(2) 2 X(y). (4.6)
for every z and y in R¢, is incompatible with (4.5) unless H = 1 in which
case it is the same property.
Actually the fields are supposed to have stationary increments. Let us
recall Definition 3.1.24, when d = 1
(a)
(X(s+0) = X(t+8))scr L (X(s) = X(8))sex. (4.7)
for every ¢t and § in R. Beside the tool of spectral analysis given by this
assumption (c.f. the first chapter section 3.1.11) it yields an uniqueness result
for self-similar processes with stationary increments.

Proposition 4.2.1 Let (X(t))ier be a non-constant real valued H-self-

similar process with stationary increments. Let us also assume that EX (t)? <
d

oo for every t and that lim._o X (&) @ X(0). Then 0 < H <1, and X(0) =0

a.s.. Moreover the covariance of the second order process X is determined up

to a multiplicative constant :

R(s.t) = B(X(9X(1) = "D e et s gy gy

IfO<H<1,EX(t)=0 forallt, and if H=1 X (t) =tX(1).
Proof of Proposition /.2.1:
The self-similarity yields X (0) @ e X (0) and we get X(0) D () which is

the same as X(0) ()0, Then the assumption lim._,q X (¢) @ X (0) is one
way to deduce 0 < H. Since the increments of X are stationary

=
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—~

which yields X (1) &) —X(—1). Moreover

E(1X(2))) <E(X(2) - X(W)]) + E(X D)),

which yields
27E(1X(1)]) < 2E(1X(1)])

by using self-similarity and stationarity of the increments. Please note that
the expectations considered above are finite since X is a second order process.
Let us prove that E(]X(1)|) # 0 so that the last inequality implies H < 1.

Let us suppose that X (1) “=” 0 then X (=1) “” 0 and by self-similarity X
is identically vanishing. Let us now compute the covariance of X

E(X(s)X (1) = %{E(X(S)Q) +E(X (1)) - E((X(s) — X(1))*)}

_ E(X2(1)2){‘8|2H + |t|2H _ ‘8 _ t|2H}.

Suppose that 0 < H < 1
E(X(1)) = E(X(2) - X(1)) = (2" - )E(X(1))

which yields that E(X (1)) = 0 and by self-similarity X is a centered process.
Hence E(X?(1)) = var(X (1)) and (4.8) is proved. If H = 1 E(X (s) X (t)) = st
and E((X (t) —tX(1))?) = 0 which shows the last claim of the proposition.

Since the covariance characterizes the law of centered Gaussian processes
the last proposition shows that up to multiplicative constant fractional Brow-
nian motion is the only self-similar process with stationary increments. Let
us recall this celebrated fact in the following corollary.

Corollary 4.2.1 Let 0 < H < 1 and V > 0. There exists only one Gaus-
sian process (B (t))ier which is H-self-similar with stationary increments
and such that var(Bg (1)) = V. Fractional Brownian motion is a centered
Gaussian process and its covariance is given by :

Vv
R(s,t) = S {Js[*" + 7 — |5 — ¢} (4.9)
Vd
The spectral measure of R in the sense of (3.62) is |§2H+1(§7r)1/2 Moreover
E(Bp(t) — Bu(s))* = V|t — s|*H. (4.10)

A fractional Brownian motion is called a standard fractional Brownian
motion if V = 1.
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Proof of Corollary 4.2.1:

The proof of uniqueness is a simple consequence of the preceding propo-
sition. To show that there exists a Gaussian process with such a covariance
one has to show that R is non-negative definite (Definition 3.1.9) in the sense
that for every n € N greater than 1 and every (si1,...,s,) € R™ and every
(a1,...,a,) € C"

Z ajapR(s;, ) > 0. (4.11)
Jk=1l..n

We have proved (cf. Corollary 3.1.1) that R is of non-negative type using
Schoenberg’s theorem. Let us give another proof. One can prove as in (4.4)

that | . 2 de
el@
CH| |2H / ‘€|2H+1 27T)1/2
with
[ 2(1 —cos(§)) dE
Cn= [ gt @y (412
_ VT
"~ HI'(2H)sin(Hm)V?2’ (4.13)

This formula for Cy has already been used in (3.39). Then, since
1
R(s,t) = §{R(s, s)+ R(t,t) —R(s—t,s—1)}

we get

et —1)(e"™€ 1) Vd
R(s,t):/R( alﬂqﬂ >(27T)15/2, (4.14)

Please note that this equation shows that

Ve

GREeorE )

is the spectral measure of the process with stationary increments By in the
sense defined in section 3.1.11. Then

2

eisi-§ — 1 Vd¢
Z a;arR(s;, sk) / Zaj €2 | (2m)12 >0

j,k=1l..n

This last fact concludes the proof.
Let us remark that if (aq,...,a,) # (0,...,0) and s; # s; for j # k then

Z a;arR(s;,s6) >0

7,k=1l..n
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eis]u§ -1
since the functions W are linearly independent in L?(R). It has the
following consequences for the finite dimensional margins of fractional Brow-

nian motion.

Corollary 4.2.2 If n € N* and (s1,...,5,) € R"” are such that s; # si
for j # k then the matriz (R(sj,sk)) is a n by n symmetric matriz which
is positive definite and almost surely (By(s1),...,Bu(sn)) are linearly inde-
pendent.

Proof of Corollary 4.2.2

The last claim is the consequence of the fact that the Gaussian vector
(Bu(s1),...,Bru(s,)) has a density with respect of the Lebesgue measure in
R™ and that proper vector spaces included in R™ have vanishing Lebesgue
measures.

The end of this section is devoted to recall some properties of fractional
Brownian motion.

4.2.2.2 Negative properties of By for H # 1/2

The first remark is that H = % is an exceptional case for fractional Brow-
nian motion. Actually it is obvious from (4.10) that the restriction on {¢t > 0}
of By, is a Brownian Motion. See Definition 3.1.6. Hence, when H = % frac-
tional Brownian motion has independent increments and is a semi-martingale.
See for instance [116] for the definition of semi-martingales and the proof
that Brownian motion is a semi-martingale. However it is a very bad guide-
line to fractional Brownian motions when H # % for which these properties
are not true. For instance it is proved in [119] that when H # 1 fractional
Brownian motion is not a semi-martingale. One can outline the main reason.
Let us first recall the definition of quadratic variations on [0, 1] of process X

at scale 1/N
SEEED @)

For semi-martingales the limit of Vi exists when N — oo and is positive if the
semi-martingale has not finite variations on compact sets. Since (4.10), the ex-
pectation of the quadratic variations of fractional Brownian motion converges
to a non-vanishing real number only when H = % Actually this fact prevents
us from using the classical stochastic integration theory for semi-martingale
to study fractional Brownian motion. Although some stochastic calculus have
been recently developed for processes including fractional Brownian motion
we will not consider this calculus in this book.
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The covariance structure of fractional Brownian motion implies that the
increments of fractional Brownian motion are independent only when H = %
Moreover, when H # % fractional Brownian motion is not even a Markov
process, it can be deduce from the covariance. See exercise 4.6.3. It has im-
portant consequences on the structure of the Reproducing Kernel Hilbert
Space (RKHS) of fractional Brownian motion.

4.2.2.3 Reproducing Kernel Hilbert Space of fractional Brownian
motion

Let us apply the result of the section 3.1.4 to have a convenient description
of the RKHS for fractional Brownian motion.

Proposition 4.2.2 Let us define a one to one correspondence Ly from
L?(R) onto the RKHS of fractional Brownian motion denoted by Kg,, as

e s _ -
Zu(w)(w) = | ! 8

w oo a7 (a1)

for every ¢ € L*(R), where Cy is defined in (4.12). The RKHS of fractional
Brownian motion can be written as

Kp, = {¢s.t. T c L*(R) such that ¢ =Ty (Y)}. (4.18)
Moreover Ly is an isometry

T (1), Zu(Y2)) Ky, = (1, ¢2) L2 (4.19)

Proof of Proposition /.2.2
Let us start from the integral representation of the covariance of the stan-
dard fractional Brownian motion (4.14) which can be viewed as a scalar
product in L?(R)
R(S, t) = <k'3, kt>L2 = <ks, kt>L2

where

—

e~is¢ — 1

ks(g) = C}{/2|§|H+1/2 .

Please note that the choice of the function ks or of its Fourier transform is
arbitrary because of the Parseval identity. One can check easily that

Tu(ks)(t) = R(s, ).

Hence Zy (ks)(.) = R(s,.) and



4.2 Self-similarity and fractional Brownian motion 63

<IH(kS)7IH(kt)>KBH = <k8’ kt>L2~

The previous equation can be extended to Kp,, first by linearity then by
2

— L
taking the closure. Hence Zy is an isometry from the space (ks, s € R)
2

onto Kp,,. Then the proof will be complete if (ks, s € ]R)L = L2. Actually
L2

it is equivalent to show that (%, s € R) = L? because the Fourier
H

transform is itself an isometry. Since C'*° functions with compact support in
R\ {0} are dense in L? it is enough to show that if ¢ is a C> function with
compact support in R\ {0} and if for all s € R

et — 1 ——  de B
/R o ) o2 = 0 (4.20)

then ¢ = 0. Since the support of ¢ does not include 0 the following integral
is defined

e
/ e Van

(&)
C;{/Q|£|H+l/2

L' L? and so is its Fourier transform which is constant and consequently

And because of (4.20) it does not depend on s. Moreover is in

vanishing. This implies % = 0 for every £ and then ¢ = 0.

Before using this result we feel like commenting the meaning of the op-
erator Zy. It can be thought of like some kind of fractional integration as
seen in section 3.2.2.2. To be more precise let us consider the particular case
H =1/2. Then it is well known that for f such that [ (1+[£[?)f(£)?d€ < oo,

o~

F1(€) = (i) F ().

Hence the integration of functions ¢ € L? such that @ € L? can be given

3
by some inverse Fourier transform

e Wl —— (¢
| = O gy
Let us consider the primitive that vanishes at y =0

- B eTWE 11— d¢
11/2(9)—/]1% =7 ¥(8) (2m)1/2”

When we compare 7:'1/2 with Zy when H = 1/2 we remark that the power
of the denominator —i¢ is given by the general formula H + 1/2. But in
Ty a module was considered instead. If we concentrate on the power of this
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denominator it is clear that formally Zy is a fractional integration of order
H since we divide the function by a polynomial of fractional degree H.

4.2.2.4 Series and integral representation of fractional Brownian
motion

As explained in the section 3.1.4 one needs an orthonormal basis of the
RKHS of fractional Brownian motion to have a series expansion of this pro-
cess. Since Zy is an isometry between K, and L? the problem is reduced to
choosing an orthonormal basis for L. Any L? basis is convenient at this level
of generality but since we are preparing the tool to study regularity of sam-
ple paths in chapter 5 we need a localization property for the corresponding
functions in the basis of the RKHS. In chapter 3 section 3.2.4 we have recalled
the construction of the Lemarié-Meyer basis that will be used here. Actually
this choice is convenient since the localization property can be carried on the
orthonormal basis of the RKHS of fractional Brownian motion. But we will
prove this fact only in the chapter 5 in section 5.3.2.

Now we have all the technical tools to present a series expansion of frac-
tional Brownian motion which can also be viewed as the harmonizable rep-
resentation of fractional Brownian motion.

Theorem 4.2.1 Let us denote by o) = Zy () for A € AT an orthonormal
basis of the RKHS Kp,, and let (n\)aca+ be the corresponding sequence of
i.i.d. standard Gaussian variables, one gets the following series representation
of fractional Brownian motion

Bu(t)= > ea(t)ym. (4.21)
NeA+

Please note that the convergence is both in L? and in almost sure sense for
the uniform convergence on compact interval. Moreover if one considers the
Brownian random measure (c.f. section 3.1.6.1) associated to the Fourier
transform of the Lemarié Meyer basis

WH(de) = 3 Da(©)mde (4.22)

AeAt

one gets the harmonizable representation of fractional Brownian motion :

e 1 —
H(t):/RCWWWJF(dQ (4.23)

where Cy is defined in (4.12).
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Remark 4.2.1 There exists an alternative orthonormal basis of L*(R) in-
dexed by A, and an alternative series representation of fractional Brownian
motion is deduced from this basis :

Bu(t) = ea(t)ym. (4.24)

e/

One can compare (4.21) and (4.24) by remarking that the X = (j,k,1) for
which j < 0 are synthesized in the second expansion by the coefficients where
7 = 0. In the same vein we have an alternative harmonizable representation
of fractional Brownian motion

eTM 1
By(t) = /]R WW@&) (4.25)
where . -
W(dE) = > ha(&)mde. (4.26)
AeA

Remark 4.2.2 Since By is a real valued process, one get equivalent repre-

sentations e
e —1
By(t)= | —5————W(d
ut) = [ IS

where W (dE) is defined by

W(dg) = > pa(€)mde.

AeAt

Indeed it is a consequence of

[ @i = [ L T
R Oyl T e el
A similar remark is true for representation (4.25). In this book we will try to
keep harmonizable representations consistent with the choice made for (4.23).

Proof of Theorem 4.2.1

Both series expansions (4.21) and (4.24) are convergent in L? sense, it is a
straightforward consequence of Theorem 3.1.5 and of the description of the
RKHS of fractional Brownian motion given in Proposition 4.2.2. The harmo-
nizable representations of fractional Brownian motion are a consequence of
the Definition 3.1.16 of the Brownian random measures. To prove the almost
convergence of (4.21) and of (4.24), let us first announce a regularity result
for the sample paths of fractional Brownian motion which will be proved in
Theorem 4.2.3 : Almost surely fractional Brownian motion belongs to the
Banach space of continuous functions on a compact interval endowed with
the supremum norm. A classical fact for Gaussian processes (See e.g. [94])
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shows that whenever a Gaussian process belongs to a Banach space almost
surely the norm of the Gaussian process has a finite expectation. Hence

E([[Blo0) < o0,

where || f|looc = sup,c; |f(2)| and where I is a compact interval. Since A and
AT are countable, the series can be rewritten

BH - Z OnMn,

neN

and the partial sums

Bu.n = Z Pnln,
n<N

are conditional expectations of By
Bun =E(Bu|Fn),

where Fy = o(n, such that n < N). Hence By, n converges almost surely
to By by applying a theorem of convergence of martingale in Banach spaces
(see [110] p. 104 Proposition V-2-6).

Remark 4.2.3 In the previous theorem we refer to || By || oo = SUp,e; |Ba ()|
for I a compact interval. The distribution of |[By|l« is well known. See for

instance [28] where it is shown that

2 a2
P(||Billeo € @) = — e 2 du,
(1Bl < 0) === [

when I =1[0,1]. As far as we know, when H # % it is still an open problem
to have a closed form formula for this distribution.

In the previous theorem an integral representation of fractional Brown-
ian motion is given, but there exists other representations. In the following
theorem we introduce the so-called moving average representation of the frac-
tional Brownian motion. If one needs a guideline to know what representation
is useful for what problem, we can roughly think that the harmonizable rep-
resentation is more adapted to a spectral description of fractional Brownian
motion whereas the moving-average is the starting point of most anticipative
calculus with respect to fractional Brownian motion.

Theorem 4.2.2 If W(d&) = ea {ZJ\)\(f)n)\df is the Brownian random mea-
sure associated to the Fourier transform of the Lemarié Meyer basis, let us
denote by W (ds) = > c 1 ¥r(s)nads the Brownian random measure. More-
over for all0 < H <1
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672'15.5 -1 W J
J cipren”

2-H[(5/4— H/2) _ g|H-1/2 _ || H-1/2 S as
CHPr(H/2+1/4)|1/4 — H/2| /]R ['t | sl W(ds) a.s.

(4.27)

Remark 4.2.4 When H = 1/2 the meaning of |s| is conventionally given

by
|s|” = Tn(1/]s]).

In this case the constant before the integral in the right hand side of (1.27)

is given by
[ 2
7TCH'

Remark 4.2.5 Please note that the correspondence is stated in a very strong
sense. It is a consequence of the fact that we have used the same sequence
(Mrx)rea to define the two Brownian random measures. Then one gets an
almost sure identity instead of an identity in distribution as in Proposition
7.2.8 in [120]. Moreover the negligible set does not depend on t € R as it can
be checked in the proof.

Proof of Theorem 4.2.2
Since the integral representations in (4.27) are nothing but series repre-
sentations the theorem is proved if Vi € R

e—it§ -1 R " 3 3
Wﬂ/}/\(f))m = D(H)([[t — 5|71/ — |s|T=1/2] 4pr(s)) 2, (4.28)

where we recall that the L? space is endowed with the measure %. Thanks

to Parseval identity it is enough to show that

-

|

— D(H ( o H-1/2 H71/2> 49
Giggma®) = DD (1= s (4.29)
for another constant D(H). Let us first consider the case where H < 1/2.
Then |¢|~(H+1/2) ig locally integrable and it defines an even homogeneous
tempered distribution T' € §’. See [128] for an introduction to distributions
and tempered distributions. The homogeneous index of T' is —(H + 1/2).
Then its Fourier transform is an even distribution of homogeneous index
—1+4 H + 1/2. But there exists only one even homogeneous distribution of
index H — 1/2 which is |s|”~/2 up to multiplicative scalar D(H). Hence in
S’ .

(€7 H1/2(s) = D(H)|s|# 2. (4.30)
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—
2

Let us compute D(H) by using exp(fg)(s) = exp(—% ). Because of Par-
seval identity and of equation (4.30)

- & dg
Jere e (=5) i -

D(H)/R|S|H*1/2exp (-S;) (2:;/2. (4.31)

Let us remark that the same identity holds when the integrals are computed

on (0,+00). When one further changes the variables so that u = % = %,
one gets

—+oo
27(H/2+1/4+1/2)/ W HI23/9) gy —
0

D(H)2WH/2=1/4=1/2) / w273/ exp(—u)du.  (4.32)
0

And D(H) can be expressed with the classical Gamma function :

~ 2~ Hpr1/a—H/2
D(H) = F(H(/2/+1/4§ ) (4.33)
2-Hp(5/4—H/2
= F(H/2+1(/4/)(1/4£b)r/2) (4.34)

Since the support of 1y (&) does not contain 0 € R,
| o IO = (e D 0) (435)

R OYlelE e g T
D(H)|s["—1/2

yA(s))srs,  (4.36)

where (, )s/ s is the notation for the evaluation of a distribution in &’ on a
function of S. Furthermore

= (s) = D(H)|s — |11/
ot T
and
e 1~ D(H) "o
_— o= — L ((|s — |12 _|g|H-1/2 , s))s
cga € = G (Is -4 SI712) (s s
D(H)

_ g H=1/2 | |H-1/2 .
- C}{/Q<(|s d T2 S (9)) 2
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When H > 1/2, ||~ (H+1/2) is not a tempered distribution but the same ar-
gument as above is true by using P f(|¢|~(#+1/2)) the finite part of |¢|~(#+1/2)

as defined in [128]. Moreover Pf(|¢|~1) = Clog(1/|s|) + D and this justifies
the convention in Remark 4.2.4.

Remark 4.2.6 In [101] the non-anticipating moving average representation
of fractional Brownian motion is given by :

BH@yzéH/n

A H e COR LD (437)

where the multiplicative constant Cr is given in Proposition 7.2.6 of [126] and
where (s)+ stands for the positive part of the real s. There is a corresponding
harmonizable representation of the non-anticipating moving average which is

given by
e—itﬁ -1 —~
—————= W (d§).
J. e

The proof of this correspondence for non-anticipating moving average of frac-
tional Brownian motion follows from :

—

L ite _
(= )72 — (=s))H12] () = DUH) o

Why do we prefer the so-called well-balanced moving average of fractional
Brownian motion in the right hand side of (4.27) ? Because it leads to
straightforward generalization in higher dimensions where the absolute value
in (4.27) is replaced by the Euclidean norm. Nevertheless the non-anticipating
moving average representation is more practical when one is concerned with
the stochastic integration against a fractional Brownian motion.

4.2.2.5 Regularity of fractional Brownian motion sample paths

To finish this paragraph on fractional Brownian motion, let us state some
result that describes the regularity of the sample paths of fractional Brownian
motion. The first theorem is a rough description of the Holder regularity of
fractional Brownian motion. The next result is much more precise, it is the
so-called law of the iterated logarithm but the proof of the result is no more
elementary. Last the Hausdorff dimension of the graph of fractional Brownian
motion is also given since it is another classical way to quantify the roughness
of the sample paths of fractional Brownian motion.

Theorem 4.2.3 For every H' < H there exists a modification of By such
that
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B — By(t
P sup (M) <d| =1 (4.38)
|s—t|<e(w) ‘S - t|
[s|<1, [¢|<1

where € is positive random variable and 6 > 0. Moreover the pointwise Holder
exponent for every t € R
Bp(t+e€) — Bu(t)

/ . _ _
sup{H’, 251(1) PR =0}=H (4.39)

almost surely.

Remark 4.2.7 The first part of the theorem claims that the sample paths
of fractional Brownian motion are almost surely Hélder continuous for every
H' < H and (/.39) express the sample paths are not H— Holder continuous.

Proof of Theorem 4.2.3

The first part of the proof is a simple application of the Kolmogorov-
Chentsov theorem (c.f. Theorem 3.1.7). At first sight we only have the fol-
lowing bound on the second order moment : E(Bg(s) — By (t)? < C|t — s|*#
that yields only the Holder continuity for H' < H —1/2. But since fractional
Brownian motion is a Gaussian process one can easily deduce from the previ-
ous bound that E(By(s) — By (t))*" < C,|t — s|/*™ for every positive integer
n. Hence there exists a modification of fractional Brownian motion such that
the sample paths are Holder continuous for every H' < H — ﬁ Then by
taking n big enough the first part of the theorem is proved. To prove the
second part let us remark that

Bp(t+¢€) — By(t) €
a2 (). (440

and is a standard Gaussian variable. Hence for every H' > H
™

lim @
e—0 BH(t + 6) — BH(t)

< 0. (4.41)

Then the limit is also true in a convergence in probability sense. One can find
a sequence €, — 0 such that

‘en‘Hl

. (a.s.)
1 ="0. 4.42
A Bt en) = Bl (4.42)

This yields that

lim Bu(t+€en) = Bu(t) (as)

n—00 len | H'

+00
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and that the pointwise Holder exponent is lower than every H' > H almost
surely. One can conclude since the first part of the proof shows that this
exponent is bigger than H' < H almost surely.

At this point of the study, we may wonder why By is not H-Hdélder con-
tinuous. For this, one needs a precise study of the modulus of continuity of
fractional Brownian motion which is given by the following result classically
called the law of iterated logarithm.

Theorem 4.2.4 Let By be a fractional Brownian motion, then ¥t € R

lim sup Bult+e) = Bult) =1 a.s. (4.43)

0+ +/2¢2H log(log(1/e))

Remark 4.2.8 The equation (4.43) yields the local modulus of continuity
of the sample paths. When (4.43) is compared to (4.2.3) the factor 2" is
related to the pointwise Holder exponent whereas the factor log(log(1/e€)) ex-
plains why the sample paths are not H-Hoélder continuous. When H = 1/2
this result is classical and a proof using martingale properties of the stan-
dard Brownian Motion can be found in [79]. In the case of H # 1/2 one can
deduce the preceding result from Theorem 1.8 in [22]. One can also find use-
ful information on modulus of continuity of some other Gaussian processes
in [103, , 62]. The reference [81] describes the exceptional points where
the law of the iterated logarithm fails for fractional Brownian motion. Quite
surprisingly we do mot know elementary and easy proof for the law of frac-
tional Brownian motion, it is the reason why we have used the ideas of [103]
to prove (4.43) when H < 1/2.

Proof of the law of iterated logarithm when H < 1/2

The proof of the theorem is in two parts. First the lim sup is shown to be
less than 1 using a concentration inequality for Gaussian processes. Then the
lim sup is shown to be greater than 1 when H < 1/2 since the increments of
fractional Brownian motion are anticorrelated in such instance.

Upper bound for the lim sup :

Let us recall a concentration result that can be found in Theorem 12.2
[97] p 142. Let X be a bounded Gaussian process, and m a median of the
supremum sup, . X (t) of the process X (t) defined on a set T that is a real
number such that Ve > 0

P(sup X(t) <m+€) >1/2; P(sup X(t) <m —e€) <1/2
teT teT

then for any 7 > 0

P(sup X(t) < m+7) > / " exp <_“2> du (4.44)

teT oo
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where 0 = sup,cp varX (¢). Since fractional Brownian motion is a symmetric
process, 0 is a median of the supremum of By . Moreover one can easily deduce
from (4.44) that for every 7 > 0

+oo 2
P(sup |Bu(8)] > 7) < 2 / exp <”> du. (4.45)
teT T/o 2

Let us fix 0 < 6 < 1 and t;, = 0* for every integer k. For every Cy > 0, let
us denote By, = {supg<,<y, |Bir(s +t) — Bu(t) > co\/gtgH log(log(1/t,))}.
By (4.45)

+oo _u2
P(B) < 2/ exp <> du.
Co/2Tog(log(1/t1) 2

By using a weak form of the upper bound of (3.78) we get
P(By,) < Cexp(—Cylog(log(1/6%))).

Then
log(log(1/6"))) = log(k) + log(log(1/0)))
and

P(Bk) = kc ;

consequently the Borel Cantelli lemma yields that for every Cy > 1 Jk(w)
such that for all k > k(w)

B t)— B
sup 1B = Bu®l _ o

0<s<ty, \/QtQH log(log(1/t4))

Hence
Bu(s+t) — Bu®)l _ Co

P
s Sosin V22 los(o(1/0)) ¥

and
|Bu(s+t) = Bu(t)|  Co

b1 <s<ty \/2$2H log(log(1/s)) 02H

Since the last inequality is true for every Cy > 1 and 6 < 1 this yields the
upper bound

lim sup Bu(tte) = Bu(®) <1 as. (4.46)

0+ +/262H log(log(1/€)) ~
Please remark that the assumption H < 1/2 has not been used.
Lower bound for the lim sup :
The first step is an extension of the Borel Cantelli Lemma which can be
found in [103].
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Lemma 4.2.1 Let By be an infinite collection of events such that

P(B; N Bi) < P(B;)P(By)
if j # k. If Zj:‘f P(B;) = +oo then P(Bjinfinitely often) = 1. (The event
Bjinfinitely often can be also written as {Zj:f 1p, = +o0}.)

Proof of the Lemma 4.2.1
By Cauchy Schwarz inequality

2 2 2
SPB)| =|E(D 15 || <EC|D 15| P (UL.B)),
j=n Jj=n j=n
then
m 2 [ m

> PB;NB)|P(UL,B;),

]
5
S
AN
¢
k|
S
=

j=n j=n ik,
i n<j<k<m
<Y PB)+ >, P(B)P(By)| P (UL, B;)
j=n J#k,
i n<j<k<m
and )
——— <P(UL,B)).
1 = j=n"2j
S R L
Since j:of P(B;) = 400, for every e and n one can show that
P (UjZnBj> Z 1—e
Hence

P(Nn>n Ujsn By) =1

which is the claimed result.
For a fixed t the previous lemma will be applied to the events

|Br (tk +t) — B (k1 +1)| >1-v@

By = —
\/QGk log(log(f27))

Y

where in this case we take ¢z = #27 and 6 < 1. Since H < 1/2

E(Bp(tk +1t) — Bu(ter1 +1)(Bu(t; +1) — Bu(tjy1 +1)) <0
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for j # k and we rely on the following result to show that

P(B; N By) < P(B;)P(By)

Lemma 4.2.2 Let (X,Y) be a centered Gaussian random vector in R? such
that E(XY) <0 Then

P(X >a, Y >b) <P(X > a)P(Y >b)

where a, b > 0.

See the proof of this lemma in the solution of exercise 3.3.1.
To prove the lower bound for the lim sup we have first to show the diver-
gence of the series Y P(Bj). By using the lower bound of (3.78) one gets

2 o o \° —(1—0)?
P(By) > W (1 oy (1 — \/§> ) exp (%%) (4.47)

BH(tk + t) — BH(tk-H + t)

where o}, is the standard deviation of

\/20% log(log (7))
1—@am)H
O = ( 4 ) .
2log(log(07# )
First one can remark that
log(log(G%Hk)) = log(k) —log(2H) + log(log(1/9)) (4.48)

hence it goes to infinity and is asymptotically equivalent to log(k). Then

. Ok _
kEToo e 0 (4.49)
and one can weaken (4.47) into :
Ok —(1 — \/5)2
P(By) > C 4.50
(B) 2 1_\/ge)q»( - (4.50)

for some positive constant C. Since
(1— 077 )2 > (1 - v/0)?

for 0 < H <1 and for every 6 € (0,1).
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-(1-v0)*
C exp <(1_921H)2H 10g(k)>

(log(k))*/>

Hence > P(By) = +oo and because of Lemma 4.2.1 we know that almost
surely there exists an infinite number of k such that :

P(By) > (4.51)

|Bir(ty + 1) — Bir(thsr + D] > \/26% log(log(97))(1 — V).

Then

Bu(ti +1) — Bu(t)] > \/20% log(log(07#))(1 — v/0)
— |Bu(tk+1 +t) — Bu(t)]

and because of (4.46) for every € > 0

[Br(tr +1t) = Ba(t)] > (1 - \/5)\/29k log(log (627 ))

—(1+ 6)\/29k+1 log(log (02 )).

Because of the asymptotic (4.48) there exists C' such that

|Bu(t, + 1) — Bu(t)] > (1 — CV0)+/2tx log(log(1/11,))
for an infinite number of k. By taking € small enough, one can show that

lim sup Bu(t+¢) — Bult) >
0+ /2¢2H log(log(1/€))

for every C’ < 1.

Theorem 4.2.5
Almost surely the Hausdorff dimension of the graph

{(s,Bu(s)), 0<s <1}
of fractional Brownian motion with Hurst exponent H is 2 — H.

Proof of the Theorem 4.2.5

The upper bound is immediately given by Lemma 3.2.1 and Theorem 4.2.3.
To have a lower bound the Frostmann Lemma 3.2.2 is applied. Before this,
let us recall an elementary computation for Gaussian random variables.

Lemma 4.2.3 Let X be a centered Gaussian random wvariable such that
varX =02, h >0, s> 1
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1—s

E(X% 4 h?)~%/2 < o (4.52)

g

Proof of the Lemma 4.2.3
Let us compute the expectation

E(X2—|—h2)75/2zi Jroo(x2—|—i12)75/26Xp —I—Q dz
oV2m Jo o? '

The change of variable o?v = 22 is then applied:
I 1

/97 0 \/17(0-2v+h2)s/2

E(X2 4 h?)~*/2 = e " 2dy

Since
h2/0' 1 h2/0'2 1
— 2y < —d
/0 Voo r h2pt = o e
2h1—s
= p .
o 1 > 1
L g [T
/hz/gz Volo2o + 0220 e Voo 2
hl—s
<C
o

for some positive constant C, and (4.52) is proved.
To get the lower bound we will show that :

I, _/ / By + |t —u?) " dtdu.,

is finite for 1 < s < 2 — H. Please note that the measure u that appears in
the Frostmann lemma is here the Lebesgue measure. Since

E(Bg(t) = B (u))® = [t — uf*",
Lemma 4.2.3 is applied and one gets
|t _ ull s
I, <C
=

Hence it is finite when s < 2 — H.
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4.2.3 Semi Self-similarity

In this section, the deterministic point of view of self-similarity is consid-
ered and compared to the stochastic case. As pointed out in the first section,
the self-similarity has to be relaxed not to lead to trivial examples in the
deterministic case. Let us start with the Weierstrass function which is a fa-
mous example in this domain. Back to Weierstrass’s seminal work [141] the
following function

+oo
W(t)=> are" (4.53)
n=0

where t € R, 0 < @ < 1 and ab > 1 is a classical example of a continuous
but nowhere differentiable function. In (4.53) the complex valued Weierstrass
function is introduced but one can take the real or the imaginary part of W(t)
to have real valued function exhibiting similar properties as to W(t) Since we
aim to compare the Weierstrass function to fractional Brownian motion let us
define a modified Weierstrass function originally introduced by Mandelbrot

[102]

+oo
Wty =3 (e""t— 1) pHn (4.54)
for r > 1 and 0 < H < 1. This formula is to be compared to the real har-
monizable representations of fractional Brownian motion (4.23) and (4.25).
First the series in (4.53) and in (4.54) are convergent. Then the series (4.54)

can be thought of as an harmonizable representation of the modified Weier-

W (d€)

strass function where the stochastic measure e has been replaced by a

deterministic measure M (d§) = :io_oo 0rn(€). Let us now comment the

differences between (4.53) and (4.54). The summation in (4.54) is for n € Z
to have a self-similarity type property namely :

Wi (et) = eBW,.(t) (4.55)

where ¢ = r™ for every integer n € Z, the functions that satisfy (4.55) are
called r-semi-self-similar. Then replacing et by et — 1 is necessary to
ensure the convergence of (4.54) when n — —oo. Please note that even if the
Weierstrass functions are easy to simulate they provide very difficult model
from a mathematical point of view. For instance the Hausdorff dimension
of the graph of a Weierstrass function is still an open problem whereas the
counterpart for fractional Brownian motion is elementary. Let us finish this
comparison by recalling a randomization of the Weierstrass function

+oo

Wit = 3 (" =) (6 + inn) (4.56)

n=—oo
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where &, and 7, are real valued random variables. Many i.i.d. sequences of
(&n,mn) have been proposed in the literature (See for instance [26, , ,

]). In this section one assumes that &, and 7,, are independent identically
distributed variables with second order moments. Then

E (RWAL(t) — oW (s))* = 11@ Wel(t) — wal(s)[? (4.57)

=C Z (1 —cos(r™(t — s)))r 2" (4.58)

Clt —s|*H
~ (4.59)

when r — 17. This suggests to renormalize the random Weierstrass function
to have convergence to fractional Brownian motion.

Theorem 4.2.6 Suppose that the random vector (&, Mn)nez are independent
identically distributed random wvectors such that EE, = En, = 0, E& =
En2 = 1, and &, and 0, are independent. Then as v — 17, the normalized
random Weierstrass function mﬂ‘ﬁWﬁl converges in distribution to the law

of fractional Brownian motion.

Remark 4.2.9 In the previous theorem the convergence in distribution is for
finite dimensional margins. If we assume that E(|£,]2% + [1,|*F) < +oo for
some integer k such that 2kH > 1, then the convergence is in the space of the
sample path C([|0,1]) endowed with the topology of the uniform convergence.

Sketch of the proof of the Theorem 4.2.6
The complete proof is in [114]. We only explain here how this theorem is
a consequence of a Functional Central Limit Theorem. Let us first rewrite

VInrwe as
n_z_:ooft( ) fn\;%nn)

where we have set m = W and

fi(u) = (exp(ie"t) — 1) e~ H.

To simplify the problem, let us suppose that m is an integer and consider the
following process :

By (u) = meU](@ +in;), u>0
Z tmu)+1(& + i), w<0.

Some central limit theorem show that as m — +oo the process B,, converges
in distribution to a complex Brownian motion B. Then one can write
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Z ft( >€n+mn /ft VB, /B dft

and one applies the functional central limit theorem to get

/B dft mi>+°°—/RB( dft /ft )dB(u

With this presentation the limit of S(m) has the following integral represen-
tation :

/R (exp(ie™) — 1) e~ (dB (u) + idB?(u)

where B!, B? are independent real-valued Brownian motions. Then one can
check that the real part of the preceding integral has the covariance of a real
valued fractional Brownian motion.

4.3 Self-similarity for multidimensional fields

Self-similar fields parameterized by d-dimensional spaces, with d > 1 are
more difficult to study than self-similar processes. For instance there is no
uniqueness result like Proposition 4.2.1 for fields. In the previous sections
stationary increments were needed to study spectral properties of self-similar
processes. For fields, there exist at least two ways to define increments and
to each one are associated self-similar fields.

4.3.1 Self-similarity with linear stationary increments
Let us recall Definition 3.1.24, which is a natural extension of the stationarity
of the increments (4.7).

(X(2+0) = X(y +0))pers 2 (X(2) = X(Y))oere-

for every y and ¢ in R?. Starting from the harmonizable representation
n (4.25) one can easily imagine multivariate generalizations of fractional
Brownian motion

_ e—ix.f -1 5
xw) = [ e () W10 (160)

where x.¢ is the canonical scalar product in R? the function S is any
real valued measurable function such that S(o) = S(—o) on the sphere
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$591 = {5 s.t. |jof| = 1} with 0 < Cy < S(0) < Cy < 400 and W (d¢)
is a Brownian random measure on R?. Because of the isometry property of
Fourier transforms of real valued Brownian random measures (3.31), we have
for every x1, xa, y, § € R? :

E(X (21 +0) = X(y +0))(X (22 +6) — X(y +9))

eii(zl‘k‘s)'g — efi(y+5)‘§ ei(12+6)'5 — 6i(y+§)‘§ d
- / ( 22{3(1 )52 <§) :
Rd €] 1€]]

(271_)d/2 ’
Hence this covariance does not depend on §. This shows the stationarity of
the increments (3.61). Beside this invariance, these fields clearly satisfy the
counterpart of the self-similar property in dimension d

(X(e2))pere 2 e (X (7)) peps (4.61)

for every € > 0. If S is a constant function then the fields X are denoted by
By and enjoy an isotropy property

(X(02))ers L (X ())yeps (4.62)

for every isometry O in the orthogonal group O(d). It leads to the following
definition.

Definition 4.3.1 The standard Fractional Brownian field is a centered Gaus-
sian field and its covariance is given by

1
R(z,y) = Sl + [yl = ll= = y]*"}. (4.63)

It admits the harmonizable representation

z) Y / e L e (4.64)
R

« Oy e|ere

Moreover
E(Bp(x) — Bu(y))® = [lz — y[|*". (4.65)

Non-standard Fractional Brownian fields have covariances given by
R — K 2H 2H __ . 12H
(@,y) = S Ulel™ + llyll [l —yllI*},

where V' > 0.
Please note that the constant Cy is in dimension d
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_ [ 2(1—cos(&)) d€
Cn= [, e (469

_ /2 0(H 4 1/2)
= 242HT(2H) sin(xH)(H + d/2) (4.67)

where & is the first coordinate of the d-dimensional vector £. The formula
for Cy in dimension d can be found in [87].

Actually most of the formula in dimension 1 can be trivially extended to
fractional Brownian fields by replacing absolute value by Euclidean norm. For
instance the description of the RKHS of fractional Brownian field becomes
in this setting

B e”WE -1 =— d¢
Zu () = [ G (169
and
Kp, = {¢st. e L*(R?Y) such that ¢ =Ty ()} (4.69)

We may wonder if the examples (4.60) are far from exhausting all the
Gaussian self-similar fields with stationary increments. Actually it is shown
in [51] that all such fields have a covariance of the following form

BX@X() = [ (=) (@ = )uide) @0

where 1 is a measure that can be split in polar coordinates (o,7) € S9=1 x
(0,4+00) :
dr

Hence in (4.60) the only restriction is that the measure on the sphere S4-1
is equivalent to the Lebesgue measure on S91.

4.3.2 Self-similarity for Sheets

One can define rectangular increments for 2-dimensional fields. Let us denote
by :

(45,6, X) (z,9) =
X((Sl + x,00 + y) — X((51 + LL‘,(SQ) — X(51,52 + y) + X(51,§2). (4.72)

A field parameterized by R? has stationary rectangular increments if and
only if for every (d1,82) € R?
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(85,5 X) (2,9)) (o yyere = (D0.0X) (2.9)) 0 yeze - (4.73)

“Rectangular increments” can be defined in higher dimension (cf. [82]) but
the presentation is restricted here to d = 2 to simplify notations. To produce
examples of 2-dimensional self-similar fields with stationary rectangular in-
crements one can use either moving average or harmonizable representations :

—iwé1 _ ] —iy§2 _ 1 —
Plew) = /R <0H16>1/2|£1|H1+1/2 <0H26>1/2|§2\H2+1/2WW@M&D (4.74)
2~Hi(5/4 — H,/2) 2~H21(5/4 — Hy/2)

T T(Hy/2+1/4)[1/4— H, /2| T(Ha/2 + 1/4)|1/4 — Hy /2|

~ / [|JI _ 81|H171/2 _ |51|H171/2} “y _ 32|H271/2 _ |82|H271/2:|
R2

X W(d(sl, 52))
(4.75)

where 0 < Hy, Hs < 1. The proof of the almost sure equality in the previous
definition is as the proof of the Theorem 4.2.2. This field called Fractional
Brownian Sheet has been introduced in [78] and studied in [58, 8]. When
H, = H, = 1/2 fractional Brownian Sheet is a classical extension of the
Brownian motion to dimension 2 : the Brownian sheet. As can be easily
deduced from (4.74), the covariance of the Fractional Brownian Sheet is a
product :

CHx,ChHh,

I 0y P PP~ Jay — PP} (476)

ED(ﬂfl’yl)D(xmw) =
{2 + 2P =y — 2?2} (4.77)

With the help of this last formula one can check a rectangular self-similar
property for fractional Brownian Sheet

(d)
(D(elx, 52y))(x,y)E]R2 = 6{{1 5512 (D(IE, y))(m,y)eR2 (478)

for every 1, €2 > 0. Please note that rectangular self-similarity implies 2-
dimensional self-similarity with an index H; + Ho.

4.4 Stable self-similar fields

So far we have only considered Gaussian processes. In this section we will
introduce stable self-similar fields. Through these examples we would like
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to recall that self-similar processes need not to be Gaussian or even to have
finite expectation and variance. The interested reader can complete this quick
introduction with [120].

4.4.0.1 Moving average fractional stable fields

To construct a moving average type of self-similar fields, let us recall the
moving average representation of Fractional Brownian Fields

(4) _ _
Ba) @ [ [lt= sl = s wias). (a79)

The previous formula is an obvious generalization of the one dimensional
case (4.27), where the multiplicative constant has been dropped. It will be
the starting point of moving average fractional stable field (in short mafsf).

Definition 4.4.1 A field (Xy(t))re is called a moving average fractional
stable field if it admits the representation

(d) — [e% — [e%
Xa() @ [ [le= sl < s M. (@0
where M,, is a real symmetric random stable measure defined in Defini-

tion 3.1.18.

When we compare (4.79) and (4.80), we remark that the fractional power
H — d/2 has been replaced by H — d/a, which is consistent with the rule of
the thumb that claims that Gaussian variables correspond to o = 2.

Proposition 4.4.1 For 0 < H < 1 the moving average fractional stable
motion is well defined by the formula (4.80) and it is a H-self-similar field
with stationary increments.

Proof of the Proposition /./.1
To show that the integral in (4.80) is well defined we have to check that :

[ e = sp=are — ysjpr=ze
R

The integral may diverge when ||s|| = oo, ||s|| = 0 or s — t. Let us rewrite
the integral in (4.81)

oo
Lo [ = e = pug-are

where o is the surface measure on the unit sphere S%~1. When ||s| — oo or
p— 0

“ds < 0. (4.81)

: prdpdo () (4.82)
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a
It — pu||H7d/a _ HpuHHfd/a = |H - d/a|apHaidiat.u + O(pHafdfa)'

The integral in (4.82) is convergent when p — oo since H < 1.
When ||s|| — 0, if H > d/« the integrand is bounded, else

|H—d/a |H=d/a “ p(Ha—d)

It — pul — [lpul

and the integral in (4.82) is convergent when p — 0 since 0 < H.

The convergence when s — ¢ is obtained as in the case ||s|| — 0.

Let us check now the stationarity of the increments. Let 6 = (64,...,6,)
and t = (t1,...,t,) € (R)", the logarithm of characteristic function of the
increments of the mafsf is :

—log [ Eexp izgj(XH(tj)_XH(tl)) =
j=2

e

J ) 3 e e e L ™
R |15

Hence, it is clear that for every 6§ € R?

(Xpr(t2) — Xpr(t1), - Xpr(tn) — Xgr(11)) 2
(Xgr(ts +6) — Xpr(t1 + 6, s Xur(tn +8) — Xu(tr +6)).

Since for every € > 0

—log | Eexp izej(XH(etj)
j=1

[
n

= S 0yt = sl — s s
Rd

j=1
By letting s’ = es we get

—log [ Eexp iZQj(eHXH(t]—) = —log | Eexp iZGj(XH(etj) ,
j=1

which yields the self-similarity property.
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Remark 4.4.1 We will not study the reqularity of the mafsf, but we would
like to stress here that when H < d/a the samples are nowhere bounded.
See [99] for a proof when d = 1. So following the rules of the thumb we
stated in the introduction, we are reluctant to consider mafsf as a fractional
field when H < d/a. The regularity of mafsf when d =1 and H > 1/« is
considered in the paragraph 4.5.0.4.

4.4.0.2 Real harmonizable fractional stable motion

Starting from (4.64) one can easily construct a stable counterpart of the
harmonizable representation of fractional Brownian motion. In this book we
focus on real valued harmonizable process. We recall that the limit (3.57)

li Mo, r(d
R [ F Mo r(de)
is our definition of [, f(£§)Ma(d€) for every function f € L*(R?) that sat-
isfies (3.50). Up to the normalization constant it is consistent with Theorem
6.3.1 in [120].

Then, one can define the real harmonizable fractional stable field (in short
rhfsf).

Definition 4.4.2 A field (Xg(x)),ra is called real harmonizable fractional
stable field if it admits the representation

—ix.§ __ 1
Xu(x) @ /Rd ﬁg”HiJFd/O‘Ma(dé)' (4.83)

This last definition is the stable counterpart of the harmonizable representa-
tion of fractional Brownian motion (4.25) where H + 1/2 has been replaced
by H 4 d/«a, and where the normalizing constant C'y has been dropped. One
can also prove the following proposition.

Proposition 4.4.2 The real harmonizable fractional stable motion is well
defined by the formula (4.83) and it is a H-self-similar field with stationary
increments.

Proof of the Proposition 4.4.2
To show that the integral in (4.83) is well defined we have to check that :

J.

The integral may diverge when ||£|| — oo, ||€|| — 0.
The integral in (4.84) is convergent when ||&|| — oo since H > 0.
When [|£|| = 0

g€ _11°
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—iw.g _ | @
e
.| < CleleTre
19/ Shai
and the integral in (4.84) is convergent when ||| — 0 since H < 1.
Let us check now the stationarity of the increments. Let 6 = (64,...,6,)
and x = (21,...,7,) € (RY)™, the logarithm of characteristic function of the

increments of the rhfsf is :

—log [ Eexp iZQj(XH(xj)—XH(CUl))

[e3
n

7293] 7zz1‘§
- [ | %

j=2

[e3

zwjf_]_

-J. Z T |

Hence, it is clear that for every 6 € R¢

(X (ws) = Xt (1), -, Xpr (@) — Xpr(21)) @
(Xu (w24 0) = Xp (21 +6), ..., Xu(xn + 6) — X (21 +0)).

Since for every e > 0

[0}

7ze:rj £ 1

—log | Eexp izej(XH(emj) / Z J T ds.
Jj=1 j=1
By letting &' = €£ we get
—log [ Eexp iZHj(eHXH(:Ej) = —log [ Eexp iZF)j(XH(exj)
j=1 j=1

which yields the self-similarity property.

4.5 Self-similarity and regularity of the sample paths

In this section we will shortly investigate the relationship of self-similarity
with regularity of the sample paths. Actually we will present some counter-
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examples to illustrate that the results true for fractional Brownian motion
cannot, be generalized to all self-similar processes.

Theorem 4.2.3 and H-self-similarity of fractional Brownian motion might
make believe that more generally all H-self-similar processes are H-Holder
continuous. Actually this way of thinking is very often used by engineers
that simulate self-similar processes with the hope to have generic H-Holder
continuous sample paths. Since fractional Brownian motion is the only Gaus-
sian H-self-similar process with stationary increments up to a multiplicative
constant (c.f. Corollary 4.2.1), one can wonder if processes that satisfy only
some of these properties are still H-Ho6lder continuous. The answer is no in
at least two situations:

e Gaussian processes that are with non-stationary increments,
e Non-Gaussian processes.

We are now presenting counter-examples for each case.
4.5.0.3 Gaussian processes with non-stationary increments

If W(ds) is a real Brownian random measure one can define for every
real-valued function ¢ such that ¢(0) = 0, and

lo(s)[?

R‘S‘QTHCZS<OO

a H-self-similar process

_ [ _elts)
Xt = . WW(dS)

Actually the self-similarity is a consequence of an elementary change of vari-
able and of the fact that the function ¢ is applied to the product ¢s. One can
show that the increments of the process X are not stationary for a conve-
nient choice of . Moreover if ¢ is a C? non-vanishing function with compact
support included in (0,00). the process is almost surely C! with a possi-
ble exception for ¢ = 0, hence it is not H- Holder continuous. Let also see
exercises 4.6.11 and 5.5.1 for other properties of the process.

4.5.0.4 Non-Gaussian processes

In the previous section the moving average fractional stable fields have
been defined, and we have shown that there are H self-similar stable pro-
cesses. Let us recall the definition of the process in dimension d =1
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Xua(t) = [ [it= o100 5|71 0 (as).
R

The construction of this process is related to a Poisson random measure,
and the following integral representation also holds for the Moving average
fractional stable motion

Xu(t) :/ [|t—s|H71/o‘ — ||V uN (ds, du).
R

The mean measure of N is dslu‘dﬁ and does not satisfy the condition (3.35),
but one can see in [126] a rigorous way to define the previous integral. In [120]
a rule of the thumb is given to guess the regularity of the sample paths
of processes defined with Poisson random measure: It is the same as the
regularity of the integrand that is, in our case, the regularity of

L e e

which is clearly Holder continuous with parameter H — 1/« if H > 1/a.
Hence we claim the following result:

Proposition 4.5.1 If H > 1/« almost surely the sample paths of the moving
average fractional stable motion are Hélder continuous with parameter H —
1/

Proof of the Proposition 4.5.1

One can find a rigorous proof of this result in [134].

With this example we see that the self-similarity exponent and the Holder
continuity of the sample paths are not necessarily governed by the same
parameter in a non-Gaussian setting.

4.6 Exercises

4.6.1 Composition of self-similar processes

Let X be a H-self-similar process.

1. Let us suppose that S(t) = supg,<; scq X (5) is almost surely finite. Show
that S is a H-self-similar process and non-decreasing.

2. Let X be a non-decreasing process and let us define I(t) = inf{s €
Q s.t. X(s) > t}. Let us assume that I(¢) is almost surely finite. Prove
that I is a 1/H-self-similar process, non-decreasing and right-continuous.

3. Let X be measurable and Y be a H’-self-similar process independent of
X. Let us assume that I is almost surely finite. Prove then that X oY =
(X(Y(t)) is a HH'-self-similar process.
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4.6.2 Example

Let W (ds) be a real valued Brownian random measure. Recognize the process
X defined by

X(t) = /R(log\t ~ 2| — log |z )dW ()

4.6.3 Markov property for Gaussian processes

1. Let (X¢)tes be a Gaussian centered process indexed by an open interval T in
R with the covariance function K. On says that X is Markov if and only if
o(Xs, s <t) is conditionally independent to o(X, s > t) with respect to
o(X¢). The definition of conditional independence is given in exercise 3.3.3.
Prove that (X;)ter is Markov if and only if for every s <t <wu

K(s,t)K(t,u)

Klsw) ==

(4.85)

whenever K(t,t) # 0 and K(s,u) = 0 otherwise.
2. Prove that fractional Brownian motion is Markov if and only if H = 1/2.
3. Let us consider a function K : I x I — R where [ is an open interval in R
such that

G()B(t)  ifs >t

where ¥ and ¢ are two continuous non-vanishing functions. They may be
real or complex valued functions. Prove that if K is a positive definite
function (c.f. Definition 3.1.9) then ¢/ is a real valued non-negative non-
decreasing function on I.

4. Let us consider (B(t)):>0 a Brownian motion. Then show that the covari-
ance of

K(s,t) = {QS(SW” ifs<t (4.86)

X = 0(t)B(e(t)/4(t))

for t € I, for ¢, ¢ two continuous non-vanishing functions such that ¢/1
is a real valued non-negative non-decreasing function on I satisfies (4.86).

5. Prove that a Gaussian centered process (X;);c indexed by an open inter-
val I in R has a covariance satisfying (4.86) if and only if X is continuous
in L?, X, # 0 for every ¢t € I and it is a Markov process.
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4.

4 Self-similarity

6.4 Ornstein-Uhlenbeck process

Determine all centered stationary Markov Gaussian processes (X;):cg such
that their covariance is a continuous function.

4.

6.5 Bifractional Brownian motion

This exercise is inspired by [69].

1.

Show that for 0 < K < 1

“+oo 1—e %

Show that for 0 < K < 1and y >0

K +o0o 1— e 2y

For 0 < H <1 and for 0 < K < 1 let us set
R(t,s) = (|t + [s|) — |t — s27H

Show that

oo x 2H s 2H _ s oK
R(t S) = L /+ e—m(|t|2H+‘S|2H)e (1157 +s] [t—s|*7) _ 1dx
; C(K) Jo puEs] .

Show that R is of non-negative type.

Prove that there exists a unique centered Gaussian process X such that
its covariance function is R(t, s).

Prove that X is self-similar with index HK.

Has X stationary increments ?

Compute
B ((X(1) - X())%).

Show that E ((X(t) — X(s))?) < 2|t — s[*HK.
Show that X is locally Holder continuous for every exponent 0 < v < HK.
Show that at every point ¢ the pointwise Holder exponent of X is HK.
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4.6.6 Random measure and Lévy processes

Let us consider a random Lévy measure or a random real symmetric stable
measure, show that X (t) = [; 1j0,4(s)M(ds), t > 0 is a Lévy process.

4.6.7 Properties of Complex Lévy Random measure

Let M (d€) be a complex isotropic random Lévy measure.

1. Show that for every function f € L2(d€) [ f(£)M(d€) has a symmetric
distribution i.e.

- [ ronae) @ [ o).
2. Show that for a function f € L?(d€) such that V¢ € RY,  f(—€) = f(€)
and for every measurable odd function a :

/ F(€) explia(€)) M (de) 2 / F(€)M(de),

3. Show that for a function f such that V¢ € RY  f(—¢) = f(€)

+oo
Bl [ FOM@OP =47l 3wy [ rratie)

where v, is defined in (3.44).

4.6.8 Hausdorff dimension of graphs of self-similar
processes with stationary increments

This exercise is inspired by [19].

1. Prove that, for 1 < s < 2, there exists a continuous function such that
fs(w) — 0 when |w| — oo and such that:

(z2 +1)7%/2 = / e f(w)dw .
R
2. Let X be a H-self-similar process with stationary increments such that
function A — E(e"*X(1)) belongs to L'. Let m be the Lebesgue measure
on (0,1). Let us recall the Frostmann integral for the graph of the random
path {(z, X(x), z € [0,1])} in Remark 3.2.1
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—5/2
Lm = [ /[ (=l X @) = X)) dady
0,1]2
Show that
B (m) < sup £ [ [BEXO)ax [[ oyt dady.
weR R 0,1)2

3. Prove that, a.s., dimg{(z, X(z)), x € [0,1]} > 2 — H.
4. Let us assume that X has almost surely H-Hé6lder continuous paths. Show
that, a.s., dimg {(z, X (x)), z € [0,1]} =2 — H.

4.6.9 Fractional Brownian motion and Cantor set

Recall that any real number x € (0,1] can be written

+oo

>

n=1

where z,, € {0,1,2} and where we assume that there exists no ng such that

for n > ng x, = 0. Let F = {3°/° £= such that x,, € {0,2}} be the middle

third Cantor set. Let X be a fractional Brownian motion of parameter H.
Compute the Hausdorff dimension of {(z, X (x)), « € F}.

4.6.10 Fourier expansion of fractional Brownian motion
when 0 < H < 1/2

Let 0 < H < 1/2.

1. Show that ¢, = fol 22 cos(nmz)dr <0 Vn > 1.
2. Show that Vz € [-1,1] :icl ¢n cos(nmz) is convergent and that there
exists c¢g > 0 such that

—+00
|z = co + ch cos(nmx) Vo € [-1,1].

n=1

3. (&n,7mn) be a sequence of i.i.d. centered Gaussian random vectors in R?
with covariance matrix equal to identity. Show that the series

+oo

D G+ i)V =cn/2(e™™ = 1)

n=1
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is convergent in L2 Let us denote by X (¢) its sum, show that R(X(t))
is a 2m periodic Gaussian process with stationary increments such that
E(RX(t) — RX(s))? = |t — s|?H for all ¢, s such that —1 < ¢t — s < 1.
We usually refer to (X (¢)) as fractional Brownian motion indexed by the
circle S*.

4.6.11 Exercise : Self-similar process with smooth
sample paths.

Let W(ds) be a real Brownian random measure (c.f. section 3.1.6.1), 0 <
H < 1 and let ¢ be a Borel real-valued function.

1. Show that the process

X, = /R %W(ds) (4.89)

is defined if and only if ¢(0) = 0, and

Ol
R |s[2HHT

ds < 0. (4.90)

This condition is always supposed to be satisfied by ¢ until the end of the
exercise.

2. Show that the process defined in (4.89) is H self-similar.

3. Let us suppose that ¢ is a C? non-vanishing function with compact support
included in (0, 00). Show that X has a modification with C'! sample paths
except maybe for t = 0.

4. For this question we assume that ¢(A) = min(|A|,1). Show that the con-
dition (4.90) is satisfied and that the process defined by (4.89) is not with
stationary increments.






Chapter 5
Asymptotic self-similarity

5.1 Introduction

Self-similarity, as described in the previous chapter, is a global property, and
as such, may be to rigid for some applications. Actually, in many situations
the self-similarity parameter H is expected to change with time, and in spa-
tial models, with position. For these applications, one would like to replace H
by a function ¢t — h(t). Let us give a toy example to illustrate the fact that,
sometimes, it is the variation of the function ¢ — h(t¢), which is important for
the applications. One dimensional fractional Brownian motion may be used
to model the profile of a mountain, and in this model bigger is H, harder is
the underground structure. It comes from the well known fact that, profiles of
mountains, that contain hard stones is rougher, than the ones, that contain
soft stones. Hence, one can hope to use H to detect hard stones in the un-
derground. But for this problem fractional Brownian motion is useless, since
in this case, H is constant. One way to circumvent this problem is to plug in
a function t — h(t) instead of H in some integral representation of fractional
Brownian motion. This model is called multifractional Brownian motion and
was introduced in [22] and independently in [113]. Please note that more re-
cently Volterra type representations of fractional Brownian motion have been
used to obtain other multifractional Gaussian processes in [31]. Since we did
not introduced Volterra type representations of fractional Brownian motion,
we will not describe their multifractional extensions. But we will show that
the regularity of the sample paths of multifractional Brownian motion is gov-
erned by h(t) at time ¢. Hence the function h(t) can help to model the struc-
ture of the underground in our toy model. Nevertheless the dependence of h
with respect to ¢ destroys all the invariance properties that we had for frac-
tional Brownian motion. In particular, multifractional Brownian motion is no
more self-similar nor with stationary increments. These properties are only
true locally and lead in the next section to the notion of local self-similarity
property. In some sense, to be precised later, at every point ¢, there exists a

95
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tangent fractional Brownian motion. For some models, the self-similarity is
lost but the parameter H that describes the local asymptotic self-similarity
property is constant, it is the case of filtered white noises. One of the problem,
for applications of multifractional Brownian motion, is the regularity of the
function t — h(t). We would like that this function is sufficiently irregular to
allow a multifractal behavior of the sample paths. Sadly, it is not possible in
the original model because of a low frequency problem, that will be pointed
in the chapter. Various extensions of multifractional Brownian motion will
be introduced in this chapter. The aim of this model is to allow irregular
function t — h(t).

All models presented in the first section of this chapter are Gaussian, but
we know that there exist non-Gaussian self-similar processes and fields. One
can also construct locally self-similar non Gaussian processes and fields that
are introduced in section 5.4.

5.2 Definitions

Let us start this section with the definition of a locally asymptotically self-
similar field (in short lass). This definition was first introduced in [50] and
has been independently rediscovered in [15]

Definition 5.2.1 A field (Y (z)),cre s locally asymptotically self-similar
(lass) at point x if

lim <Y(x +eu) — Y(:c)> (d)
€Rd

0+ ch(@) = (Tr(u))uERd (5'1)
where the non-degenerate field (T, (u)),ere is called the tangent field at point
x of Y and the limit is in distribution for all finite dimensional margins of
the fields. Furthermore, the field is lass with multifractional function h if for
every © € R? it is lass at point x with index h(z).

Let us make some comments about this definition, which is central in this
book. First, a non-degenerate field means that the tangent field is not the
null function almost surely. Then, let us remark that a field with stationary
increments, which is H-self-similar is lass with itself as tangent field and the
constant H as multifractional function.

Proposition 5.2.1 A H-self-similar field Y with stationary increments is
lass. More precisely for every x € R?

<Y(x +eu) — Y@))
u€eRd

cH

—~
=

lim
e—0t

= (Y(u))yepra- (5.2)

Proof of Proposition 5.2.1:
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Since Y has stationary increments, (Y (z+eu) =Y (2)),crd @ (Y(euw))uera,

—~
N

the self-similarity property yields (Y (eu)),ere = €7 (Y (u)),ere and conse-
quently the result.

In some cases, one can achieve better convergence than the limit of the
finite dimensional margins. In this case one speaks of strongly locally asymp-
totically self-similar field.

Definition 5.2.2 A field (Y (x)),ecre is strongly locally asymptotically self-

similar (slass) at point x if

lim
e—0t

(Y(x Ll Y(I)LEM D (T () uers (5.3)

where the non-degenerate field (T, (u)) cra is called the tangent field at point
x of Y and the limit is in distribution on the space of continuous functions
endowed with the topology of the uniform convergence on every compact. Fur-
thermore, the field is strongly lass with multifractional function h if for every
x € RY, it is strongly lass at point x with index h(x).

When we compare the definitions 5.2.1 and 5.2.2, the only difference is
that the tightness is required in the later case. Please remark, that in def-
inition 5.2.2 the tangent field is continuous. In the examples, we will have
tangent fields, that are not continuous.

One can find in [56] a related definition of tangent process which are not
continuous. In this case, the convergence is in the sense of the Skorokhod
topology. One can also wonder, why the convergence on compact set is used
in the previous definition. The aim is to have a true local property in the
following sense. If Y = Y’ in a neighborhood of x then if Y is slass at x
then the same is true for Y’. If we assume uniform convergence instead of
uniform convergence on compact in Definition 5.2.2, the slass property is no
more local.

Please also note, that the structure of tangent processes have been studied
in [55, 56]. The main result is that the tangent fields (T (u)),erae are h(x)
self-similar with stationary increments for almost every z for the Lebesgue
measure, but the setting in these articles is slightly different. One can also
refer to [90, 33] for the theoretical study of the tangent fields.

One can also define the asymptotic self similarity at infinity, which is the
counterpart of the lass property when ¢ — 4oc0. Since in this case the base
point z is not relevant, it leads to the following definition.

Definition 5.2.3 A field (Y (2)),cre is H-asymptotically self-similar (co-
ass) at infinity if

. Y (Ru) (d)
Rl—lgfoo< RH >ue]Rd = (T(u))uERda (54)
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where the non-degenerate field (T (u)),cra is called the tangent field at infinity
of Y and the limit is in distribution for all finite dimensional margins of the
fields.

5.3 Gaussian fields

In this section we will review various Gaussian fields that are generalizations
of fractional Brownian motion and we will prove that there are locally self-
similar.

5.3.1 Filtered white noises

The first attempt to capture locally self-similar fields, which have non-
stationary increments is the filtered white noise (in short fwn) introduced
in [21]. The starting point of this generalization is the harmonizable repre-
sentation of the fractional Brownian field. Recall (4.60)

-z _
(d) e 1~
B = ————W(dE).
H(l') /Rd ||§HH+d/2 ( g)
From a signal processing point of view, the fractional Brownian field is a

white noise W(d&) which is observed through the “filter”

1

g(@,6) = ———.
O (€| H+ar2

If we consider the harmonizable representation of the sum
a(x) By, (z) + b(x) Ba, (),

where By, , By, are two fractional Brownian fields driven by the same white
noise, it corresponds to the filter

a(z) b(z)
CHE |||tz Oyf%|¢||Hard/2

g(z, &) = (5.5)

In this case, the two fractional Brownian fields are not independent. If we
assume that 0 < H; < Hy < 1, and that the functions a and b are smooth,
By, is preponderant. Actually we will see in Proposition 5.3.1 that fwn are
slass with a constant multifractional function H; and that the tangent field
is a(zo)Bp, - The same properties are true if the filter
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a(x) b(z)
CH2NE||H+dr2 Oy €| Ha+ds2

9(x,8) ~ (5.6)

when ||£]| — +oo. This leads to the definition of the filtered white noises .

Definition 5.3.1 A field (X (x)),cra is called a filtered white noise (in short
fwn), if it admits the harmonizable representation

X @ [ (= 1)ge. W (de), (57)
Rd
where the filter g(x, &) satisfies
[ e = Digla€)Pde <+ 69
for every x € R? and
a(z)

g(z, &) = e +7(, ), (5.9)

where 0 < H < 1. The following assumptions are enforced : a is a C? real
valued function such that Vo € R? a(z) # 0. The function r is C? and
r(z,§) =r(x,=§). For0<m,n <2, 3C >0, In>H

gmtny

Z d d
G dEn V¢ € R, Vz € RY, (5.10)

E

gt

where n > H, and C denotes a generic constant.

Remark 5.3.1 The equation (5.9) is an asymptotic development of the filter
g when ||&]| = +oo. If g satisfies (5.5) then it fulfills (5.9) for H = Hy and
n= Hg.

Remark 5.3.2 In this section we consider fields parametrized by x € R%. In
sections 6.1.3 and 6.1./ the parameters Hy and a are identified, and various
alternative definitions of fun are given when d = 1.

Let us now show that a filtered white noise is locally self-similar.

Proposition 5.3.1 A filtered white noise (X (x)),cra is strongly locally self-
similar with o multifractional function constantly equal to H. More precisely
Vg € R¢

lim
e—0t

<X(xo - E:b)l — X(m0)>u6Rd D 0 20000) (Bt ())uere  (5.11)

where the limit is in distribution on the space of continuous functions endowed
with the topology of the uniform convergence on every compact.
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Proof of Proposition 5.3.1:
Let us first consider the increments of the fwn :

(efim.ﬁ _ efia:'.ﬁ) P

e W) (5.12)

X(z) — X (2) :a(x)/

Rd
e—iz/.ﬁ 1~

+a(w) =) || e W)
+ [ (e e, oW
+ [ ()0l ol W),

Then the variance of the increments is given by :

E(X(z) - X(2))* = a®(a)||lz — «/|*"

(efiz.f _ efia:'.f)
13/

ix’. d§
(e §_ 1)7(27(_)(1/2

(5.13)

+ 2a(z)(a(z) — a(z’))R

Rd

—ix.& _ —ix’.£|2
le e |

dg

+ 2a(2)R e r(z,€) (2m)i2

(e*i‘ﬁ”'g—e*"l'g) iz’ 0 e %
t20(@R | (@ - D@ — @ D) gy

(5.14)

+ (a(z) — a(z’))2||w’||2H

/ —im’.{_l iT. ix' EN ) df
+2a(x) ~ @R || e €~ e gaan

|e—iw/.f _ ]_|2 _— dg

+ 2(0,(%) _ CL(.’EI))% W(T(QL‘7§) - r(x/,f))W

Ra

—iz. —ix’. dg
w [ e e R P
o [ (e e, (T O T )

—ix' & 12 _ / 2L
+/Rd e 1 |r(z, &) — r(a', )| (2n)/2

Let us assume ||z, ||z’]| < R for some positive number R. Since a is smooth
and r satisfies (5.10) one can assume
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sup a(z)| < M,
lzll<R

la(z) — a(2")] < Klla — 2,

Ch
sup [r(z,§)| < 7
wER? 1€l +2
and 4Cy >0
Coflz — ||
|’I“({L‘7f) - T($/,§)| <
[k

Each integral in the previous sum can be bounded using Cauchy Schwarz
inequality. For instance in (5.13), if

—ix.& _ —ix’ € -,
/ (6 € )(e—zw £ 1) df
R4

I= S .
[J€[[2H+ (2m)4/2

)

then

. . 1/2 . 1/2
< / |e—za:.§ _ e .5‘2 df / |e—zx £ 1|2 dg
T\ ke [EPEFE (2m)42 re  [EPFFE (2m)/2

and I < ||z —2||"||2'||”. For (5.14) one can use

(7€ — o) e
‘%/ T - D0 @) o

|67im.§ _ efiw'.£‘2 d¢ 1/2
< / X
T \Jre P (2m)d/2
de >1/2

([ = 1PIrte ) = 0P o

and we get

(efia:.g _ efiw/.f) Cint _— dg
’%/]Rd ||§HH+d/2 (6 ‘- 1)(?"(.%,5) - ’I”(.’E 75))W

< |lz — 2" |7 Callz — 2| R".

By using similar arguments for the others lines, one gets
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E(X(z) — X(2')? < M|z — 2'||*H + 2M KR ||z — 2/ ||+
+2MCh |l — & | 4 2MCo R | — o ||
+ K2R ||z — o |? + 2C, KR |l — 2'|"F" (5.15)
+2KCoR ||z — o ||* + Cy [l — /||
+2C,C R @ — 2| 4+ CoR? @ — 2'||?,
which implies
E(X(z) — X(2'))? < Cllz — 2'||*" (5.16)

for ||z||, ||2'|| € R, where the constant C' depends only on R, K, M,Cy, Cs.

Let us denote
X(zo +eu) — X(xo)

Velu) = o

To prove the tightness of the distributions of Y. in the space of continuous
functions endowed with the topology of the uniform convergence on every
compact, we use Corollary 3.1.2. Since Y.(0) = 0, we just have to find v > 0
and « > d such that

E(IYe(u1) = Ye(ug)[") < Cllur — ug|*.

In our case, one first checks that

B(Y(ur) ~ Yalun)?) = (R el

and because of (5.16)
E(Y: (u1) = Ye(u2)[?) < Clluy — ug|*.
Since Y is a Gaussian field, we also have for every k € N
E(|Ye(u1) = Ye(uz) ") < Cllur — ua |7

and we take k such that 2HE > d.

To prove that filtered white noise is slass, we have to show the convergence
in distribution of (Yz (u1), ..., Yz(u,)) toward C}Lﬁa(x) (B (u1),...,Bu(up)).
Since (Yz(u)),ere is a Gaussian field, it is enough to show convergence of the
covariance to have the first point. Because of (5.12)

’]E(Ya(ul)Y;(ug)) — 62%0,(.1?0 + euq)a(zo + eug) X

—izo.6 _ ,—i(zoteur).€ izg.E _ pi(xzoteus).£
/(6 < (e c )4 | o (57
Rd

[13{Eh (2m)a/2

when ¢ — 0, and
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/ (e—iﬂﬂo-f _ e—i(xo-l-sul).f)(e—iwo.ﬁ _ e—i(aco-i-euz).{) d§ B
R [1€][2H+4 (2m)d/2
C%EBy (euy) By (cus).

Because of self-similarity of the fractional Brownian field

lim B(Y: (u1)Vz(u2)) = Cha® (w0)EB (u1) Bu (u2).

5.3.2 Multifractional Brownian field

In the filtered white noise model the increments are no more homogeneous as
in fractional Brownian field case. It is obvious when we consider the tangent
field associated with a fwn where the function a(x) appears. Still multifrac-
tional function in the previous model is constant and it is not convenient
for many applications. In this section multifractional Brownian motion is
introduced. This model is truly multifractional.

Definition 5.3.2 Let h : R? — (0,1) be a measurable function. A real valued
field is called a multifractional Brownian field (in short mBf) with multifrac-
tional function h, if it admits the harmonizable representation

(d) 1 e e ]
5 ity o a0 G

where the normalization function is :
2(1 —cos(&1)) d¢
= .1
o) = [ o1
_ ' /20(s 4 1/2)
- 24/2(2s) sin(ms) (s + d/2)

(5.20)

where &1 is the first coordinate of the d-dimensional vector &.

Remark 5.3.3 If the multifractional function h(xz) = H is a constant then
multifractional Brownian field is a fractional Brownian field. The multiplica-
tive deterministic function in (5.18) is such that

EBZ(z) =1
for every x € S

Remark 5.3.4 If d = 1 multifractional Brownian fields (mBf) are often
called multifractional Brownian motions (mBm,).

Our first aim is to obtain explicit expression for the covariance of mBm.
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Proposition 5.3.2 Let By be an mBm with multifractional function h.
Then,

E(B(2)Bn(y)) = D(h(x), h(y)) (|| 4|y | PG g —y| PR,

(5.21)
where
I'(2s+ 1) (2t + 1) si in(7t)[(SHEL
D(s.1) = VI(2s+1)I( —|— ) sin(7s) sin(7t) 75( d2 )’ Vs, t € (0.1),
2I(s 4+t 4 1)sin(w(s + 1) /2)[(2E5E)
(5.22)
Proof of Proposition 5.5.2:
By definition,
BB Bu0) = g [ W)
PP =B Clh@) 72 Jpa e+
1 eiE — 1
W (d
C(h(y))/? /Rd |¢|hw)+g ( £)>
B 1 / (e7™& —1)(e€ —1) d¢
— C(W(@) 2O ()2 Jpa  [IE|M@+RWT (2)d/2
(5.23)
_ 720 (h(z)+1/2) .
where the value of C'(h(x)) = SIS (R Fah ()Y sin(eh (e Fii@ a7y 1 deduced
from (4.66).
Fix z,y € R%, and let By be a standard fractional Brownian field with

fractional parameter H = M Because of the harmonizable represen-
tation of fractional Brownian field we know (4.64)

1 e~ s _ 1) (e®w€ —1) d
=B B ) = g, [ @

1
S Ul + Myl = Jlo = y[*)

720 (s4+1/2)

where Cs = 24/251(2s) sin(ws)(s+d/2) "

Thus

(e7™& —1)(e€ —1) d¢
Ra  [[EPE@FRBRE(2m)d/2

= Crwrnw B(Br () Br(y)) =

Cr@ +nw
2

T (a0 ) )

Substituting in (5.23):
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Crw tnw
2

20 (h(x))/2C(h(y))'/?

E(Bn(z)Bnr(y)) = (||£U||h(x)+h(y) 4 ||th(z)+h(y)

=l = y|"W)  (5.24)

Replacing s by w in C4 and using the identity xI'(z) = I'(z+1)
yields the announced equality.

One has a series expansion for the mBm similar to the one we get for
fractional Brownian motion. We state the results only when d = 1.

In chapter 3 section 3.2.4, the set Z x Z x {1} is denoted by A and the
functions ) are defined. Using these conventions a new function xy(z,y) is
now introduced.

Definition 5.3.3 For A€ A, x € R,y € (0,1) let us define

e = d
X)\(x7y) = /]R e|€|y+1/2 ¢>\(§) (2,”)51/2' (525)

Remark 5.3.5 Let us remark that the functions xx(t, H) = Zg(1x). They
are used in series expansion of fractional Brownian motion in Theorem /.2.1.
Moreover x is depending on two variables to allow the Hurst exponent to vary
for multifractional Brownian motion.

Theorem 5.3.1 Let

WHdE) = > dal€)mde

AeAt

be a Brownian random measure as in (4.22) and the functions (xA(Z,y)rca+)
defined in (5.25) one gets the following series representation of the mBm

Bult) = e Tl (5.26)

Please note that the convergence is in L?. Moreover, if h is locally Hélder
continuous with exponent (3, the series (5.26) converge almost surely for the
uniform convergence on compact interval.

Proof of Theorem 5.3.1:

One can use similar arguments to those used in Theorem 4.2.1 to prove
the theorem. Please note that the continuity of the sample paths of mBm is a
consequence of Theorem 5.3.2. The convergence uniform can also be proved
directly. See exercise 5.5.4.

Remark 5.3.6 One also has a series expansion

B0 = Gre 2 b O (:27)
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We have the same correspondence between the harmonizable representa-
tion of the mBm and a moving average representation that the one we get
for the fractional Brownian field.

Proposition 5.3.3 If W(dﬁ) = D xes {/A(f)mdf is the Brownian random
measure associated to the Fourier transform of the Lemarié Meyer basis, and
W(ds) =3, c1 Ur(s)mds its Fourier transform, then Vo € R?

1 e—imE _ 1 -
C(h(x))1/2 /Rd ||€Hd/2+h(x)W(d€> =
2—h(w)F(1 +d/4— h(zx)/2) y
C(h(z))Y2I(h(z)/2 + d/4)|d/4 — h(z)/2|

/R lla = s s M2 W (ds) as. (5.28)

Remark 5.3.7 When d =1 and h(z) = 1/2 the meaning of |s|® is the same
as in the remark /.2./ and it is conventionally given by

|5 = In(1/]s]).

In this case the constant before the integral in the right hand side of (5.28)

s given by
2
7T01/2 ’

Remark 5.3.8 One can wonder if the remark 4.2.6 still holds in the multi-
fractional case. Surprisingly the answer is no. Actually a process also called
multifractional Brownian motion in the literature, is defined in [113] as

Ba(t) = Cu /

A (=407 (1O was). (5.20)

It is shown in [131] that its harmonizable representation is not

e 1 ~

in general, when the multifractional function is not constant. Even if B, and
By, enjoy the same properties for local self-similarity or smoothness of the
sample paths, there is no simple transformation that maps the sample paths
of By, into those of By,.

Proof of Proposition 5.3.3:

Since z is fixed, the proof of Proposition 5.3.3 is the same as the proof
of Theorem 4.2.2, when d = 1. When d # 1, we only have to check the
normalizing function that appears in (5.28). In dimension 1 the constant is
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obtained in equation (4.31) thanks to Parseval identity. In dimension d this
equation becomes

_ €17 d€

D(H) /Rd ]| =42 exp <_|52|| > (Q;Z)Sd/Q_ (5.30)

where

l€=H=ar2(s) = D(H) 3] /2

If one uses the changes of variable u = ||£]|?/2 = ||s]|?/2, one gets

400
2—H/2+d/4—1/ W H/2H/A=T gy —
0

~ +OO
D(H)2f/2+d/4=1 / wH /24 exp(—u)du,  (5.31)
0

which yields the value of D(H).

Let us show that the mBf is strongly locally asymptotically self-similar.
Since mBf is a Gaussian field, we first show that the renormalized increments
converge in L? in the following Proposition.

Proposition 5.3.4 Let h : R% — (0,1) be a B-Hélder continuous multifrac-
tional function and By, be the corresponding multifractional Brownian field.
Let us assume 8 > sup,cpa h(z), then

lim E(By(z + cur) — Bp(x + cuz))?

0+ 22h(@) = JJug — ug[*") (5.32)

Yuq, ug € R Moreover the limit is uniform, when uy,us € K, where K is a
given compact.

Proof of Proposition 5.3./ :
By the isometry property of (3.31) we get

1
C(h(z + euq))C(h(x + eug))
/ |T($,§,€,U1,’UJ2)|2 dé-
R

4 ||§||2(h(r+su1)+h(r+su2))+d (27.(-)d/27

E(Bi(z + eu1) — Bp(z + z—:u2))2 -

where we will drop the variables for the function 7', which is

T = (e @Feud)e _ 1)CV2(h(x 4 cuy))|€ (= Feu2) (5.33)
— (oS O (o 4 cuy) g P,
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Let us define w(x) = C%/2(h(z)) and let us split 7" in three parts correspond-
ing to the variation of one single factor : T = T} + Ty + T3, where

w(x + Euz)||§||h(z+eu2)e—i(m+su2)§(ei(s(uz—ul)f _ 1)
= w(@ + eup) (e FHERE — 1)(|[g|P(FHeu) — g e ey
= (W(x + cuz) — w(z + euy)) (e FH2E —1)|¢| Pt

Then, define

. 1 / 7T ds
LY U)Q(I+€U1)w2(fE+EUQ) Rd ||£||2(h(z+5u1)+h(a:+suQ))+d (271’)‘1/2’

for 1 <4, j < 3. Hence,

E(By(x + cur) — Bp(z +cug))? = Z L;;. (5.34)
1<i, j<3

Let us show that I is preponderant in the preceding sum. First

[ 1 / ‘ei(a(u27u1)571)|2 d¢
PTG ) S PRI (2o

Using the change of variable A = e|jug — u1||€, we get
I = €2h(z+5u1)‘|u2 _ u1||2h(a:+au1)’ (535)

then

: _1 _ 2h(x)
A5y ey = e~

Let us show that the other terms in the sum (5.34) are negligible when
e — 0%. Let us consider for instance I, we need an upper bound for
|[|€]|P(=Feu) — ||¢||M(=+ew)| This will be a consequence of the Holder con-
tinuity of the multifractional function. More precisely, if we write V& # 0:

[l Fee) — gt =
11— exp(log(I€INI(A(x + cur) — h(z +up))) |1+ (5.36)

and we use the existence of C' > 0 such that |1 — e¥| < Cly| for every y < 1,
one gets V& # 0
€] o) — et < C(Cllog(1€]) e lue — w[|® < 1)e”
lug = ua |[P[|€[J" =) [og(|I€]])]
1([[€]l > exp (Ce™7fug —ua | =) €)M
1([[¢]l < exp (=Ce™luz — ua[|77))[1€]™<]-
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In the previous formula, M, = max(h(z+ecuy), h(x+cus)), me = min(h(z+
euy), h(z+eus)) and because of the Holder continuity of h there exists C' > 0
such that M. > h(z) — Ce? and h(z) + Ce? > m. > 0. Then one gets

—i(zteuz)§ _ 1|2 ]pg2 d

2 e 2log(lll) de

Ip < Ce ﬁ/1C|log<||su>\effnurm\l"ﬁl ][> etew) (2m)?/2
(5.37)

|emtetena)t 12 d¢
+C/1\|g\|>expCE—ﬁuug—ulH-f* [€]2(R@=CP)+d (27)d/2

‘e—i(z—i-sug)g _ 1‘2 dg
+C/1H§H<exp*Cs*ﬁ\luzﬂnl\’ﬂ |[€][2(n(@)+CeP)+d (27r)d/2” (5.39)

(5.38)

The integral in the right hand side of (5.37) is bounded, since

/ le=¢ — 12 log?(J|¢]])  d¢
Rd [|€|[2H+d (2m)d/2

is a continuous function of (y, H) on any compact included in R% x (0,1).
Then we deduce

Iy < C(e” + exp (—C(h(z) - Ce?)e™Plug — ur||77)
+exp (C(h(x) + Ce® — 1)ePllug — ui||77), (5.40)

which yields

. 122 o

Using the Holder continuity of w, one gets that
I33 < 0525”“2 — U1||2ﬁ (542)

and since > sup,cpa h(z), hence

. I3s

When ¢ # j, we have by Cauchy Schwarz inequality
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T.T d<
] < C/]Rd [€|[2Gateu) Thizreuz))+d (27)d/2

1/2
<C ;) i / X
— R |‘g||2(h(w+eu1)+h(x+6u2))+d (27T)d/2

1/2
|52 e\
R ||€||2(h(ac+su1)+h(x+su2))+d (27‘-)(1/2

< C(In)*(1j;)M>. (5.44)

Hence when i # j,
. i
L e =0

)

and the proposition is proved.

One can deduce from the preceding proposition that the mBf is strongly
locally asymptotically self-similar, with arguments similar to those used to
show the same property for fwn.

Proposition 5.3.5 Let h : R? — (0,1) be a B-Hélder continuous multifrac-
tional function and By, be the corresponding multifractional Brownian field.
Let us assume 8 > sup,cpa h(x), then, for every x € R? the mBf is strongly
locally asymptotically self-similar, with tangent field a fractional Brownian
field with Hurst exponent H = h(x). More precisely

lim (Bh(m +€E:(l)_ Bh(w)) o @ (B (u))uecre (5.45)

=

e—=0t

where H = h(zx) and By is a fractional Brownian field with Hurst exponent
H.

Remark 5.3.9 One may wonder what happens if B < sup,cge h(x). Actually
in this case, the pointwise Hélder exponent of the mBf is 3, hence there is no
limit for the ratio in (5.45). This discussion is continued in the section 5.5.4.

Proof of Proposition 5.3.5 :
To prove the convergence of finite dimensional margins, we use Proposi-
tion 5.3.4. Let us fix € R, for every u;, us € R?

E(Bp(x 4 cu1) — By(x))(Br(x + euz) — Ba(z)) 1
£2h(z) - 92¢2h(z)
x (E(By(x + cuy) — Bp(z))* + E(Bp(z + cug) — Bp(x))?
—E(Bp(z + cug) — Bu(x + cup))?).

Hence,
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(E(Bh($ + sul) — Bh(x))(Bh(lL' + 67.L2) — Bh(l'))>

lim

e—0+ g2h(x)

1
= S P 4 fluz [P = fluy — 2"},

which yields the convergence of finite dimensional margins.

Then, to have the convergence in distribution in the space of continuous
functions endowed with the topology of the uniform convergence on every
compact, we have to prove the tightness of the renormalized increments

B (z +eu) — Bh(x).

Ye(u) = ch(z)

Let us fix a compact K then because of (5.34), (5.35), (5.40), (5.42), (5.44)

o BOVE(02) = Y. ()2

=1
e—0 ||u1 — u2||2h($)

uniformly when w1, us are in the compact K. Hence,

Sulg]E(Ys(Ul) — Ye(u2))? < Cllug — ug[*"®)
>

Then, one can choose p € N such that ph(z) > d and apply Corollary 3.1.2,
since
E(Y:(u1) = Ye(u2))* < Cllur — |

Next, we are studying the regularity of the trajectories of the mBm and
we are starting with a technical proposition that shows that the localization
property of the Lemarié-Meyer basis recalled in section 3.2.4 is also true for
the functions x.

Proposition 5.3.6 Let us recall that for x € R, y € (0,1), A € AT and
ji>0

W) = [ S O (5.46)
and let us define for A = (0, k,0)
(2, y) = /]R o 1;;1715/2— 1/2«'132521’#:(5)(275)51/2. (5.47)
Then for j > 0 xx is an analytic function and satisfies for every K € N*
i 1 1
a(z, )| < C(K)2 yj(1+|2jx—k|K+1+|k|K> (5.48)

and for v, ' € R, and y, y' € (0,1)
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Ve —a'| +jly -yl

[xa(z,y) —xalz', )| < C(K)2~ min(y,y’)j {

14|27z — kK
iy — vl
. 5.49
+ T (49
Moreover Xx(z,y) is a C? function and satisfies for K =0, 1, 2
[fr9)| < CO) (1 + 7o (5.50)
X PIT= T+ o —kE 1+ kK '
and
(o) ~ (') < O [y ) (e
’ = 14 |z — KX 1+ |z — kX
1
—_— . 5.51
Ty Ileﬂ (331

The proof of the Proposition 5.3.6 is postponed to the Appendix.

In the case of fractional Brownian motion, we had precise results stated
as a law of the iterated logarithm. In the case of the mBm, we will only
consider the Holder exponent and the one dimensional case. To obtain the
Holder exponent, we use the series expansion. To be more precise, since we
know the Holder property of fractional Brownian motion, we will consider
the mBm as a fractional Brownian motion with a varying Hurst exponent by
introducing a process index by (¢, H), where H is the Hurst exponent. This
leads to the definition of the following process.

Definition 5.3.4
A real valued field is called a Hurst process (X (,y))(z,y)erx(0,1) if it ad-
mits the harmonizable representation

—iwg
X(z,y) @/wawg). (5.52)

Remark 5.3.10 Please remark that if h : R — (0,1) then

1

Clyz ™ =)

is an mBm.

First we need to prove that the Hurst process is uniformly Lipschitz con-
tinuous with respect to the second variable.

Lemma 5.3.1 Let X be a Hurst process and K be a compact set in R. There
exist € such that 0 < & < 1/2 and a positive random variable C(w) such that
Vy7 y/ € (671 - E)
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Slellng(JJ,y) - X(z,y) £ Cw)ly — v/l (5.53)

Proof of Lemma 5.53.1 :

One uses a series expansion of the Hurst process where the coefficients are
the functions x defined in Proposition 5.3.6. It will be convenient to use the
Brownian random measure W+ (d¢) for representing the Hurst process

-l ] _—
X(m,y):/ﬂ{{ng/QﬂWJr(df).

Let us split the Hurst process in three parts. Let

emmE ] —

X(ay) = /|5|>4ﬂ e W), (5.54)

Similarly, let us define the low frequency part of X by

71'15_1 : —1/2 2¢2
e
—i 1/22262 —
XW%ywaﬁgg“ﬁ;gg”gw“wa. (5.56)

Clearl
' X =Xt 4 X7+ X",

Let us recall that the support of wﬁ? is such that

~ 20 +ty 2037
(@ {257 <10 < 7).

3 3
Hence,
Xﬂ(xay) = Z Xj,k‘,l(x?y)nj,ka (557)
(4,k,1)eAt

where 7, ;s are defined with the Brownian random measure ﬁ/\(df). Because
the support of 1(%) is included in {|¢| < 4F

X"(z,y) = Koo, ¥)M0.k0- (5.58)
keZ

Please note that the series are converging almost surely uniformly on compact
set. The proof of this fact is the same as the study of the increments of the
processes, which is done in the following lines, but in a simpler instance. We
omit it to avoid redundancy.
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Let us first prove that (5.53) holds for X*. To have an upper bound for
the increments of X* we use (5.49), we get

(X2 y) = XAz < Y wa(@ ) = Xk (@9 nsx]
(4,k,1)€AT

< Cly —y'|x

PN 1 1
9~ min(y.y')j ; ( ‘ + ) 7%l
i T kP )

Then we will show the uniform convergence of the last series. For this aim
one uses a classical inequality for sequences of standard Gaussian random
variables. Let us recall that (3.81) yields a positive random variable C such
that

njl < Cllog(j + 1)/2 + log(Jk] + 1)'/?).

Then the uniform convergence of the series can be deduced.
Let us now consider the increments of X”. In this case, we get

X (z,y) — X’ (x,y)| < Z [X0.8.0(, ¥) = Xo,k,0(x, ¥") 170,10l
kez

1
< |y—y/\ZC (1+k|2> 110,k,0]-

keZ

Then, one can conclude with the same arguments used for X* because
of (3.81).
Finally let us consider X®°. Let us rewrite

X (2, y) = —izYi(y) + 1/22%Ya(y), (5.59)

where .
7% .

) ) / e 5.60

g gl<dz [E[pH12 (de) (5.:60)

for a € {1,2}. One shows that each field Y;, admits a modification which has
almost surely C'-sample paths on (0,1) Then, since X*” is a polynomial in
the variable = which belongs to a compact K, (5.53) is satisfied by X””.

One can prove with a Taylor expansion the existence of a constant C' > 0
such that for 1/2>¢ >0

o E(Ya(y) —Ya(y'))? < Cly—y')? forevery y,y' € [c,1 €],
o E(Yo(y+0)+ Yoy —0) —2Y,(y))? < C8%, for every y € [e,1 —¢] and §
such that (y — 6,y +0) € [,1 — ¢]°.

According to the Theorem 3.1.8, these statements imply the existence of
a modification of Y, which has almost surely C'-sample paths. The proof
of the following Lemma is a way to use series expansions to prove Hdélder
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continuity of fractional Brownian motion already proved in Theorem 4.2.3.
Actually, it yields an uniformity with respect to H, which will be useful to
study the regularity of the mBm.

Lemma 5.3.2 Let X be a Hurst process and K be a compact set of R. There
exist &€ such that 0 < & < 1/2 and a positive random variable C(w) such that
Yy e (e,1—¢), Ve, 2’ € K and Vy' <y

X (2,y) — X(@',y)| < Cw)|z —a'|"". (5.61)

Proof of Lemma 5.5.2 :

As in Lemma 5.3.1, let us first prove (5.61) for X¥. Let 2,2’ € K be such
that |2 — 2’| < 1/2 and define jo > 0 so that 2700t < |z — /| < 279 Then,
vy € (0,1)

Jo—1
Xt (a,y) = X y) = D> Gk (@ y) = Xgma (@, 1))k
j=1 kez

+oo
+ DD Gk (@ y) = Xgka (@, 9))nj k-

j=jo—1keZ

Because of (5.49) and of (3.81)

Jo—1 Jo—1
Z Z(Xj,k,l(ﬂ%y) = Xjg1 (@ 9))nj x| < Clo — 2| Z 2/(1=¥)
j=1 keZ j=1
log(1 + 7)Y/? +log(1 + |k)'/?
> : +
14272 — k|2
keL

log(1 4 j)'/2 +log(1 + |k|)'/?
1+ |k|? '

Then, remark that the function

= log(1 + [k])Y2
Flhae)=> T3 29z — k|2
kEZ

is bounded on N* x K. Hence,

Jo
YN Gk (@ y) = Xgaa (@' )ikl < Cla—af 270079 (5.62)
J=1kez

for every y' < y. Then, because of (5.48) and of (3.81)
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+oo
I Gk (@ 9) = Xgea (@ 9)nje] <

Jj=3jo kEZ
1/2 1/2
022 vi ((log(1+4) /2 4 log(1 + |K|)Y
14|27z — K|?
J=Jo
| log(1+)"72 + log(1 + [k])*/2
1+ |k|]2 '
It yields
YD k(@ y) = Xgra @ y))mssl < €270 (5.63)
Jj=jo kEZ

Since |z — 2’| < 2770, and because of (5.62), (5.63)

| XF(a,y) — XF (2!, y)| < C2790V

<Clz -2V,

because 2~ 0t < |z — a/|.

Please remark that the set of probability 1, where the previous inequality
holds, depends only on (7, %), ken+xz. Let us now prove (5.61) for X’. One
can show that

|Xb(xa y) - Xb(x/ay” < Z |>20,k,0(x7y) - XO,k,O(xl7y)||n0,k,O|
keZ

< |£L'—.’E |ZC <1+ |]€|2> |770,k,0|' (564)

kEZ

Then (5.61) holds for X°. The same fact is true for X** because of (5.59).

We can now show that the sample paths of mBm are almost surely Holder
continuous with an exponent less than the infimum of the multifractional
function, and the regularity of the multifractional function. Let us state the
result more precisely in the next theorem.

Theorem 5.3.2 Let I be a compact interval and h be function h : R — (0, 1)
locally Hélder with exponent 3. Let By be the corresponding multifractional
Brownian motion and m = inf{h(x), = € I'}. For every H < min(m, 3) there
exists a modification of By such that almost surely the sample paths of By,
are H-Hélder continuous on I.

Proof of Theorem 8.2 :
Since t — W is B-Holder continuous we only have to prove that
t — X(t,h(t)) is H-Holder continuous on I for every H < min(m, /3). Let us

split the renormalized increments in two parts for ¢,¢' € I
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Xt h(t) = X, A1) _ X(& A1) = X, A1)  X(E,h(t) = X({#, h(t))

6=t - it —v|" ¢ — |

Because of Lemma 5.3.2 the first renormalized increments in the right hand
side of the previous equation is bounded and so is the second because of
Lemma 5.3.1. Hence the theorem is proved.

As a consequence one can compute the pointwise Holder exponent for an
mBm.

Theorem 5.3.3 Let h be function h : R — (0,1) locally Hélder with expo-
nent 3. Let By, be the corresponding multifractional Brownian motion and fix
t such that h(t) < 8, the pointwise Hélder exponent of By, at t is

Bh(t + 6) - Bh(t)

! s J— —
sup {H , !l—% P = 0} = h(t) (5.65)

almost surely.

Proof of Theorem 5.3.3 :

Let H' < h(t). Since h is continuous, there exists a compact inter-
val I, which is a neighborhood of ¢ such that min(h(s),s € I) > H'.
Then, because of Theorem 5.3.2, By, is H’-Holder continuous on I. Hence,
sup{H", lim._,o Bultro) Ba() 0} > h(t) almost surely.

|E|H//
Let H' > h(t). Because of Proposition 5.3.5, we have

(4

H/
i 2.

i
50 B(t+ €) — Bn(t)

Then, we can conclude as in Theorem 4.2.3. However let us repeat this im-
portant argument here. The limit above is also true in a convergence in
probability sense. Hence, one can find a sequence €, — 0 such that

1' |€n|H

im
n—00 Bh(t + en) — Bh(t)

(@),

This yields
By (t + €n) — Bp(t) (a.s.)

A e =" +oo.

and that the pointwise Holder exponent is lower than every H' > h(t). One
can conclude since the first part of the proof shows that the pointwise expo-
nent is bigger than H' < h(t) a.s.
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5.3.3 Step fractional Brownian motion

For mBm the Hurst exponent H is replaced by a scaling function ¢ — h(t).
To show the regularity of the sample paths and the local self similarity we
had to assume that the multifractional function is itself Holder continuous.
Actually concerning the regularity of the sample paths one can show that
if the multifractional function jumps at one point, almost surely the sample
paths have a jump at the same point (Cf. exercise 5.5.3). In some applications
it is desirable to have an abrupt change of the multifractional functions and
hence of the statistic properties of the process and no discontinuity of the
sample paths. The step fractional Brownian motion (in short sfBm) is a
generalization of the mBms for piecewise constant multifractional functions.
We will study the regularity of the sample paths and the local self similarity
of the sfBm. Identification of the multifractional function is postponed to
section 6.3.2. First the sfBm is constructed starting from the series expansion
of the mBm. Let us recall that an mBm can be derived from the Hurst process
as we did in Remark 5.3.10

1

51O = temmyn

X(t, h(1)).
Since the normalizing function y — C(y) is smooth, a jump for the multi-

fractional function will generally result in a jump for z — C(h(z)). Let also
recall the series expansion of the mBm

1
Bp(t) = (Ch)N2 Z XA (L B(t))nx-

AeAt

Since we want to avoid discontinuities to produce the sfBm we will replace
the variable h(t) in the series above by h(\). Because of the properties of the
functions x it will not change very much the process in a neighborhood of A
and the perturbation will be negligible when ¢ is away from A. It leads to the
following model.

Definition 5.3.5 Let h be a multifractional function such that

Hyp 5.3.1 There exist N € N*, an increasing sequence of real numbers
ai,...,an and Hy,...,Hy € (0,1) such that h(t) = Zi]iol[ai}aﬁl)(t) H;
with ag = —oco and an41 = +00.

Let nyx, A € AT be i.i.d. standard Gaussian variables, the step fractional

Brownian Motion (in short sfBm) associated to the multifractional function
h is defined by

Qn(t) = Y xalt;h(N)m. (5.66)

reAt

Next we will study the regularity of the sample paths of the sfBm. For every
interval I C R, we denote by H*(I) = inf{h(u), for u € I'}.
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We have the following continuity result :

Theorem 5.3.4 Let Qp be a sfBm with multifractional function h satisfying
Hyp 5.3.1. For each open interval Iy in R and for every compact interval
J C Iy, Qp is a Hélder continuous for o € [0, H*(Ip)).-

Proof of Theorem 5.3./ :

Please note that the series (5.66) converges almost surely uniformly on
compact sets. It can be proved as in Theorem 5.3.1.

To study the Holder continuity of @)y on J, one can only consider A € I
in the series (5.66). Let us define for every interval I

QL= > xalt, (M)

NEA+, AT

Then, one can split (), into two processes @y, = ff =+ Qflg, where I§ is the
complement set of Iy. Let us show that on is Lipschitz on J. To study the

regularity of Qng we use the decomposition

I IS | AISh | SIS
o= QT QYT QT

which has been already used for the Hurst process in Lemma 5.3.1.

Ic, ,

RO > X (k1) (& BCE/27))n k1)
(4,k,1)eAT | k/2i¢ 1,

ch . ,

po(t) = Z X(0.k,0) (& (K /27))n0.k,0)
(0,k,0)EA+, k¢ T

IS ,bb

no(t) = Z P (t)n0.%,0)+

(0,k,0)EA+, kI,

—itE + 1/21262———= d¢
where Py (t) = /]R Wwo?ho)(@w. Please remark that

o2 (1) = —ity; + 1/2£2Y5, (5.67)

where Y7, Y5 are Gaussian random variables defined by series. Since J C I
and is compact, there exists € > 0 such that |t — t/| > € for every ¢t € J and
# € I¢. Then,

Ic, ,
N (1) = Z X(j.k1) (& R/ 27 )0 k1)
Gk, )EA, k/2i¢ I

Hence,
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107 IC7 B .
Q) — QN < Y I AK/27) = Xy (' ROk /2)) G 0]
(4,k,1)eAt,
k/29¢ Iy

< Ci Z 9—h(k/27)j V|t —t'| 176 6|
= ¢ 1+ |27t — k|3 (3:k,1) 15
I=lkez,| L —t|>e

because of (5.49). Since |27t — k| > C27¢, we have 1 + |27t — k| > C27¢(1 +
|27t — k|?) and

2= Uy g |

14|27t — k|?

Q) -ty <c Y Y

Jj=1 kEZ,|£—t|>e

[t —t'|.

Because (3.81), the series in the right hand side of the inequality is almost
surely finite. Hence we have shown the Lipschitz continuity of Q,Ilg’ﬁ on J. We
can also prove the Lipschitz continuity of Q}If’b as we did in (5.64). Lipschitz
continuity of Q}IL‘;’bb is a consequence of (5.67).

Let us now study the Holder continuity of Q{[’. Since the proof is very
similar to the proof of Lemma 5.3.2, let us only consider be‘)’ﬁ. Let t,t' € J
be such that |t —t'| < 1/2 and define jo > 0 so that 2= o+ < |t —#/| < 270,
Then,

Jo—1
QO = QM) =22 Y Oukalth(k/2) = Xgua(t' h(k/2))n;

j=1 k€Z, k/2i €Iy

+oo
>0 D Okt h(B/2) = Xgaa (V' h(k/27)) s

J=Jjo k€Z, k/2i €Iy

Because of (5.49) and of (3.81)

Jjo—1
ST Gkalth(k/27) = xaa (' h(k/2))nk| < Clt— 1|
j=1 k€Z, k/29€ly

jo—1 .
joz Z 0i (1=h(k/27)) log(1 + j)'/2 + log(1 + |k|)*/? X
1+ |27t — k|2

j=1 keZ, k/2iel,

log(1 + §)Y/? +log(1 + |k|)'/?
1+ |k|]2 '

Since k/27 € I, we have 20(1=h(k/2)) < 9i(1=H"(I0)) anq
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jo—1
S0 Gkath(k/27) = xgaa(t h(k/2))nk| < Clt — 1|
j=1 k€Z, k/2i€l,

Jo—1

ZQj(lfH*(lo)) Z IOg(lJFj)l/zJrllog(1+|k\)1/2 .
) 1+ |29t — k|?
Jj=1 kE€Z, k/2i €I,
log(1 + j)Y/2 +log(1 + |k|)'/?
og(1+)!/2 log(L + K)o
1+ |k|?
Then,
Jo—1

1> D> Ot h(k/27) = xgea (' h(k/27)) )l <

j=1 k€Z, k/29el,

C200=H 1t _¢'| (5.69)

for every H' < H*(Iy). Because of (5.48)

+oo
1D D Cuwalt h(k/2)) = xgaa (' h(k/27)nin] <

J=Jo k€L, k/2i €1y

o Ji:.o - log(1 4 j)'/2 +log(1 + |k|)*/?
1+ |27t — k|2

J=Jjo

log(1 + §)Y/2 +log(1 + |k|)'/?
+ 2 Wj,k|-
1+ |k

It yields

+oo
> > Gt h(R/2)) = X (U B(R/2)))mj| < C27H' 0
Jj=jo k€Z, k)27 €I,
(5.70)
Since |t — /| < 2770, and because of (5.69), (5.70)

Io, Io, —joH'
QF(t) — @ (t)| < C27Fo Mt
< C‘t - t,|Hlv
because 2~ < |¢ — ¢/|. It is straightforward to show that Q7 Q}IL"’bb

h
are Lipschitz. The proof of the theorem is finished.
One can also prove the slass property for the sfBm.

Proposition 5.3.7 Let Qy be a sfBm with multifractional function h satis-
fying Hyp 5.5.1. For allt fized in (a;,a;y1) it is strongly locally self-similar



122 5 Asymptotic self-similarity

lim (Qh(t * 612_ — Qh(t)) @ C(H;)'? (Bu, () yer
e—0t € wER

where By, is a fractional Brownian motion with Hurst exponent H;. The con-
vergence is a convergence in distribution on the space of continuous functions
endowed with the topology of the uniform convergence on compact sets.

Proof of Proposition 5.3.7 :

The strongly locally self-similarity is obtained by using the same technique
as for fwn and mBm. Hence, we first give an asymptotic result for the variance
of the increments of the sfBm.

Lemma 5.3.3 Let Q be a sfBm with multifractional function h satisfying
Hyp 5.3.1. For all t fized in (a;,a;4+1),

. E(Qu(t+eur) — Qn(t + eus))? o,
Jimm, 28, = C(Hi)luy — uz (5.71)
Vui, ug € R.

Proof of Lemma 5.5.3 :

Let us fix t € (a;,a;41), where the index 7 is uniquely determined. Since we
do not have a convenient integral representation of the sfBm, we will compare
E(Qn(t+ cur) — Qn(t + €uz))? to the same quantity for By,. Because of the
series expansion of fractional Brownian motion we have

E(Qn(t + eur) — Qu(t + cuz))® = Z (xa(t + ur, A(N)) = xa(t + eua, h(N)))?
reA+

=Y. Y Ot +eun, Hy) = xa(t+cup, Hy))?

J=1  xeat,
AElaj,aj+1)
= Z Ot + eur, Hy) = xa(t + eug, Hy))?
AeA+
(5.72)
- Z (xa(t + eur, Hi) — xa(t + eug, H;))?
AeAt,
AElas,ait1)
(5.73)
+ Z (xXA(t + eur, H;) — xa(t + cug, Hj))?
J#i,
PN/
A€laj,a;j41)
(5.74)

Since fractional Brownian motion can be written
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1
BHI(t) = 1/2 Z X)\(t7H’i)n)\a

C(HZ) AeAt+
the right hand side of (5.72) is equal to

C(H;)E(By, (t + euy) — By, (t + eug))* = C(H;)e* i |uy — ug|*:.

U

Let us show that the right hand side of (5.73)is negligible with respect to
e2Hi when ¢ — 0. Since u;, uy are fixed, one can assume that ¢ is small
enough so that ¢t +cuq, t+eus € (a;,a;41). Moreover A € [a;,a;+1) in (5.73),

and there exists § > 0 such that min(|¢ + euy — A|, |t + euz — A|) > 4. Then,

ST (b eun, Hy) = xalt + euz, Hy))? < Cefuy — usf?,
AEAT, Mai,ait1)

where C is a generic positive constant. The proof of this fact is similar to the
proof of the Lipschitz continuity of Qig and is omitted .
Similar arguments show that the right hand side of (5.74)is negligible with
respect to €2, when ¢ — 07. Hence, the proof of Lemma 5.3.3 is finished.
The proof of Proposition 5.3.7 using Lemma 5.3.3 is similar to the proof
of Proposition 5.3.5 and left to the reader.

5.3.4 Generalized multifractional Gaussian process

As stated in the section devoted to the sfBm an important drawback of the
mBm is the regularity assumption, we need to assume on the multifractional
function to compute the Holder exponent of the sample path. Actually if we
consider the series expansion (5.26) of the mBm and consider only a finite

number of terms in
Z X)\(tv h(t))n/\v
AEA

the sum process cannot be in general more regular than h. On the other hand
the Holder exponent of the sample paths of the mBm is related to the behavior
of xa(z,y), when the frequency part j of A = (4, k), tends to infinity. So, in
some sense, the obstruction to have an irregular multifractional function is
a “low” frequency problem (i.e. j < jo for jo fixed). These considerations
lead to propose a generalized model of the mBm, where the multifractional
function h(t) may depend on the frequency and, thus, becomes a function
(t,€) — H(t,&). Let us discuss more precisely assumptions required for this
function.

Hyp 5.3.2 A function H : R x R — [a,b] C (0,1) is called a frequency lift
of a multifractional function h if
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W)= lim H(L.S), (5.75)

H is twice differentiable with respect to the variable & and satisfies
o for0<|g < i
H(t, &) = b
o for 4T < [¢], g such that 0 < g < min(a/2,1/4) and 38 such that b <

B < i
okH okH

S0 - S| <clete-er, e
fort, t' €[0,1], and k = 0,1, 2.
oFH 3
e | < cigr (5.78)

fort e [0,1], and k =0,1,2.

These assumptions, that are needed to construct an Holder continuous model,
are quite technical and we will give some comments before introducing the
model. First if one wishes a model similar to mBm but for an irregular mul-
tifractional function h. Then, we have to construct a frequency lift of the
desired multifractional function h. Examples of such construction are given
later in the section, but it is obvious that there are in general many fre-
quency lifts of a multifractional function. In Hyp 5.3.2 the cut-off at £ = =F
is arbitrary and can be replaced by any non-negative constant. The inequal-
ity 0 < g < min(a/2,1/4) has a deeper meaning: it expresses the fact that
the Holder constant of H(¢,£) cannot grow too fast when £ — +oco. Finally,
the inequality b < § is similar to the condition § > sup,cpa k() in Theo-
rem 5.3.3. Let us now introduce the model.

Definition 5.3.6 Let H : R xR — (a,b) C (0,1) be a frequency lift function
of a multifractional function h that satisfies Hyp 5.3.2. A real valued field
Xy is called a generalized multifractional Gaussian process (in short gmGp)
with function H, if it admits the harmonizable representation

e tE 1
0 [ e W) (5.79)

Remark 5.3.11 One can remark that if Hy and Hs are two frequency lifts
of the same multifractional function, then the gmGps Xp, and Xg, have
different distributions. Nevertheless they share many local properties, since
the frequency lifts have the same asymptotic behavior when £ — 4oo. The
following result on the reqularity of the sample path of gmGp is an example
of a local property, which is the same for all frequency lifts of a multifractional
function.
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Let us state the regularity result for gmGp.

Theorem 1. Under Hyp 5.5.2, the pointwise Holder exponent of a gmGp
associated to a frequency lift H and a multifractional function h at each point
t satisfies almost surely,

sup {H’, lim Xt +|:|)HT Xalt) _ o} = h(t). (5.80)

Proof of Theorem 1 :

The proof is admitted and can be found in [7].

Let us now prove the slass property for the gmGp. As we did for the
mBm, let us start with a proposition that yields the asymptotic behavior
of the L? norm of the increments. The slass requires that H converges to h
fast enough. Technically it leads to the Hyp 5.3.3, which is written in the
following proposition.

Proposition 5.3.8 Let H : R xR — (a,b) C (0,1) be a frequency lift func-
tion of a multifractional function h, which satisfies Hyp 5.3.2, with 8 = 1.
For a fized t, let us assume that 2t3“ > h(t) and that

Hyp 5.3.3 there exist C, R >0 and ¢ > 7= Z(t)
[H(t,€) — h(t)] < C/I¢f*, (5.81)
for |£] > R. Then, the associated gmGp Xy satisfies

I E(Xg(t+eur) — Xg(t+cug))?
e £2h(0)

= C(h(t)|Juy —ug|".  (5.82)

Moreover the limit is uniform, when uy,us € K, where K is a fized compact.
Remark 5.3.12 If a > 1/2 then 3532 > h(t), Vt€R.

Proof of Proposition 5.3.8 :

By the isometry

E(Xpg(t+eur) — Xu(t+eus))

|T| x 655 ula”?) dé
g |E[2(H (tHeua O+ H(t+eur,O)+1 | /o

where the variables are dropped in what follows,

T = (e~#(FeuE _ 1)|g|H(+eus)
— (et p[glren0),

Let us split T'= Ty + T», where
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T, = |§|H(t+su2,§)+1/267i(t+suz)§(eis(uzful),f _ 1)

Ty = (e—i(t+6u2)§ —-1) (|€|H(t+6w7£)+1/2 _ |§|H(t+€u1,€)+1/2) )

Let us define

TT; de
|£|2 H(t+eu1,£) +H(t+5u2,£)+1) (27’()1/27

for 1 <4, j < 2. Hence,

E(Xp(t+ewm)— Xp(t+eu))?= Y I (5.83)

Let us compare
|ei6(uz—u1)§ _ 1|2 dg

I = p |EPHHeu O+ (27)1/2 (5.84)

with
fleste 55
EPHEOF (2m)1/2 (5.85)

Let us denote
Riy=1In -6 =

/ |ei5(uZ—ul)£ _ 1|2 1 _ ]. dé_ .
; |¢|2H (Heun, O+ [¢2HEOFT | (27r)1/2

Let us bound the parenthesis in Ry; by using (5.77), it yields

( 1 1 ) SCIH(?%)—Ef(l‘ﬂ%ul,&)lloglfl

|€|2H(t+6u1,£)+1 o |§|2H(t,§)+1 |¢[2a+1

elua [ log [¢][€]7
|¢[2atT

<C
for 4m/3 < [¢] < Ce™V/9. Let uy # up, 0 < H' < 20 and g < ¢ <
min(a/2,1/4). Since H(t,&) = H(t + cuq, &) for €] < 47r/37 we get

(euy — upl)?

R, <C
4 /3<)E|<(elur—uz)-7"  |€[2*7H

d¢ (5.86)

1 1
C - d
i (elur—ug|)~H' <[g|<e=1/d’ <§|2H(t+€ul’§)+1 |£2H(t7£)+1> ¢
(5.87)
dg

e/ <le) [E2H

+C (5.88)
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Please note that the term in (5.87) disappears if {(e|u; — up|)27 ~2 < |¢] <
e~1/9'} is an empty set. Then,

Rll < C <(€|U1 _ u2|)2—(2—2a)H/+

el 192 dg +6W9/>

(elur—uz|)~#'<[¢|
Hence,
R11 S C ((E|U1 — UQ|)2_(2_2G)HI+
Jur||uy — ug|H' (0720 = H (g 20041 62“/9'> .
Since 222 > p(t) and g < a/2, 142'7#;57 > h(t) and it can be rewritten

1—h(t)
1—a

(2a— g) + 1 > 2h(t).

Hence, there exists H' < =24 sych that —H'(¢’ —2a)+1 > 2h(t). For such

1—a
a choice of H' Ry; = o(e2"®). Let us now consider the asymptotic of Iy,
when ¢ — 0. First,

f11 - 62h(t)|U1 - U2|2h(t)c(h(t)) =

o 1 1 d€
ie(ug—u1)é _ 112 _
/R|e 21 1 (|£|2H(t+5u1,§)+1 €|2h(t)+1) (2m)1/2 (5.89)

Hence,

(elur — us|)?

Iy — e2MO)uy — ugPPMC(n(t)) < C / dé¢ (5.90)

|€|<4ar/3 |€|20-1

(eluy — ug|)?

+C d¢
an/3<le|<(elur—us) -7 |EI727!
(5.91)
H(t,&) — h(t)|1
+ C | ( ’5) 2a£1)| Og |§|d§
(elur—ua)="" <[¢| €]
(5.92)
One easily gets that the term in (5.90) is a o(e2*®). If we take H’ < 17748

we already proved that the term in (5.91), which is similar to (5.87), is a
0(2M1). Actually
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H(t,€) — h(t)] 1o o
/ 8 2a5—1)| & |§|d§ < C(elur — U2D2H (a+e,
(clur—us) =7 <I¢] €]

for ¢’ < ¢, because of assumption Hyp 5.3.3. Since ¢ > %, one can choose
d <e¢ H < ll%hl(f) such that 2H'(a + ¢) > 2h(t). Hence, (5.92) is also a
0(£?""). Let us now consider

122 =

/ ‘e—i(t+su2)§_1|2 <|€|—H(t+su1,§)—1/2 _ ‘§|—H(t+su2,§)_1/2)2 d§ )
ar/3<|€| (27T)1/2

If g < ¢’ <min(a/2,1/4), then

|e—i(t+au2)€ —1p2 log® 13K

I < C€2|u2 — u1|2 dg
am /3<|€]< (s —uz]) =1/’ |§[2H (tHeur€)
(5.93)
—i(t+eus)é _ 112
+C le e (5.94)

(clur—usl) =1/’ <J¢] e+t
The integral in (5.93) is bounded by f47r/3<|§|<oo log? £]€]9720~1 < 4o0. The

term in (5.94) is bounded by C'(e|uy —uz|)*. Hence the proposition is proved.
One can now prove the slass property for the gmGp.

Proposition 5.3.9 Let H:R xR — (a,b) C (0,1) be a frequency lift func-
tion of a multifractional function h, which satisfies Hyp 5.3.2, with 8 = 1.
For a fized t, let us assume that 2% > h(t) and that Hyp 5.5.3 is fulfilled.
The corresponding gmGp Xy is strongly locally asymptotically self-similar at
point t, with tangent field a fractional Brownian motion with Hurst exponent
H = h(t). More precisely

i (XH(t+€U) XH(t)) @
u€eRd

h(D) = C(H)(Bu(u))uera (5.95)

e—0+

where H = h(t) and By is a fractional Brownian motion with Hurst exponent
H.

Proof of Proposition 5.3.9 :

To prove the convergence of finite dimensional margins, we use Proposi-
tion 5.3.8. Let us fix t € R, for every uq, us € R

E(XH(t+EU1)*XH(t))(XH(tﬁ’&UQ)*XH(t)) - 1
22h(t) T 9g2h(t)
(E(XH(t+ sul) — XH(t))2 + E(XH(t +5U2) — XH(t))2

—E(Xu(t+eus) — Xu(t+eur))?).
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Hence,

lim (E(XH(t + Eul) — XH(t))(XH<t + E’UQ) — XH(t))>

0+ g2h(?®)

C(h(t
_ (2( )){|u1|2h(t) + ‘u2‘2h(t) . |u1 _ ’U,2|2h(t)}7
which yields the convergence of finite dimensional margins.
Then, to have the convergence in distribution in the space of continuous
functions endowed with the topology of the uniform convergence on every
compact, we have to prove the tightness of the renormalized increments

XH(t+ SU) — XH(t)

Ye(u) = ch(D) .

Let us fix a compact K and let us suppose that uy, us € K, then

lim B(Ye(u1) — Ye(u2))? = C(A(t)) ur — uz[*"®)

e—0+t

uniformly on K. Hence,

sulgE(YE(ul) — Ya(uz))? < Cluy — ug)®"®
e>

Then, one can choose p € N such that ph(t) > 1 and apply Corollary 3.1.2,
since

E(Yz(u1) — Ye(u2))® < Clug — ug|P"™.
5.3.4.1 Examples

In this section we present three examples of application of Theorem 1, that
illustrate the way this theorem can be used. In each of these examples, one as-
sumes given a precise multifractional function. Then, one constructs a gmGp
by exhibiting a frequency lift H(¢,£) such that the assumption Hyp 5.3.2 is
fulfilled.

Holder continuous multifractional functions

Remark first that if the multifractional function h is S-Holder continuous
with 8 > b, one may choose a frequency lift function H (¢, €) that interpolates
a constant for 0 < £ < %’r and the multifractional function h(t) when £ > %’r.
One can take for instance
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Ho=b it 0<e<™
and 3¢ 4 g
. T . 78 Yi§
e =0+ () - psnt (B Ty Te

and H(t,£) = h(t) if ¢ > 8. The frequency lift H(¢,¢) is defined by (5.76),
when £ < 0. In this case the gmGp exhibits the same properties as a multi-
fractional Brownian motion.

Multifractional functions with one jump

In this example we consider a multifractional function that has only one
discontinuity and that is piecewise constant. This very simple example can be
easily extended to the case of piecewise constant functions with a finite num-
ber of jumps. The gmGp associated to this kind of multifractional function
are comparable to sfBm for the applications. Let us suppose that

h(t) = bl[O,to] + a].(t071] (596)
where tg € (0,1) and 0 < a < b < 1. Then one can construct a frequency lift
H of h as follows :

o For0<¢< %’T,
H(t,&)=b Vtel0,1].

e for 4T < ¢ let us choose 0 < f < min(a/6,1/12)

H(t,€) =b it <t
_ .3 1 1
=a+ (b—a)sin (T(t to—y)) if te [to,t0+€7)

ottt o
=qQ 1 _t0+§7

The frequency lift H(t,£) is defined by (5.76), when £ < 0. An elementary
computation shows that Hyp 5.3.2 is fulfilled with ¢ = 3f and § = 1.
Moreover this gmGp is slass at every point ¢ such that 232 > n(t). Actually

Hyp 5.3.3 is satisfied since H(t,&) = h(t) for £ large enough.
Multifractional functions with an accumulation of jumps

Let us address the more interesting case of piecewise constant multifrac-
tional functions which have an infinite number of jumps. In this example let
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us suppose the multifractional function is defined by

h(t) =1/2 it ¢+<1/2
1 1 1 1 1 1
= 4 — if =+ —— <4z .
2+k—|—1 1f2+k+1<t_2+k (5.97)
— ot i<
273 e

where & > 2. The multifractional function has an accumulation of jumps
at time ¢t = 1/2. Let us now exhibit a frequency lift of the multifractional
function defined in (5.97) by using the construction of the previous example,
which is valid when the multifractional function has only a finite number of
jumps. Let us define :

Ty (1) = 1/2 it t<1/2
:% ﬁ if1/2<t§%+k01+1
:%ﬂ%l if%+%ﬂ<t§%+%, for 2 < k < ko, (5.98)
:%4-% if1<t

when only kg jumps are considered. Then one can construct, with the same
technique as in the example of the previous paragraph, a frequency lift of
hi, which is denoted by Hy,(t,&) and is defined for (ko(ko + 1))/ < & If
we fix f < min(a/6,1/12) in the previous example, then this last condition
simply means that [% + %,% + % + gif] is included in the intervals where
hi, is constant. Hence this condition allows us to manage the jumps of hy,
separately. Let us now introduce a frequency lift of (5.97) by taking more
and more jumps into account when £ — 4o00. Define

K(¢) = sup{k € N* such that (k(k + 1))/ < ¢} (5.99)
and define the frequency lift function with the Hy,’s
H(t,&) = Hge) (L, §). (5.100)
It is not difficult to check that this frequency lift satisfies Hyp 5.3.2 since

omH, . OmH,,

(t,€)

when (ko(ko+1))Y// < € < ((ko+1)(ko+2))*/f. Moreover, in this example the
gmGp is every where slass. First a = 1/2 implies that %3¢ > h(t), Vt€R.
Second if ¢ < 1/2, H(t,€) = h(t). If t > 1/2, let k be such that § + 5 <
t < % + % Then for £ big enough
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H(tag) = Hk(tag) = hk(t) = h’(t)

and Hyp 5.3.3 is satisfied.

5.3.5 Gaussian Random Weierstrass function

In section 4.2.3, we have introduced the real random Weierstrass function

+o00
R =R D (exp(ir™t) — 1) r~ 1™ (& + ina)

n=—oo

with (&, 7n )nez independent identically distributed random vectors such that
E¢, = En, = 0, E€2 = En?2 = 1, and &, and 7, are independent. In this
section, we will show that the real random Weierstrass function is not lass.
From the point of view of this chapter, this section should be considered as
a counter-example. For the sake of simplicity, we assume that (£, 7, )nez
are Gaussian random vectors. First of all, we show that if the real random
Weierstrass function was lass, the only possible index would be H. This fact
is not surprising, if we recall that real random Weierstrass functions are H-
semi-self similar, but we can illustrate this fact with the following Proposition.

Proposition 5.3.10 Forr > 1 and 0 < H < 1, let RW® be a real random
Weierstrass function, then there exists a non-negative constant C such that

1
Slt— s <E R - RWaL(s))? < CJt — 5|27 (5.101)
for |t — s| small enough.

Proof of Proposition 5.3.10 :

Let us first recall the series expansion for E (RW2(t) — §)‘W\/ﬁl(s))2 ob-
tained in section 4.2.3. First,

+oo
RW(t) — RW(s) = Z r~H™ ([cos(r™t) — cos(r™s))én

n=—oo

— [sin(r"t) — sin(r"s)|n,) . (5.102)

Hence,
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+oo
E (RWEL(t) — 3?1/\/;”(5))2 = Z r~ 27 ([cos(r"t) — cos(r"s)]?

n=—oo

+[sin(r"t) — sin(r”s)]2)

Z 7‘_2Hn‘€” _ 7,7‘ sl

n=-—oo
“+o0
=4 Z r2H (1 — cos(r"(t — 5)))
n=—oo
B " (t — s)
=38 Z r~ %" sin (2>
n=—oo
Let us first show the upper bound. One can assume that s +1 >t > s,
r > 1, and let ng = —[log(t — s)/log(r)]. For n < ny,
Zr sln( "t )<CZ 0=y _ )2
n<ng n<ng
S C(,r72’n()H
< C(t—s)*1.
Then

Z F—2Hn g2 < "(t—s ) <4 Z F—2Hn

n>no n>ngo

S C’I”_QHnO
<C(t—s)*H.

The upper bound for (5.101) is established.
Let us denote by o,(t) = 872 (r"t)"2 sin? (53t) for t > 0. It is
straightforward that
or(rt) = op(t) (5.103)

for each t € R. Moreover Vt # 0, o,(t) > 0 because Vt # 0 and r > 1 there
exists an integer n € Z such that {r"t, n € Z} ¢ {kn, k € Z}. Moreover o,
is a continuous function of ¢ on [1, 7], then inf1<;<, 0,(t) > 0. Consequently

al _ al s 2
inf; 0 o, (t) > 0. Since E(R0; ‘(QS‘ZZVT @) _ or(|t = s|), inequalities (5.101)

are now established.
We can now prove that real random Weierstrass function are not lass.

Proposition 5.3.11 For r > 1 and 0 < H < 1, real random Weierstrass
functions are not lass for H # 1/2.
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Proof of Proposition 5.3.11 :

In this section real random Weierstrass functions are Gaussian processes,
then the lass property for parameter H is equivalent to the existence of the
limit of

E (RW(t + €) — RW2L(H))?
|e[2H ’

when ¢ — 0. Let ¢, = 0r~". If real random Weierstrass functions were lass,
then
al al 2
i E (RWI(t + €,) — RWEL(L))
im

n—00 €, [2H

would exist and would not depend on 6. Let us exhibit a contradiction. First,
let us remark that

g _ EOWE o) RWL(t))?

or(0) = |0r—n[2H :

It would be surprising that o,.(6) would be constant, but figures in [26] show
o, is numerically not far from being constant for some r. Hence, we give
a short proof of the fact that o, is not constant. Let us consider F,.() =
16| o,.(0). When H < 1/2, (5.101) shows that § — F.(6) is not differentiable
and, hence, 0,(f) cannot be constant. When H > 1/2 F; is differentiable and

(F.)'(6) =8 f r=2Hn gin (419).

n=—oo

But one can show that (F,.)" is not differentiable with similar arguments.
Consequently o, cannot be constant.

5.3.6 Anisotropy

A natural idea is to define the lass property in a directional way. Let us be
more precise. We say that a stochastic field Y has a directional lass prop-
erty at point 2 € R? if

2 (T0(w))uera gesi-1, (5.104)

0+ eH ()

Y Ou) —Y
lim ( (z + efu) (w)>
ueR4,0eSd—1
where the convergence is for finite dimensional distributions. The answer is

somewhat disappointing [30]. Anisotropy does not really exist for Gaussian
fields.
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Proposition 5.3.12 Let Y be a Gaussian stochastic field with stationary
increments and having a directional lass property with function H(0). Then

e cither H is constant,
e cither H is constant, except for one direction, where it is larger.

Proof of Proposition 5.5.12:
Let us choose 6y, 61 and 6. For all € > 0, let

el =r(e)by + s(e)by,
where r(¢) and s(g) are proportional to €. Let now consider the increments
Y(e0) =Y (0) = (Y(e0) = Y(r(e)by)) + (Y(r(e)by) — Y (0)).

By stationarity of the increments, (Y () — Y (r(e)fo)) is distributed as
(Y(s(e)01) — Y (0)). Therefore

E(Y (£0) - Y(0))* < 2E(Y (s(e)61) — Y(0))* + 2E(Y (r(€)60) — Y (0))*.

Let us divide by ¢ and let ¢ — 0%. Applying (5.104) shows that the map
H is such that, for all 0,0y,60,, H(6) > min(H(0y), H(61)), which implies
Proposition 5.3.12.

5.4 Lévy fields

In this part we consider fractional fields that are non-Gaussian fields with
finite variance. Moreover we will show that there are locally self-similar.
In many aspects these fields are intermediate between Gaussian and sta-
ble fractional fields studied in the last chapter. Actually, it is well known
that in some fields of applications data do not fit Gaussian models, see for
instance [100, , | for image modeling. More recently other processes
that are neither Gaussian nor stable have been proposed to model Internet
traffic (cf. [77, 41]).

5.4.1 Mowving average fractional Lévy fields

First a counterpart of moving average fractional stable field is introduced
when a Lévy random measure of section 3.1.8 is used in the integral repre-
sentation.

Definition 5.4.1 Let M(ds) be a random Lévy measure defined by (3.36)
that satisfies the finite moment assumption (3.35). Let us call a real valued
field (X g (t))iere which admits a well-balanced moving-average representation
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(d) _d _d
Xua(®) @ [ (e = 1)) b(as),
R

a moving average fractional Lévy field (in short mafLf) with parameter H.

For the sake of simplicity, we omit the case d =1, H = 1/2: Xy 5(t) is equal
in distribution to fot M (ds), which is a Lévy process.

Let us illustrate this construction with a simple example : d = 1 and
v(du) = 3(6_1(du) + 01 (du)), where §’s are Dirac masses. In this case M (ds)
is a compound Poisson random measure and can be written as an infinite
sum of random Dirac masses

M(ds) = 8s, (ds)en

neZ

where S, 11 — S, are identically independent random variables with an expo-
nential law, and ¢,, are identically distributed independent Bernoulli random
variables such that P(e, = 1) = P(e, = —1) = 1/2. The &,’s are inde-
pendent of the S,’s. Since the measure v is finite and [, uv(du) = 0, the
corresponding maflim is in this special case

“+00
X(t)= Y enllt—SaT712 |8, [1712), (5.105)

n=—oo

Even if the previous limit is in L? sense, it suggests that the regularity of the
sample paths can be governed by H — 1/2. In the following section we need
other tools to prove this fact, but this guess happens to be true. Moreover
one obtains almost sure convergence by using shot noise series representation
of the Lévy measure. This idea is used in the section 7.5.

Because of the isometry property of the Lévy random measure, mafLfs
have finite second order moments and moreover have the same covariance
structure as fractional Brownian field. But they have different distributions
than fractional Brownian field, in particular they are non-Gaussian.

Proposition 5.4.1 The covariance structure of mafLfs is

R(s.t) = B ()X (1) = "D groert g2 s 2. (5.108)

MafLfs have stationary increments.

Proof of Proposition 5.4.1 :
The first claim is consequence of the isometry property for the Lévy ran-
dom measure (3.37). Actually a consequence of (3.37) is that

B ([ st [ aonra) = [ v [ e 6o
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Then E(X(s)X(t)) = EBp(s)By(t) since fractional Brownian field and
mafLf have the same kernel in their integral representation. Finally (5.106)
is a consequence of (4.63).

Let = (61,...,0,) and t = (t1,...,t,) € (R)", the logarithm of the
characteristic function of the increments of the mafLf is

n

—log [ Eexp izej(XH(tj)—XH(tl)) =
j=2

n

/ exp (i) ubj(llty — s "7 — [t — 5| T92)
RIXR =2

—1—i Y ub([[t; — sV = [[tr — | TY?) | dsv(du).
j=2

Then if we set s’ = ¢1+s and use the invariance by translation of the Lebesgue
measure one gets

—log | Eexp izoj(XH(tj)_XH(tl)) =

=2
—log | Eexp iZHjXH(tj —t1)
=2

and the stationarity of the increments of the mafLfs is proved.

However maflLfs are not self-similar. We are now investigating asymptotic
self-similarity at infinity of the mafLf. In the sense of definition 5.2.3, maflfs
have a fractional Brownian field as tangent field at infinity.

Proposition 5.4.2 The mafLfs are asymptotically self-similar at infinity
with parameter H

(XH(Rt)

lim RI‘I) (i) / 'U,QI/(d'LL) X (BH(t))tERd 5 (5108)
teRd R

R—+oc0

where the convergence is the convergence of the finite dimensional margins
and By is a fractional Brownian field of index H.

Proof :

Let us consider the multivariate function

[ Rty — s|| 7 =42 — ||| F /2
RH

Gtw,u (R, 8,u) =iu Z U, (5.109)
k=1
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where t = (t1,...,t,) € (R)", and v = (v1,...,v,) € R”. Then

N XH(Rtk)>
Eexp | ¢ v SR )
exp </Rd R[eXp(gt,v,H(R, s,u)) — 1 —gro m(R, s,u)}dsu(du)) . (5.110)

The change of variable s = Ro is applied to the integral of the previous right
hand term to get

/Rd R[exp(R_d/Qgt,v’H(l, o,u)) —1— R ¥2g, , y(1,0,u)|Rdov(du).
X

(5.111)
Then as R — +00, a dominated convergence argument yields that

. = Xpy(Rty)

1
exp 7/ gfyv,H(l,a,u)dau(du) . (5.112)
2 R4 xR

Therefore the logarithm of the previous limit is :

n

2
1 [t
*5/ u2v(du>/ (Zw(lltkoll“/z|o|Hd/2)> do (5.113)
0 R4

k=1

and this last integral is the variance of Y ;_, vy B (t;) which concludes the
proof of the convergence of finite dimensional margins.

5.4.1.1 Regularity of the sample paths

To investigate the regularity of the sample paths of mafLLf one can use the
Kolmogorov theorem 3.1.7 to show that the sample paths are locally Holder-
continuous for every exponent H' < H — d/2 when H > d/2. It is a direct
application of the isometry property. The questions are then: What happens
when H < d/2 ? If H— d/2 > 0 can we show that the “true” exponent
is strictly larger than H — d/2 ? If we consider the integrand: G(t,s) =
|t — s||T=4/2 — ||s||=%/2 it is clear that when H — d/2 < 0 G(.,s) is not
locally bounded, and when H > d/2, it is not H'-Holderian if H' > H — d/2
in a neighborhood of s. Following Rosinski’s rule of the thumb in [120], it
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is known that the simple paths of the integral defining Xy (¢) cannot be
“smoother” than the integrand G.
Let us now make precise statements.

Proposition 5.4.3 If H > d/2, for every H < H — d/2 there exists a
continuous modification of the mafLf Xy such that almost surely the sample
paths of Xy are locally H' Holder continuous i.e.

Xp(s)— Xpg(t
P |w; su (M) <§l =1 (5.114)
0<[s—tl|<e(w),lIs| <1, <1 [[s —tl

where €(w) is an almost surely positive random variable and 6 > 0. Moreover
for every H > H —d/2, P(Xy ¢ CH') > 0, where C'' is the space of
Hélder-continuous functions on [0,1]. Furthermore if the control measure v
of the random measure M is not finite, P(Xy ¢ C') = 1.

Proof :
Because of the isometry property

E(Xn(s) = Xu(1)* = E(Bu(s) — Bu(t)* = C||t - s[*",

where By is a fractional Brownian field. The property (5.114) is then a
direct consequence of Kolmogorov theorem 3.1.7. To prove the second part
of the proposition Theorem 4 of [120] will be applied to Xg. First we take
a separable modification of Xy with a separable representation. The next
step is to used the symmetrization argument of section 5 in [120] if v is not
already symmetric. Then we can remark that the kernel ¢ — ||t — s||7=%/2 —
||s||#—4/2 ¢ CH' for every H' > H — d/2, and the conclusion of Theorem 4
is applied to the measurable linear subspace C7' to get P(Xy ¢ C7') > 0.
To show that this probability is actually one, we rely on a zero-one law. The
process Xy can be viewed as an infinitely divisible law on the Banach space
C[0, 1] of the continuous functions endowed with the supremum norm. Let us
consider the map

o :RxR?—C[0,1]
(uy8) = {t = u([|t = | T2 — || =2}

The Lévy random measure F(df) of the infinitely divisible law defined
by Xy is now given by @(v*¥™(du) x ds) = F(df) where v*¥™ is the con-
trol measure of the symmetrized process. Hence F((C[0,1] \ C') = +oo if
v$¥™(R) = +oo. Corollary 11 of [76] and P(Xy ¢ CH') > 0 yield the last

result of the proposition.
Now let us go back to the case H < d/2.

Proposition 5.4.4 If H < d/2, for every compact interval K C R?

P(Xu ¢ B(K)) >0,
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where B(K) is the space of bounded functions on K.

In this case, we remark that t — ||t — s||"~%/2 — ||s||=%/2? ¢ B(K) for
every s € K. The proposition is then proved by applying Theorem 4 of [120]
to B(K).

5.4.1.2 Local asymptotic self-similarity

We will now investigate local self-similarity for mafLfs. It should be noted
that maflfs, in general, do not have a tangent field. In this section we focus
on the truncated stable case. In view of Propositions 5.4.2 and 5.4.5, the
truncated stable case can be viewed as a bridge between fBf and moving
average stable field. Let

1{ju<1ydu

Va,1(du) = u[l+e

be a control measure in the sense of section 3.1.8 associated to the Lévy
random measure M, ;. Denote the corresponding mafLf by X ,

_4d _d
Xinalt) = [ (=57~ = 17~ $)aMos ().

Proposition 5.4.5 Let us assume that H defined by }NI—% = H—% is such
that 0 < H < 1. The mafLf Xy o with control measure

Ljuj<iydu

Va71(du) = |u|1+a

is locally self-similar with parameter H. For every fized t € RY

X - X
lim < H,«x (t + 6.17) H,« (t>> (d)
zER4

o = (Ya(®)) ,ep s (5.115)

e—0t

where the limit is in distribution for all finite dimensional margins of the field.
The limit is a moving average fractional stable field that has a representation :

Viala) = [ (e == = o) =), (d), (5.116)

where M, (do) is a stable a—symmetric random measure.

Proof : Since the mafLf has stationary increments we only have to prove the
convergence for t = 0. We consider a multivariate function :
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et — s #=4/2 — 5]}~

9t0.1 (€, S, u) ZUZU 7 (5.117)

where ¢ € (R?)", and v € R™. Then

(etr)
Eexp(ka 6k>:

exp (/}RdXR[exp(gt,y,H(e7 s,u)) — 1 — giv,ml(e, &u)}dsz/(du)) . (5.118)

Then the change of variable o = £ is applied and H has been chosen such

that the integral in the previous equation is now

/ [exp(gt’v,H(lv g, e—d/au)) -1- gtﬂl,H(la g, e—d/au)]
R xR

du

d
Let us set w = e~ %y, The integral becomes
10 = [ fexplgnnn(low) 1= guonllo.w)
R xR
dw
—d/a
1(jw| < e )da|w|1+a. (5.120)
Let us recall that
—Cla)|z|® = /[ei” — 1 —dzrl(r] < e ) dr (5.121)
R - ||t
for every ¢ > 0, where C(«) = 2f (1 —cos r))THa. Let us write
; dr
_ iTT . —d/«
LfAk - L] < )
then
dr
. ay 1 _ 117 —d/a
Jim (et Cl@)ef?) = T [ 1= e > )
=0
hence :
lim I(e) = —C(a)/ |gt.v.0(1,0,1)|%do. (5.122)
e—0+ Rd

Since this last expression is the logarithm of
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Eexp (’L Z veYg (tk)> ,
k=1

the proof is complete.

5.4.2 Real harmonizable fractional Lévy fields

A counterpart of real harmonizable fractional stable field is introduced, when
arandom Lévy measure of section 3.1.10 is used in the integral representation.

Definition 5.4.2 Let us call a real harmonizable fractional Lévy field (in
short ThfLf) with parameter H a real valued field (X g (t));cre, which admits
an harmonizable representation

—inE _
Xua) @ [ S M),

d
19 Eans

where M(dE) is a complex isotropic random Lévy measure defined in Defini-
tion 3.1.20 that satisfies the finite moment assumption (3.45).

Please note that, since
¢ e~ wE
e
lglz+
satisfies (3.50) almost surely rhfLfs are real valued ! Because of the isometry
property (3.55) of the complex isotropy random Lévy measure, rhfLfs have
finite second order moments. As in the case of mafl.f they share the same
covariance structure than fractional Brownian field. But they have different
distributions, in particular they are non-Gaussian. We will see later that the
regularity properties of rhfLfs are quite different from those of mafLfs.

Proposition 5.4.6 The covariance structure of rhfLfs is

var(X (1))

R(z,y) = E(X(2)X(y)) = 5

{7+ Ny 27 =l =)} (5.123)

RhfLfs have stationary increments.

Proof of Proposition 5.4.6 :

The first claim is consequence of the isometry property and of the fact that
fractional Brownian fields and rhfLfs have the same kernel in their integral
representation.

Let 0 = (01,...,0,) and x = (z1,...,2,) € (R?)", the logarithm of char-
acteristic function of the increments of the rhfLf is :
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n

—log [ Eexp iZGj(XH(:Ej)—XH(CEl)) =
=2

n 677;112]'.5 _ 677:11.5
exp | ¢ 02% <z>
L. 20 e+

7ZIJ£ _ e*iwl.g

j=2

Then, if we set 2’ = e~z and use the invariance by rotation of v(dz) one
gets

—log [Eexp | ¢ )Y 0;(Xu(z;) — Xu(z1)) =

n
=2
n
—log [ Eexp iZQjXH(xj — 1)
=2

and the stationarity of the increments of the rhfLf.

Now we investigate some properties of self-similarity and regularity types
that the rhfLf shares with fractional Brownian field. In the first part of this
section we prove that two asymptotic self-similarity properties are true for
the rhfLLf. In the second part we see that almost surely the paths of the rhfl.f
are Holder-continuous with a pointwise Holder exponent H.

5.4.2.1 Asymptotic self-similarity

Since we know the characteristic function of stochastic integrals of the
measure M (d€) we can prove the local self-similarity of the rhfl.fs. Actually

it is a consequence of the homogeneity property of ﬁ and of a central
2

limit theorem for the stochastic measure M (df).

Proposition 5.4.7 The real harmonizable fractional Lévy field is strongly
locally self-similar with parameter H in the sense that for every fized x € R?

lim (XH($+€U) —XH($)> @
ueRd

e—0t eH

too 1/2
ct) (2n [ Pudn)  (Balw)cea, (G120
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where By is a standard fractional Brownian field, and where C(H) is given
n (4.66), and the limit is in distribution on the space of continuous functions
endowed with the topology of the uniform convergence on every compact.

Proof of Proposition 5./.7 :

The convergence of the finite dimensional margins is proved first. Since
the rhflLf has stationary increments, we only have to prove the convergence
for z = 0. Let us consider the multivariate function :

( R (=3 ‘“”“‘1> (5.125)
Guw,u (6§, 2) = i2 5.125
el 1 kaad
where u = (u1,...,u,) € (R")? and v = (v1,...,v,) € R™. Then
. = XH(EUk)
E — | =
exp (zkz_:lvk 7

exp </Rdx(c[eXp(gu,v,H(€,§, 2)) = 1= guun(eé, z)]dﬁdu(z)) . (5.126)

The change of variable A = €€ is applied to the integral of the previous right
hand term to get :

dA
/R el (10,2) = 1= g, (L) Grdv(a). (5.120)
X

Then as € — 07 a dominated convergence argument yields that

~ Xn(euy)
lim E — | =
i, eXP<D i

k=1

exp 1/ g2, gL\ 2)d\dv(z) ). (5.128)
2 RIxC

Moreover (3.44) allows us to express the logarithm of the previous limit as :

400 n —tuUp A __ 1 2
—27r/ p%p(dp)/ |2 vile L (5.129)
0 R4

||)\||d+2H

and this last integral is the variance of C'(H) Y, _, vi By (uy) which concludes
the proof of the convergence of finite dimensional margins.

Let us proceed to the proof that the distributions are tight . We need to
estimate

E(Xp(2) = Xn ()™

for p large enough. Unfortunately, when H > 1—d/2, these moments are not
finite because of the asymptotic of the integrand :
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e 8

9o(,€) (5.130)

e 5+
when ||£|| — 0. In the case H > 1 — d/2, we thus apply a transformation to
the integrand g to analyze in two different ways its behavior at both ends
of the spectrum.

Let us first consider the easy case : H < 1 — d/2. Then go(z,.) €
L*(R?) Vg€ N* and

2 — 2
lg0(@. ) = 903 2% gty = e = IPHE D g (er, )2 gy

where e; = (1,0, ...,0) € R Because of (3.56) we know that
P
E(Xp(z) — Xu(y))™ =Y D(n)|lz —y|?HrHi@=m)
n=1

for some nonnegative constants D(n). Hence there exists C' < +oo such that
E(Xu(z) = Xu(y))™ < Cllz —y|[*” (5.131)
where z, y are in a fixed compact. Hence if H <1 —d/2

E ((XH(x +eu) — Xpy(x+ ev))2P> < flu— v|2H?

62Hp

and one can take p > % to show the tightness with the help of Corol-
lary 3.1.2.
When H > 1 —d/2 let us take K an integer such that K > 1+ d/2,

and ¢ an even C'-function such that ¢(t) = 1 when [t| < 1/2 and ¢(¢t) = 0
when |t| > 1. Then

e '€ — 1 Pe(—iz - (1]
gl =+

gK(377£) =

is in L24(R%) for every # € R? and ¢ € N*.
The field X is then split into two fields Xy = X}, + X;; where

Xf(x) = /gK(%f)M(dé‘) (5.132)

and
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)<a<x>:::j/Af?iﬁiffii§3w<nxnH5H>A4<ds>. (5.133)

) e+

A method similar to the one used for Xy when H < 1—d/2 is applied to X;FI
and we check that X has almost surely C' paths because of Theorem 3.1.8.
Let us start by the remark
2 - 2
||gK(x, ')HL%Q(W) = ||$H2Hq+d(q 1)||9K(€17~)||quq(w)-

As in the easy case we have to estimate when ¢ — 07

L:/|%m@—%@+m@W@
Rd

Let us split this integral into
= o€ — g+ e €
elléli=1

and
LZ=:/1 95 (2, €) — gic (2 + ew, )[27de
ellgll<1

as I, = IT + I . Actually

|9 (2, 6) = 9K (y,§)| = lgo(z — 4, €)]
on {€||¢]| > 1} for e small enough, and we get by the change of variable A = €£

—ie1-A __ 1|2q

I = 62Hq+d(q—1)/ le

—— d\. 5.134
izt A (5.134)

Then a Taylor expansion is applied to I
o= [ a0 en, ). €)euP
lell<t

where dgk (0(z,eu,§),€) is the differential of the map gx(.,£) and 6(z,€, &)
is a point in the segment (x,x + eu). Note that

/ ldgx (0, eu, €), €)|1de < +o0
[lgl<c

for every fixed C and that
ldgx (0(z, eu, €), €)% = O([¢]** =%~ when |lg]| — +oo,

hence
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(/ ldgk (0(z, eu, 5),§)|2qd§> €2 = 0(62H‘1+d(‘1_1)) when ¢ — 07T
ligl<2

and
|I7| < Cetlatdla—1) (5.135)

when € — 07. Because of (5.134) and (5.135) there exists a positive constant
C such that

/Rd gk (2,€) — gx (y,€)[*de < C|jx — y|2Hatdla=D
and consequently
E(Xf () = X ()™ < Clla —y[]*">. (5.136)
when ||z|| <1, ||y|| < 1, which yields that the distributions of

(X;}(:U—&—ee.l){— Xﬁ(;@)oo

are tight . To conclude let us write X, for ||z|| < € as

[ vy [ B e
ellgll<1/2 1/2<el|€][<1

4 P
lglz*# llglz*#

The first integral of the previous line is actually a polynomial in the variables
(21,...,24) with coefficients that are random variables, hence it has almost
surely C! paths. Let us remark that the integrand of the second integral is
bounded with compact support in R? x C and is C* in the variable z, so is
the integral which yields that Xj; is almost surely C'. Then it is clear that

(X;I(x+eu) Xﬁ(x)) CES
u€eR?

61—1>r(r)1+ el
which concludes the proof.

We now want to exhibit an example of rhfLLf that has asymptotic self-
similarity properties when the increment is taken on large scales. Actually
if the control measure v,(dp) is ‘md%l(m < 1) where 0 < a < 2, we show
that at large scales the rhfLLf is asymptotically self-similar with parameter
0<ﬂ'<1suchthatﬁ+g:H+%.

Heuristically it means that at large scales the truncation of the Lévy mea-
sure disappears.

Moreover the limit field is a rhfsm with parameter H. This shows that at
large scales the behavior of rhfL.f can be very far from the Gaussian model
even if the rhfl.fs are fields that have moments of order 2. The rhfL.f with

control measure mrl%l(m < 1) can be viewed roughly speaking as in be-
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tween a rhfsm at large scales and a fractional Brownian field at low scales.
Let us now state precisely the asymptotic self-similarity.

Proposition 5.4.8 Let us assume that H defined by H + g = H + % 18

such that 0 < H < 1. The real harmonizable fractional Lévy field with control
measure V,(dp)

dp
——1(lp| <1
Sl <)

is asymptotically self-similar at infinity with parameter H
. XH(Ru) (i)
R (Rg et (Y (w) ,cpa (5.137)

where the limit is in distribution for all finite dimensional margins of the
fields and the limit is a real harmonizable fractional stable field that has a
representation

eminE
Vi (u) = /RilMa(dﬁ), (5.138)

d
< llglr

where M, (d§) is complez isotropic a—stable random measure defined in Def-
wnition 3.1.21

Proof of Proposition 5.4.8 :
As Proposition 5.4.5 we consider a multivariate function

77,Ruk £ _ 1
gu,v,H(Rv Ea =i2R Z e E— (5139)

= RAE)

where u € (R")? and v € R”. And

k=1
exp < /]R dXC[eXP(gu,v,H(R,§, 2)) =1 = guou(R,¢, z)}dgdu(z)> . (5.140)

Then the change of variable A = R¢ is applied and H has been chosen such
that integral in the previous equation is now

w/]Rd [0,2] RE [exp(gu,v,H(L >‘a Rd/apew)) -1- gu,v,H(]-? )‘1 Rd/apeie)]
X | X

_ dp
1(]p| < R Pz (5.141)

Let us set 7 = R¥“p the integral becomes
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I(R) = / [exp (Gt (LA 7€) — 1 — guy g1 (1, 7e™)
R4 x[0,27] xR

1(r] < Rd/o‘)dAdQ (5.142)

2r I“r

Let us recall that (5.121)

[e3 ixr « d’]"
~Cla)laf® = [ [ — 1~ iara (] < R

for every R > 0, where C(a) = f0+°°(1 - cos(r))% is given in (3.39). If we
write

) dr
_ T . d/a
Jr = /R[e —1—idar]1(|r| < RY )2|r|1+a’
then
. C(O() a ) : ixr d/a dr
i (e Sl ) = il <> R

Moreover the non positive function

rguy,,yH(l,)\,rew) — 111 Rd/a dr
K (| > R

is increasing with respects to R, and

TGu,v, 1,A,re®® /o dr
/Rdxozﬂ/[eg’H( )f1]1(|r|>R/)2| |1+ad)\d9<oo

Hence, by monotone convergence,

o — iU 1 «
lim 1(R) = — 2 / U L Nt —— | ROV
R—o0 2 Jraxpo2n) Pl DY ot
(5.143)
which is also :
C(a)) /277 nemiued |
- |2 cos (6 O‘d6‘/ (5.144)
2 Jo kz AIEE

Since this last expression is the logarithm of

EeXp (Z Z kaf{(uk)> s
k=1

(cf. (3.57)) the proof is complete.
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5.4.2.2 Regularity of the sample paths of the rhfLLf

The Kolmogorov theorem 3.1.7 and Proposition 3.1.4 show that H is the
pointwise Holder exponent of the sample paths of the rhfLfs. Let us recall the
definition 3.2.3 of the pointwise exponent Hy(z) of a deterministic function
f at point = by

Hy(z) = sup{H’, lim L&+~ J(@)

lim TP =0}. (5.145)

Then the regularity of the sample paths is described by the following
proposition.

Proposition 5.4.9 For every H' < H there exists a continuous modification
of the rhfLf Xy such that almost surely the sample paths of Xy are locally
H' Hélder continuous i.e.

P |w; sup
0<llz—yl[<e(w),llzlI<L, [yl <1

X - X
(W) <6l =1 (5.146)
[z =yl
where e€(w) is an almost surely positive random variable and § > 0. Moreover
at every point x the pointwise exponent Hx, (x) of the rhfLf Xg is almost
surely equal to H.

Proof of Proposition 5.4.9 :
In the first part of the proof we will use the estimation of the moments

E(Xp(2) = X ()™

performed in the proof of Proposition 5.4.7 and Kolmogorov theorem. When
H <1—d/2 we already know by (5.131) that

E(Xn(2) = Xu(y))* < Cllz — y|*»

when ||z|| < 1,]ly]| < 1 and Kolmogorov theorem yields (5.146) for every
H' < H When H > 1 —d/2 we recall that Xy has been split into

Xp=Xh+ X5

where X}; and X; are defined in (5.132) and (5.133). Furthermore we know
that X;; is H’'-Holder-continuous for every H' < H by Kolmogorov theorem
and the inequality (5.136), and that X, has almost surely C' sample paths
which concludes the proof of (5.146).

Because of (5.114) at every point x the Holder exponent satisfies H(z) >
H. To show H(x) < H let us use the local self-similarity (5.124). Actually if
H' > H we can deduce from (5.124) that
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H/
€ @,

.
et | X (z+ eu) — Xg(x)]

which is also a convergence in probability. Hence we can find a sequence
(€n)nen — 07 such that :

L X+ ) = X (a)

n—-+0oo 67};[/

= 400 almost surely.

This argument concludes the proof of Proposition 5.4.3.

5.4.3 A comparison of Lévy fields

In the previous sections, we have introduced two different models of fractional
fields with finite second moments that have the same covariance structure
as fractional Brownian field. Since both models have very different sample
paths properties, it shows that the covariance structure cannot characterize
the smoothness of fractional fields. For modeling purpose a comparison of
mafL.f and rhfLf may be useful.

First we can remark that the kernel of the rhfLf is the Fourier transform of
the kernel of the mafLf. This fact was proved in (4.29), when we showed that
moving average and harmonizable representation of fractional Brownian field
are equivalent. In the case of fractional Lévy fields the Fourier transform of
a Lévy measure is not a Lévy measure and it explains why rhfl.f and mafLf
have different distributions. Nevertheless the self-similarity of fractional Lévy
fields is reminiscent of this fact. Indeed in the limit in Proposition 5.4.2
for mafLLf and in Proposition 5.4.7 for rhfLf is a fractional Brownian field.
But in Proposition 5.4.2 the large scale behavior of mafLf is investigated,
whereas Proposition 5.4.7 is concerned with the small scale behavior of rhfLf.
It reminds us of the fact that the large scale behavior of a Fourier transform
is related to the small scale behavior of deterministic functions. The same
remark is true, when we compare Proposition 5.4.5 and Proposition 5.4.8.
Even if the limits are not the same in distribution in this last case there of
the same stable type.

5.4.4 Real harmonizable multifractional Lévy fields

In this section we introduce a class of Lévy fields proposed in [88] that yields
multifractional fields related to rhfLLf. These fields called real harmonizable
multifractional Lévy fields are non Gaussian counterpart to multifractional
Brownian field.
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Definition 5.4.3 Let h : R? — (0,1) be a measurable function. A real valued
field is called a real harmonizable multifractional Lévy field (in short rhmLf)
with multifractional function h, if it admits the harmonizable representation

(d) 1 e8]
X0 G L e M@0, G

where M is a is a complex isotropic random Lévy measure, and the normal-
ization function is defined in (5.19).

Remark 5.4.1 We have checked for the mBm that the kernel function
in (5.147) is in L? and thus the integral in (5.147) is defined.

Proposition 5.4.10 The covariance structure of rhmLfs with multifrac-
tional function h is the same as the covariance structure of multifractional
Brownian field By, with the same multifractional function.

R(z,y) = E(Xn(2) Xn(y)) = E(Bu(x)Br(y))- (5.148)

Proof of Proposition 5.4.10

It is a consequence of the isometry property for the complex isotropic
random Lévy measure M.

In the following we list some properties of rhmLf refering to [28] for the
proofs, and we suppose that the multifractional function h is S-Hoélder con-
tinuous.

First the smoothness of rhmLf is the same as those of mBm.

Proposition 5.4.11 Let h be a function h : R® — (0,1), and X, be the
corresponding rhmLf. Let K be a compact set, and m = inf{h(z), z € K}.
For every H < min(m, 3) there exists a modification of X}, such that almost
surely the sample paths of X, are H-Hélder continuous on K.

Second rhmLf are strongly locally asymptotically self-similar.

Proposition 5.4.12 Let h : R? s (0,1) be a B-Hélder continuous mul-
tifractional function and X, the corresponding rhmLf. Let us assume [ >
SUp,cpra h(x), then, for every x € R? the rhmLf is strongly locally asymptot-
ically self-similar, with tangent field a fractional Brownian field with Hurst
exponent H = h(x). More precisely

X —X +oo
i (S @ L [ e () B 0)
ghl@) u€eRd 0

e—0t
(5.149)
where H = h(z) and By is a fractional Brownian field with Hurst exponent
H.

By extending the techniques used for mBm to the random Lévy measure,
one can show the following result.
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Corollary 5.4.1 Let h be function h: R% — (0,1) locally Hélder with expo-
nent 3. Let X, be the corresponding rhmLf and fix x such that h(zx) < B, the
pointwise Holder exponent of Xy, at x is

Xh((E + 6) — Xh(ac)
e[ ™’

/s - -
sup{H’, ll_r)% =0} = h(x) (5.150)

almost surely.

5.5 Exercises

5.5.1 Lass and self-similarity

In this exercise we consider again the process defined in exercise 4.6.11, for
0< H <1,

_ [ _elts)
Xt = . Ww(ds)

We assume ¢(0) = 0, and

le(s)I?

s ds < 0.

1. Show that the process is H-locally asymptotically self-similar at ¢ = 0.

2. We suppose that ¢ is a C? non-vanishing function with compact support
included in (0, 00). Show that the process is 1-locally asymptotically self-
similar at ¢ # 0. What is the tangent process in this case 7

5.5.2 Bivariate lass

This exercise is inspired by [37]. Let b : R? +— (0,1) be a 3-Hélder continuous
multifractional function and

1 emimt—1 —
B) = 7 oo T )

be the corresponding multifractional Brownian field. Let us assume [ >

sup,cga h(z). Let (B(2,u))(z,u)crixre be the centered Gaussian field such
that Vo € R? (B(x,u))y,ecre is a standard fractional Brownian field with
parameter h(x). Let us also assume that Vn € N* and z;, ¢ = 1,...,n pair-
wise distinct points in R? (B(x1, u))yegrd, - - - » (B(Zn, u))yera are independent
fields. Let us denote by
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1 eminE ]
Xe) = e L e

a Hurst field, where z € R? and where we take the same Fourier transform
of a real Brownian random measure W (d¢) for the mBm and the Hurst field.

1. Let us define Y 1 (z,u) = Xuﬁ“’%ﬁ)&?‘)((m’h(w)). Show that
E(Yz 1 (z,u)Ye 1 (2z,v) = B(B(z,u)B(z,v)).
2. Let x # y show that

lim E(Y. 1 (x,u)Ye1(y,v)) =0.

e—0t

3. Let us define Y, o(z,u) = X(xﬁu’h(xﬁgfl)(ljx(xﬁu’h(m)). Show that

lim B(Yz2(z,u))? = 0.

e—0+t
4. Show that
. Bh(x—i—eu)—Bh(x)) (d) , =
lim = (B(z,u .
e—0+ ( ch(®) (20) R xR (B( ))(x,u)e]Rd xR

5.5.83 Multifractional functions with jumps
Let us consider a Borel function h such that V¢ € R, h(t) € (0,1) and

1 1
lim A(t) ==, lim h(t) = -. 151
tanfl* ®) 2’ talr% (*) 4 (5.151)
1. Let us consider the normalization function C' of an mBm defined in (5.19)
for d = 1. Show that lim;_,;- C(h(t)) = /5 and lim,_,;+ C(h(t)) = 1.
2. Let us a consider an mBm (B (t)):er associated with the multifractional
function h that satisfies (5.151). Show that By, has almost surely a jump
for t = 1.

5.5.4 Uniform convergence of the series expansion of
the mBm

In this exercise we give another proof of the almost sure uniform convergence
on a compact K of the series
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W > xalt,Al))n (5.152)
reaAt

to the mBm (5.26) Bj. Let h be function locally Hélder continuous with
exponent [3.
1. Show the uniform convergence of the series on K

> Xka(th(®))njka

j=>J k€L

to 0 when J — 4o0.
2. For j > 0 show the uniform convergence of the series on .

> Xgkalt b))k

k| > K

to 0 when K — +oo.
3. Show the uniform convergence of the series on I

> Xokolt, B(0)10,k.0-

[k| =K

to 0 when K — +o0.
4. Show the uniform convergence of the series on K

Z X0,k,0(t, h(t))10,k,0-

|k|>K

to 0 when K — +4o0.
5. Deduce from the previous questions the almost sure uniform convergence
of the series (5.152) to a mBm.






Chapter 6
Statistics

In this chapter we would like to discuss the use of the models introduced in
the previous chapters for Statistics. One of the major question is the esti-
mation of the various parameters in those models. The common framework
of this estimation is that we observe only one sample path of the field on
a finite set of locations in a compact set. Most of the results will then be
asymptotics, when the mesh of the grid of the locations where the fields are

observed is decreasing to 0. In short we are doing fill-in statistics. Typically
we are supposed to observe <1]€\},...,]]€\?>, 0<k <N,i=1,....d.
To study this problem we will first consider the unifractional case, where
the multifractional function is constant in section 6.1. We obtain very often
strong consistency of our estimator and confidence intervals related to some
central limit theorems. The question of the optimality of the rate of conver-
gence for our estimator is addressed in section 6.2 using the framework of
efficiency and Cramer-Rao bounds. Then we generalize the estimation to the
multifractional case in section 6.3. Section 6.4 is devoted to the extension of
our techniques to the case where the field is no more Gaussian and to the es-
timation of intermittency. Finally we conclude this chapter by an application
to the approximation of the integrals of fractional processes in section 6.5.

6.1 Unifractional case

The aim of this section is to perform the identification of fractional pa-
rameters of a unifractional Gaussian process X. A process will be called
unifractional if the multifractional function of Definition 5.2.1 is constant.
As explained in the introduction of this chapter the process X is assumed

to be observed on a discrete sampling design —,k =0, ..., N. Moreover the

variance of the increments of process X is assumed to satisfy the following

157
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expansion
E(X(t+h) — X(t)? = C@)|h* +r(t,h), (6.1)

where the remainder function 7(¢, h) is, in a sense to precise, of order o(|h|?)
as h — 0. The typical examples are filtered white noises. We will essentially
focus on the estimation of the fractional index H and of the singularity func-
tion C(¢). As usual in Statistics, three cases have to be considered.

1. Parametric case.
This is essentially the case when X is a fractional Brownian motion. The
remainder term (¢, h) is then equal to zero and function C(t) is indeed a
constant C.

2. Semi-parametric case.
The remainder term is not zero anymore, and singularity function C(t) is
a constant or a function, but C(¢) is not an interesting parameter: The
aim is only to perform the estimation of parameter H. Nevertheless, some
cases can be considered. For instance, some estimators require C to be
constant or for the process to be centered. This is the case for instance if
the estimator requires stationary increments for process X.

3. Non-parametric case.
The framework is the same as in the semi-parametric case, but now func-
tion C is an interesting parameter.

The outline of the section will be as follows. We will first present the para-
metric case: The maximum likelihood estimator, the Whittle’s approximation
and the variations estimators. These estimators work for fractional Brownian
motions or the standard fractional Brownian motion. We will then present
the semi-parametric situation. The main idea is that the existing methods
can be more or less viewed as a particular case of the so-called generalized
quadratic variations estimators. Next we will focus on generalized quadratic
variations estimators, giving precise statements and proofs. Afterwards, we
will mention some extensions of the previous results.

6.1.1 Maximum likelithood estimator and Whaittle’s
approrimation

In this section we recall some classical results concerning the estimation of
H using time series techniques.
Let us consider the observations

Yy ={Bu(k+1) - Bg(k),k=0,...,N -1}

from a fractional Brownian motion By . Denote by X'y the covariance matrix
of the sample
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{BH(]C—FI) —BH(k),k:O,...,N—l}.
Because of Corollary 4.2.1

Yre=E([Bu(k+1)— Bu(k)|[Bu(l+1) — Bu(0)])
=C (|6 —k+1P" =200 — kPP + |0 -k —1*") .

The likelihood of the vector Yy is given by

1 1
Ly(H,C) = ——x————exp [ —= YN 2] ) .
w(H,0) (2m) 3 det(Zn) p( g NN

Let us remark that Xy is invertible as consequence of Corollary 4.2.2. The
maximum likelihood estimator is obtained by minimizing — log Ly (H, C)

~ o~ . 1 _
(Hy,Cn) = ArgmmHe(%,l))oe(Oﬁoo) log det(Xn) + §YNENMYN )

As N — 400, this estimator (ﬁ N @N) is strongly consistent and asymptot-

ically Gaussian (e.g. [25]). Unfortunately, the maximization of the likelihood

leads to computational problems. The minimization is costly in terms of CPU

time. The computation of the matrix 2;,1 is unstable. Therefore, an alterna-

tive method, known as Whittle’s approximation has been introduced.
Denote by f(X, H,C) the spectral density of By (k + 1) — By(k)

k=—o0

+oo
F\H,C) = \/%q{(l—cos()\))—k > |)\+2k7r|_1_H}

for A € [—m,w]. Here f is the spectral density of a time series which is a
periodicization of the spectral density of fractional Brownian motion given
in (4.15). Actually the matrix Xy = Ty (f), where Tn denotes a Toeplitz
matrix of dimension N associated to the spectral density f. See [66] for a
classical introduction to Topelitz matrices.

The idea of Whittle’s approximation is to replace the inverse matrix E;,l
by the matrix Ay = Tn(1/f) which turns out to be

Ape = e F=0dN ke=0,...,N—1

11
(2m)? /_w f\H,C)

and we know that roughly speaking when N — o0 Ay ~ 2;,1. Moreover
we have

T

1 1
lim —logdetXy = — log f(\, H,C)dA .
N 2m

N—=+oc0 _r
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An approximate likelihood estimator is then obtained by minimizing this
pseudo-likelihood function

(Hy,Cy) =

. 1 1
ATngnHE(%,l),CE(O,OO)% / log f(A, H, C) + NYNANtYN .

We obtain the following theorem (e.g. [59]).

Theorem 6.1.1 For % < H <1,

1. Strong consistency.

. 5 A (as)
NLHEOO(HNaON) =" (H,0).

2. Asymptotic normality.

lim VN(Hy — H,Cx — )2 Ny (0,2D71)
N—+o00

where the matric D = (D, ;), i,j =1,2 is

D=2 [ (2 fOAH,C) Qd)\
1’1_27'[' . 8H 0g ) ) )

1 [T (9 ?
D2,2 = ( logf()‘7H7 C)) dA )

ar | \aC
1 T 0 0
D1,2:D2,1 = Y. a—Hlogf()\,H,C’)%logf()\,H,C)d)\

6.1.2 Variations estimator for the standard fractional
Brownian motion

6.1.2.1 Quadratic variations

The maximum likelihood method and the Whittle’s approximation use ob-
servations of a fractional Brownian motion path on an unbounded domain
{Bu(k),k=0,..., N} asymptotically in N. If we come back to our frame-

k
work where the observations are fill-in statistics in a compact interval <N> ,

0 < k < N, we can still estimate the parameter H.
In this case it is classical to use the quadratic variations on [0,1] of the
process X at scale 1/N defined by
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-5 () (5)

A result (e.g. [67]) ensures that

lim N2H-1yy ()
N—+o00

The quadratic variations can therefore be used to identify parameter H

~ 1 1 VN/2
Ay ==+-1 .
N 2 + 2 Og2 VN

When considering the limiting distribution of the quadratic variations, [67]
found two cases.

1. 0 < H < 3/4. The variable VN (N?=1V,, — 1) converges in distribution,
as N — 400, to a Gaussian variable.

2. 3/4 < H < 1. The variable N?~2# (NQH*IV,L - 1) converges in distribu-
tion, as N — 400, to a non-Gaussian variable.

Therefore, the rate of convergence of the estimator of H based on quadratic
variations dramatically fails when 3/4 < H < 1.

6.1.2.2 Extension of quadratic variations

To circumvent this problem, [73] introduce generalized quadratic variations
associated with a finite second order derivative. Let a = (ax,k = 0,..., K)
be a discrete sequence of real numbers satisfying

K K
ZakZO,ZkakZO.
k=0 k=0

K
The reason of the condition Zkak =0 will be given later. For instance,

k=0
sequence a = (—1,1) does not fulfill these conditions, but sequence a =

(—1,2,—1) does. The increments of a standard By associated with sequence
a are defined by

k+
A BH —ZakBH< Np) .

k=0

Normalized S-variations associated with a sequence (ay) are then defined by
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1
Wng=—"+ A,Bgl? .
NETNK 11 pzzo‘ p Bl
Define the function ¢(3, H)
8
1« ’
C(/BaH): —5 Z akak1|k—k’|2H
k,k'=0

so that

1
EWN,B = W C(ﬂ,H) Eﬁ 5

where if Z 2 Ni1(0,1) then Eg = E|Z|?. Now define

1
9n.p(t) = gz (B, H) Ep -
The idea of the estimation is to take the value of ¢ that fits g g(¢) and Wi 3
We then obtain the following theorem ([112], [35]).

Theorem 6.1.2

1. Strong consistency.

li Hy ="H.
N—1>I—Ii-1c>o N

2. Asymptotic normality.

lim VNlog(N)(Hy — H) 2 N, (0, Z5)
N——+oco

where

Xg =

+oo K Y oK 25
Loy Y (S trarlk R4 |
32 Zf,k/:o akak/|k‘ _ k’|2H

i>1 i=—o0

This variance X'z is minimal for = 2 the quadratic variations are optimal
among the B-variations.

Remark 6.1.1
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The same method of estimation can be used for non-standard fractional
Brownian motion ([35]), but the rate of convergence of the estimator of H is
only VN then.

Remark 6.1.2
Time-frequency methods.

Let v be kernel such that /z/J(x)dx = 0. ¥ can be a wavelet for instance.
Let j > 0 and k = 0,...,27 — 1. Let X be a fBm then the coefficients

X (2)274(27x — k)dx are centered Gaussian variables with variance of or-

der 2= % It has been proposed (cf. [2]) to estimate parameter H via an

2
estimation of the variance E (/X(m)2jw(2jx - k)dm) .

Let f be an arbitrary function. The estimation of/f(x)sz/)(ij — k)dx
will be done via some quadrature formula. We refer to section 6.5 for quadra-
N
L
ture formula for stochastic processes like ZCngf (N)’ where the (co.N)

£=0
depend on kernel 1. Any reasonable quadrature formula will be exact for con-
N

stant function f if ZC"’N = 0. The estimation of
£=0

E (/X(x)2jw(2jx — k)dm)2

N 2
l
will therefore be done with the formula < E ce,nX (N> . In other words,

£=0
time-frequency methods are particular cases of generalized quadratic varia-

tions methods. Nevertheless it has been used in [0/] to estimate the Hurst
parameter from a discrete noisy data.

6.1.3 Application to filtered white noises

As in section 6.1.2 let ag, k = 0, ..., K be a finite sequence of real numbers
satisfying Zf:o akK: 0, ZkK:O kar = 0. Actually in the setting of fwn we also
have to assume Y ;_, k%a;, = 0. We can take a = (—1,3,—3,1) for instance.

Generalized quadratic variations of process X on [0, 1] at scale 1/N asso-
ciated with sequence (ay) are defined by
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N-K

VN = Z (APX)2 )

p=0

where
K
k+
ApX = ]CZOCL]CX (]Vp> .

Generalized quadratic variations of various Gaussian processes have been
widely studied ([73], [74], [20], [21]). We use them for the estimation problem
in the framework of filtered white noises ([21]). Let us rewrite the Defini-
tion 5.3.1 of fwn when d = 1.

Hyp 6.1.1
Filtered white noises ([21]).
Let g(t,£) be the following harmonizable fractional-integral type kernel

at.6) = 2Dy e (6.3)

fgpEtH

with a(t) € C?, &(t,&) € C%?2 satisfying, fori,j =0,1,2:

i+j
2 ¢ o

I OET s(t,f)‘ = |¢|zFnti

with n > H and €(t,€) = e(t,—¢). Here C' denotes a generic constant that
can change from an occurrence to another.

Let W be the Fourier transform of a real valued Brownian random mea-
sure. (See Definition 3.1.16.) Let us assume [, [(e=¢ —1)g(z, £)[?d¢ < +o0.
Define the process X by

X(t) = / 9t €)(" — )W (de) -

The process X is a filtered white noise.

Remark 6.1.3 Please remark that in Definition 5.3.1 we have a minus sign
in front of the factor it€ and

X(t) = / 9(t,€) (e — 1)V (de).

Actually since a is real valued, £(t, &) = e(t, =§), and g(t,&) = &(t, —¢)

/ o(1,€) (e — 1)1 (dg) 2 / g(1,€) (¢ — 1) (de) |
R

R
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So the sign does not matter.

When a(t) = 1 and £(¢,£) = 0, the resulting process is a fractional Brownian
motion. By construction, the value of a filtered white noise at 0 is equal to
zero. This restriction does not matter: The identification results we present
below are still valid if we add an arbitrary random variable at time ¢ = 0
to a filtered white noise. The function € is clearly a remainder term, and
conditions on this function are given to ensure that e really is a remainder
term. Even if it is difficult to explain without a deep inspection of the proof,
the condition a € C? implies a decrease of the increments of orders 1 and 2
of the process.

We should wonder whether the stationary processes considered for instance
by([73], [74], [80]) can be viewed as filtered white noise. Such is the case, via
a minor modification of the process. Let us recall the setting of example 3.1.2
and let f(£) be the spectral density of a Gaussian centered stationary process
Y. By Bochner’s theorem, this spectral density is a positive function. The
process Y can then be represented through a stochastic integral with respect
to a Fourier transform of a real Brownian measure W

Y(t) = / VI T (de) |

Process X (t) = Y (t) — Y(0) is then represented as follows

X(0) = [ VRO 1)
If f(&) verifies an expansion like, as || — 400,

f(&) = W%+€(£)7

with o
le(§)] < W )

and for some n >0 and j =1,2

|5(j)(€)‘ < \§\€+j )

then the process X is a filtered white noise.

The estimator of parameter H derived from the generalized quadratic vari-
ations is then as follows
-~ 1 1 VN/Q

fy==+4-1
N =gt giog g

(6.5)
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Theorem 6.1.3
Let X be a process satisfying Hyp 6.1.1.

1. Strong consistency.

. =~ (a.s.)
1 Hy "="H.
N—1>I—Ii-1c>o N
2. Asymptotic normality. If in Hyp 6.1.1 n > % + H
As N — +oo, \/ﬁ(ﬁN — H) converges in distribution to a centered Gaus-
sian variable.

The proof of Theorem 6.1.3 (e.g. [74], [21]) is rather technical. We give a
sketch of the proof, and the complete proof is postponed to the Appendix.

6.1.3.1 Sketch of the proof of Theorem 6.1.3

Let R(t,t") be the covariance function of the process X with respect to
¢t

Let Wx = N2~y A heuristic computation of the variance of W
makes it clear why the non-Gaussian limit when H > 3/4 disappears with

K
the assumption Z kay = 0. Since X is Gaussian,
k=0
N-K
varWy = 2N*7=2 Y (EA, XA, X)°
p,p'=0

N—K K
_ Z Z kE+p kK +p
— 2N4H 2 ,
arag R 7N 5 N
p,p'=0 \k,k’=0
This sum is split into two parts.

K
e |p—p'| < K. The condition Z ar = 0 implies that
k=0

K
ker k/+p' _9oH
> R AE — O(N~2H),
kk,zoa’““’“ ( N ' N ( )

The sum for [p — p'| < K is a O(N~1).
e |p—p'| > K. A Taylor expansion up to order 2, where the remainder term

has been omitted, leads to R (%, %) =A+B,
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pp kOR (p p'\  KOR(p p
A= R<N N) TN (N’N) TN (N’N)
k2 62 P p/ k/2 82R P p/
2N 92 (N N> T oNT g2 (mv) ’
kk' 0°R [ p p
~ N2 otor (N N) '
K K K
— Let us now assume Zak =0 and Z kay # 0. The term Z apap A
k=0 k=0 k,k'=0
K
vanishes. The term Z arax B does not vanish and is a O(N~2). The
k,k'=0

sum for [p —p/| > K is a 0(N*7~4). If we compare this term 0(N47—4)
with the previous term O(N~1!), we can understand the critical value
H =3/4 of [67] : For H < 3/4, the main term is the first one and the
rate of convergence is equal to O(N~!). For H > 3/4, the second term
is the main one and the rate of convergence 0(N*7~1) is slower.

K K K
— Let us now assume Z ar = 0 and Z kap = 0. The term Z apap B
k=0 k=0 k,k'=0
vanishes.
K
The condition Z ka;, = 0 allows us to take into account that the co-

k=0
variance function R(t,t’) is twice differentiable outside the diagonal
{t = t'}. In other words, the increments A, X et A, X are more decorel-
lated, and a rate of convergence of order O(N~1) is always obtained.

The full proof of Theorem 6.1.3 is given in Appendix A.

Remark 6.1.4

Non-centered processes.

Let X be a process satisfying Hyp 6.1.1. Let m(t) be Ct. Then part 1. of
Theorem 6.1.3 holds for the process Y (t) = X (t) +m(t).

To prove this remark, it is sufficient to notice that:

N-K N—-K N-K
Ve =Y (4,X)7+ Y (A4m)?+2 ) (A,XA,m) ,
p=0 p=0 p=0

where Vj’s are the variations associated with the process Y. Then

Z <Nt

p=0

and
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N-K
D> (AX)? < ON'TRH
p=0

By Cauchy Schwarz inequality

N-K
| (4,XA,m)| < N2
p=0
with n > H. In section A.2 we prove that ZII)V;OK (ApX)2 ~ C'N172H | with
C’ >0, hence Vy ~ C’ Z;V;OK (A,X)%.

6.1.3.2 Optimality of the sequence a

The asymptotic variance of estimator (6.5) is known in some cases (E.g.

[71]). The best sequence ag,k = 0,..., K, i.e. the sequence that minimizes
this asymptotics variance, is unknown at the moment. [34], [35] has computed
this asymptotically variance for a lot of discrete sequences ax,k =0, ..., K.
The best results are obtained for the following sequences:
1. 0 < H < 3/4.

ag = 1 ,

a1 = —1.
2. 3/4<H<L

ap ~ 0.4829629 |

ay ~ —0.8365163 ,
as = 0.22414386
as ~ 0.12940952 .

Notice that the two sequences are the discrete sequences associated with the
Haar basis and the so-called Daubechies-4 wavelet basis ([47]).

6.1.3.3 Filtered white noises of arbitrary fractional index

For the sake of simplicity, the filtered white noises have been introduced
with a fractional index 0 < H < 1. Indeed there is no reason for this restric-
tion. We will now introduce filtered white noises of arbitrary fractional index
H > 0. Let
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en© = - U
k=0

and

g(t,§) = alt)

= jgpen T

The integer n is chosen such that the function g(t, £)e, (§) is square integrable
for each t. It means that H is not an integer and n < H < n + 1. The case
n = 0 corresponds to the previous case 0 < H < 1. Hyp 6.1.1 has to be
generalized.

Hyp 6.1.2
e n+1>H>n and £(t,¢) € C2F1:2([0,1] x R) is a function such that
ot C
f&(t,f) < Tl
ot ogI |g|zHnti

fori=0to2(n+1) and j =0 to 2 withn >1/2+ H.
e ac C*™r2([0,1]).

Now let ax,k = 0,..., K be a discrete sequence of real satisfying, with
J>4dn+2

K K
D Kar=0,0<5<J, > ke #£0.
k=0 k=0

Generalized quadratic variations of process X on [0, 1] at scale 1/N associated
with sequence (ay) are still defined by

N-K
VN = Z (APX)z )
p=0
where
K
E+p

The estimator of the parameter H derived from the generalized quadratic
variations is still as follows:

~

%
Hy = N2

—|—110
5 g2 Vi

1
2
Theorem 6.1.4

Let X be a process satisfying Hyp 6.1.2.
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1. Strong consistency.

lim Ay ) H.
N—+o00
2. Asymptotic normality.
As N — 400, VN(Hy — H) converges in distribution to a centered Gaus-
sian variable.

The proof of Theorem 6.1.4 is identical to the proof of Theorem 6.1.3 and
is therefore omitted.

6.1.4 Further fractional parameters

For a Gaussian process satisfying (6.1), the parameter H drives the first order
expansion of the covariance function. We can have a look at the second order
expansion of the covariance function. The natural question then arises: Is the
second order parameter identifiable ? We will investigate this question in the
case of filtered white noises (cf. Hyp 6.1.1). Various submodels of filtered
white noises may be considered [21], we will focus here on the following. Let

W and W be two independent Fourier transform of real Brownian random
measures. Let a(t) and b(t) be two non-vanishing C? functions and let 0 <
H; < Hy < 1. Let us then define process X on [0, 1] by:

X(t) :/RCWM/W(d@_,_/RIWMﬁ(dQ_

|§‘%+H1 |§|%+Hz

Please remark that X (¢) = a(t)Bg, (t) + b(t)Bp,(t), where By, and Bpy,
are independent non-standard fractional Brownian motions. Let Vy be the
generalized quadratic variations associated with sequence (ay) (cf. subsection
6.1.3). Since Hy > H; one can consider a filtered white noise

X(t) = / g(t,€)(e"* — 1)V (de)

with filter g(t,&) = —25— 4 £(¢,€) . The rest (¢, &) = —2— and n = H,

|2+ |22

in 6.1.1. Hence for the filtered white noise X, an estimator of Hj is given by

Vo
2 VN N

+11
-+ -lo
5 108

o =

It is still true for X even if it deserves an additional proof. (See [21].). The
idea for estimating Hy is to consider Vi /o — 22171V, which asymptotic
behavior is of order 1 — H; — Hy and to plug in the estimator H; y for H;.
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Define therefore

VN2/2
Vi .
Ve N

Vn = Vo —
An estimator of Hs is then given by:

~ 1 1 ‘71\[/2
H. =—+-1 —= .
2N = 5 + 5 0go Vv

These estimators are strongly consistent [21].

Theorem 6.1.5
Strong consistency.
Let us assume Ho — Hy < 1/2. Then:

lim HlN = Hl,
N —+oco ’

lim ﬁQJV (: H2 .
N —+oco
Remark 6.1.5 The following question arises: Should the condition Hy —
Hy < 1/2 be improved? No general answer is available. Nevertheless, we can
give a partial but satisfactory answer. It has been shown (c¢f. Theorem /.2.1)
that fractional Brownian motion can be expanded in series (4.21)

Z X)\(ta Hl)n)w

AeAt

By(t)

where xx(t) are defined in Proposition 5.3.6 and n, are i.i.d. centered nor-
malized Gaussian variables. Let us recall that AT = N* x Z x {1}, and if
A= (4, k, 1) xa(t, Hy) is roughly equivalent to 2=7H1 when j — +occ.

Let us then consider a process

9d
X(t) =3 277Me; ppii(t) (6.6)

>0 k=0

where € 1, are i.i.d. centered normalized Gaussian variables and the 1; ;(t) =
29/24)(27t — k) is an orthonormal basis of L. The process (X ())eeqo,1 will
in practice keep many qualitative properties of fractional Brownian motion
restricted on [0,1]. In particular its sample paths are Hy-Hélder continuous
under weak assumptions on . Let us now consider

27

Y(6) =) 271+ 27U ) 0(8)

7>0 k=0
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with 0 < Hy < Hy < 1. The process Y can be viewed as an analogous of
By, (t) + Bp,(t), where By, and By, are non-standard fractional Brownian
motions. The condition (3.25) can be applied to processes X and Y: The
associated Gaussian measures are equivalent iff Ho — Hy > 1/2. Therefore
in this setting the condition of Theorem 6.1.5 Hy — H; < 1/2 can not be
improved.

6.1.5 Singularity function: interests and estimations

In the unifractional case we have so far explained how to estimate the index
H and some related quantities. In this section we will roughly describe how
to estimate the so-called singularity function C(t) (cf. (6.1)). It means that
we have to estimate more delicate information on our models. The estima-
tion problem will be presented in the setting of filtered white noises. Then
several statistical problems related to the estimation of singularity function
are considered.

6.1.5.1 Filtered white noise

Let X be a filtered white noise satisfying Hyp 6.1.1. Let us recall Propo-
sition 5.3.1 we get

ap (FEE) L G

A comparison with (6.1) leads to the fact that C(¢) is up to a multiplicative
constant equal to a?(t). Hence our aim is to perform the (non-parametric)
estimation of function a?(t). More precisely we will only estimate the scalar
product in L? of the square of this function with a given function. Actually
it is the first step for the pointwise estimation of the function a?(t). The
other steps consist in a series expansion of ¢? in an orthonormal basis ¢,, of
L? and the reconstruction of a? after truncation of the series expansion and
estimation of the scalar products kept in the expansion.
Hence if ¢ is a C! function, the aim is now to estimate

Let us define a generalized quadratic variation at scale 1/N associated with
X, ¢ and a sequence (ay) (cf. subsection 6.1.3)
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Vn(g) = Y A,XA,6X

Il
2
ML T
]
IS
=
IS
X
<
VRS
-
=+
=
N———
<
VRS
N
=+
=
N——
<
VRS
£y
=2+
i)
N—

p=0 k,k’=0
Let us define F,
K el(aj+kfk')u
F,(z)= / Z apag e du ,
Ry k=0

which is considered in the proof of Theorem 6.1.3. See Proposition A.2.1 in
the Appendix. When the fractional index H is unknown, the estimator of

1(9) is

- N2HN -1y,

When the fractional index H is known, the estimator of I(¢) is:

N2H_1VN(¢)

Ing(9) = For (0)

Theorem 6.1.6
Let X be a process satisfying Hyp 6.1.1 with n > H + %

1. Strong consistency.

2. Asymptotic normality.
As N — +oo, VN(In 1(¢) — I(¢)) converges in distribution to a centered
Gaussian variable.
VN ~ o
As N — o0, M(IN Ay (@) — I(®)) converges in distribution to a cen-
tered Gaussian variable.
Sketch of the proof of Theorem 6.1.6: R
We will only give the proof for the estimator Iy 7 (), the proof for

_/T\N,H(¢>) is simpler.
log (IAN A (qb)) can be split as follows
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log (fN,I?N((b)) == T1 + T2 +T3 + T4

T =2 (fIN - H) log(NN)

Ty = (2H — 1) log(N) + log I?:ZE;?
Fy1(0)
= log ——= F2HN )
Ty = log Vi (¢)
TR EWN()

Following the proof of Proposition A.2.2 we obtain clearly

E (log N (Hy ~ H))4 —0 <1°]gv42N) .

Then an application of Borel-Cantelli’s Lemma implies that 773 — 0 (a.s.).

1
Convergence of Ty to log/ ¢a® is as in (A.30). Since the function y —
0
F5,(0) is continuous, T3 — 0. At last we get the almost sure convergence of

fNﬁN (¢)) because (A.34) shows that Ty — 0.

N
Sincen > 1/2, \/> T1 is the preponderant term and clearly converges to a

Gaussian variable. Actually T, — log / pa® is an O(N~"), v/ NTs converges
0

to a Gaussian variable because the function v — Fy,(0) is C' and vV NTy
converges to a Gaussian variable.

6.1.5.2 Other models

In the previous subsection we have observed that renormalized quadratic
variations converge to integrals of the singularity functions for filtered white
noises. Actually this fact is classical in other settings.

Hyp 6.1.3 .

Let X be a centered Gaussian process with a covariance function R(t,t’)
satisfying the following conditions

1. R is continuous on [0,1]?%,

84(R — C1 — CQ)
O0t20s?

and is a continuous function on [0,1]? \ Diag, where Diag = {(u,v) :

such that uw = v} and there exists a constant Cy and a real number v €

2. There exist two functions c1(s), ca(t) such that exists
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(0,2) such that

84(R761 — CQ)(S,t) CO
Ot20s2 ~ s =ty 2 (6.7)
3. Let us define two order increments :
01 f(s,8) = f(s +h,t) + f(s = hit) = 2f(s,1) (6.8)
(;gf(sat) :f(S,t+h)+f(S,t7h)72f(8,t) (69)

and let us suppose that there exists a bounded function g defined on (0,1)
such that : -

R)(t,t

N (110

—q(t)| =0. Nl
b e = g()’ (6.10)

Theorem 6.1.7 Let the process X satisfies Hyp 6.1.3 for v € (0,2) then

N-1 1
lim N'=7 Z [X(k:+1)/N + Xe—1)/N — QXk/N]Q = / g(t)dt. (6.11)
k=1 0

N—o0

Remark 6.1.6 If assumption Hyp 6.1.3 2. and assumption Hyp 6.1.3 3.
are satisfied for vy € (0,2), they are also satisfied for v > ~o but the corre-
sponding function g is vanishing. When vy is the infimum of the real number
such that assumptions Hyp 6.1.3 2. and 5. are satisfied g, can be viewed as
a generalization of the singularity function introduced in [11].

Remark 6.1.7 In assumption Hyp 6.1.3 2. the functions c1(s), ca(t) are
introduced so that the convergence 6.11 can be applied to fractional Brownian
motion with covariance

1
R(s,t) = S {Is|*" + (27 — [t — 5[} (6.12)

where 0 < H < 1. Actually the partial derivatives of the covariance R do not
exist when s = 0 but assumption (2) still holds. Assumption Hyp 6.1.3 1. is
clearly fulfilled for the fractional Brownian motion. Since

S o 8hr(t,t) = 4r(t,t) + 2r(t — hyt + h) — 4r(t + h,t) — 4r(t — h,t)
+r(t+h,t+h)+r{t—ht—h), (6.13)

we get 6 o Shr(t,t) = (4 — 22H)h2H . If one makes the choice v = 2 — 2H
then Vt € [h,1 —h] g(t) = (4 — 22H), assumption Hyp 6.1.3 3. is fulfilled.
The convergence of renormalized quadratic variations for fractional Brownian
motion was first studied in [63]
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The estimation of the singularity function with the help of Theorem 6.1.7
is easier when the covariance R is known analytically, whereas the framework
of filtered white noises is more adapted to Gaussian processes for which the
representation with respect to the Brownian random measure is asymptoti-
cally known. Some applications of the previous result can be found in [12].
Generalizations are also performed in [12],[13],[14].

6.1.6 Higher dimension

The previous results were given for sake of simplicity in dimension one.
But they may easily be written in higher dimension.

Two directions may be chosen when modeling fractional processes in higher
dimension: The isotropic and the anisotropic ones.

Let W be the Fourier transform of a real valued Brownian random measure
on L2(R%). Let us recall fractional Brownian field harmonizable representa-
tion (Definition 4.64), for 0 < H < 1:

¥ _ efiz.g -1
H(-T) - Rd (CH)1/2||§HH+d/2

W (de) .

We can easily check that the fractional parameter is H in every direction, the
field is therefore isotropic. The identification of H may be performed either
with observations on a rectangle or on a segment.

Fractional Brownian sheet [95] have been defined in section 4.3 in (4.74),
for0< H{,Hy <1

Xina0) = || oS T e e 61,
T) = )
Hy,H> - (CH1)1/2|§1|H1+1/2 (CH2)1/2|§2\H2+1/2 1,82

We recall that fractional Brownian sheet is an anisotropic field: There is one
fractional parameter H; in each direction given by the axis. Unfortunately, in
the other direction, one can easily check that the infimum of the H; dominates
the fractional behavior: In almost every direction, the fractional index is
given by inf;_; » H;. See Proposition 5.3.12. Other Gaussian anisotropic fields
have been considered ([78], [8], [30]), the properties are similar: There is an
unavoidable lack of real anisotropy.

In both cases, isotropic or anisotropic, the estimation procedure and proofs
are very close to those of dimension one. We will only give the isotropic case,
leaving to the reader the estimation of inf;_; o H; as an exercise.

The field X is observed at (k Fa

1 .
ok <k <N, i=1,...,d.
N, ;N>,0kN'L 1 d
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Let (a¢),£ =0,..., K be a real valued sequence such that

K K K
Zagzo, ZEQKZO,ZKZ(M:O. (6.14)
£=0 £=0 £=0

For k = (ky,...,kq) € N? define

akx = Ay - - - Ak, -

Define the increments of the field X associated with the sequence a:

K
k+
AXp = ZakXH (]Vp>

k=0
def s ki+p kq+p
e 1 1 d + Dd
= Z akl...akdXH( N ) N >,
K1y ka=0
For instance we can take K = 3, ag = —1, a1 = 3, ag = —3, az = 1. Define

the generalized quadratic variations associated with sequence a:

N-K def N—-K
Vn = Z (AXP)2 = Z (AX ..., Pd))Z'
p=0 Plye-ey pa=0

Theorem 6.1.8 Let Xy be a fractional Brownian motion the estimator ﬁN
satisfies

e Strong consistency

H,
N —4o00

o Asymptotic normality
PRPS
As N — 400, N2 (Hy — H) converges to a centered Gaussian variable.

Proof of Theorem 6.1.8
The computation of the expectation of Vi is straightforward and is left to
the reader.
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2 2
SH g e 6
k=0 %k

N-K ,
_ —ipgpl g
varVy = 2 E / e w ||€]|7T2H dg )

d
p,p’=0 R

The change of variables A = 3 leads to
n

2
K —i k¢
,ip—p’{ ‘Zkzoake N ’
e
R4

||€]]*+2H
L2
lefi akezk)\
—2H —i(p—p’ -/\‘ =0
N Ad e (p p ) Wd}\ . (615)
d
Let us define the operator D = H ETv Let us suppose that Vj, p; # p;,
j=1 """

integrating by parts leads to :

K ik-A 2
/ —i(p—p’)-A ‘Zk:O € ’ d\
e T
Rd [[A[]4+2H

2
d K ik-X

| L[ e [T g ane™|
—;a - ip—P)Ap [ 1 | g\ 6.16
(2 e . .
%= . I (616

The conditions 6.14 ensure the convergence of the integral. As N — +o0,

N-K

1 1
N Z (m —m/)? =,

m,m’=0,m#m’

so the variance of the quadratic variations is of order N~¢. The remainder of
the proof is then similar to the end of the proof in dimension one.

6.2 Efficiency

We can wonder if the estimates proposed previously are among the best. One
classical way to address this issue is to use the so-called efficiency theory
related to the Cramer Rao bound. Another way to classify estimators is to
use the minimax theory, section 6.2.2 is devoted to this question.
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6.2.1 Cramer-Rao bounds

Let © = (x1,...,2y) be a random vector whose probability distribution
depends on an unknown parameter # € R¥. Under suitable smoothness as-
sumptions (e.g. [44, ch.7]), we obtain that every estimators 6y, which are
unbiased i.e. E@\N = 0, satisfy the following inequality

E(y - 0)* > Iy'(0)

where I () is the Fisher information matrix defined by

0 0
1 =<K log L ——log L
N(e) { (802 Og (.T/', 9) aa] Og (l‘, 9)) }1<i’j<k )

where L(z,...) is the likelihood of the model.

N
where By is a fractional Brownian motion. Parameters H and C are defined
as usual

Our statistical model is given by the data set Bpy < ,k=0,...,N,

E(Bu(t) — Bu(s))?> = C?|t — s|*"" .
The Cramer-Rao bounds are given by the following Theorem ([46], [36]).
Theorem 6.2.1

1. Standard case (C =1).
As N — 400

2. Non-standard case.
As N — 400

_ 1/N  log(N)/N
1 N
Iy (H,C7) = <logN/N log? N/N )

This means that the estimator (6.2) defined in Theorem 6.1.2 section 6.1.2
is asymptotically efficient for the standard case and that the estimator (6.5)
defined in section6.1.3 Theorem 6.1.3 is asymptotically efficient for the non-
standard case.
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6.2.2 Minimazx rates

Let us introduce the optimality of the estimator H, in the setting the mini-
max theory. Let © be the subset of non-standard fBms with fractional index
0 < H < 1. For a process X € ©, denote by Hx its fractional parameter.
Denote by Hy the set of all possible estimators based on the observations

k
X (N) ,k=10,...,N. We then have the following minimax bounds ([93]).

Theorem 6.2.2

liminf inf sup N IE(I:TN —Hx)?*>0.
N—oo fneHy X€6
This means that the estimator (6.5) defined in Theorem 6.1.3 section 6.1.3
achieves the minimax rate of convergence. For generalizations to bigger sub-
sets @, where semi-parametric estimations of the fractional parameter H are
performed, we refer to [93].

6.3 Multifractional case

Construction and properties of Multifractional Gaussian processes have been
done in section 5.3.2. Here we only recall the basic construction in the case
of smooth fractional function and the case of a step wise fractional function.
Please note that the estimation of the multifractional function of a generalized
multifractional Gaussian process defined in section 5.3.4 can be found in [9].

6.3.1 Smooth multifractional function

The idea is to come back to filtered white noises (cf. assumption 6.1.1). The
parameter H is replaced by a C! function h(t):

9.9 = i (617)

Notice that a remainder term e(¢,£) may be added to function g(t, &) as for
filtered white noises. It has been omitted here only for the sake of simplicity.
Let W be the Fourier transform of a real Brownian random measure. Define
the process X by

X(t) = / o1, €) (¢ — 1)V (de) |



6.3 Multifractional case 181

For any ¢ €]0,1[, £ > 0 and N > 0, define the (e, N)-neighborhood of ¢ by

k
Ven(t) = {k €7, ’N —t’ < 5} .
The idea is to localize the generalized quadratic variation

Ven() = Y (4,X),

pevg,N(t)

where

K
k
ApX = ZakX (A]_\'}Z)) .

k=0
An estimator fIE,N(t) is then defined by:

= 11 Ve ny2(t)
Hon(t) = = + = log, 22220
e,N() 2+2 0gy Va’N(t)

We then have the following Theorem [17].

Theorem 6.3.1

1. Strong consistency.
Take e = N™% with 0 < o < 1/2.

. = (a.s.)
R ACRE (08

2. Take o =1/3.

~

E(H.n(t) — H(t))* = O(log”’ N N72/%).

6.3.2 Step-wise fractional function

When pluging a step-wise fractional function h(f) in (6.17), we obtain an
a.s. discontinuous process (cf. section 5.3.3). The following construction has
therefore been followed. Let us start with the series expansion (5.26) of a

multifractional Brownian motion

> xalt, h(®)na,

AeAt+

1
Bilt) = Gy

where
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emE 1= d¢
v = [ O gsT
is defined in (5.25) and 7, are independent standard Gaussian random vari-
ables. In the case of fractional Brownian motions, we have h(t) = H. Let us

now describe the case of a one change-point, the general case being similar.
Let h(t) be the function

h(t) = Hili<g + Hals>g

for 6 € (0,1). Let us recall the definition 5.66 of the step fractional Brownian

motion
Qn(t) = Y xalt, (M)

AeAt

Define the generalized quadratic variations of process Qg ()(t) on [s,t] at
scale 1/N:

Vn(s,t) = Z (ApQn())?

s<E<t

where

K k+p
ApQpy = Z%Qh(.) (N) .
k=0

We will focus on the estimation of the change-point 6, the estimation of H;
and Hjy being similar to what has been done before. The idea is to use the
asymptotic of these variations

log VN (s,t) (as) 1 .
yhm “SlogN 32 + inf{H(u),u €]s,t[} .

For a given bandwidth A, define

Dn(A t) . logVn (t, t + A) B log Vn (t — A, t)
NS 2log N 2log N

We then obtain
o ift+ A<,

. (w_s.)
Jim Dy(4,6) =70,

o ift—A>0,

. (a.s.)
Jlim D4, o,
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o ift<h<t+ A,

lim Dy (A,t) S inf(Hy, Hy) — H:
N—+oco

o ift—A<O<t,

lim Dy (A1) “S) Hy — inf(H,, Hy) .
N—+o00

Let n be a given threshold. Define then
On = inf{t € [0,1],|Dn (A, )] >} .

Let us suppose we know a number 0 < g9 < 0, 1 —60, |H; — Hy|. Then choose
n < ep and A < g9. We obtain [10]

lim §N (a':S.) 0.
N—+oc0

6.4 Extensions

6.4.1 Harmonizable fractional Lévy processes

To sum up the results in this chapter, especially the results derived from
Theorems 6.1.3 and 6.2.2, we can roughly say that the estimator (6.5) is
optimal in a semi-parametric framework. Nevertheless, Theorems 6.1.3 and
6.2.2 require Gaussianity. An inspection of the proofs does not make it clear
whether Gaussianity is crucial or not. No complete answer to the need of
Gaussianity is available at the moment. But partial answers exist. First, these
results are clearly not available for processes with infinite variance. Therefore
let us focus on second-order processes. We will see that the estimator (6.5)
still works (i.e. consistency is true and 1/v/N rate of convergence for mean
square error) on a large class of second-order processes that are locally self-
similar with a fractional Brownian motion as a tangent process.

Let us consider the real harmonizable fractional Lévy processes introduced
in section 5.4.2,

ei:v§ —1

X(z)= [ S———am(e).

R |€]3HH

The following theorem ([18]) claims that estimator (6.5) based on generalized
quadratic variations is still consistent with 1/v/N rate of convergence. See
also [91]
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VN2
vy then

Theorem 6.4.1 Let Hy = % + %logQ

lim |Hy — H|=Op(N"?2).
N——+oco
Remark 6.4.1
We may wonder whether the estimator (6.5) is consistent for every second-
order process. The question of knowing the largest class of processes on which
the estimator (6.5) is available is still open.

6.4.2 Intermaittency

This book is almost entirely devoted to self-similar, or locally self-similar, pro-
cesses. (Local) self-similarity is indeed a powerful tool for modeling complex
media. Nevertheless, (local) self-similarity does not exhaust the “real world”.
For a while (e.g. [60]), physicists of turbulence have been working with the
kurtosis of local quantity. Such kurtosis has been called intermittency and is
defined, in the physicists’ language, by the dimensionless ratio

< F*>

Intermittency = —————
Y TS

(6.18)
the bracket <, > usually is an expectation in time, domain or frequency.
Although the kurtosis of a Gaussian variable has not any interest, we will
see that Gaussian processes may exhibit an intermittency index, that can be
estimated via a dimensionless ratio like (6.18).
The basic idea is to start from the series expansion (6.6)

27
X(t) =) 27 phn(t)

>0 k=0

and to retain a number of coefficients that exponentially grows to infinity,
but such that the number of retained number of coefficients divided by the
total number of coefficients exponentially decreases to zero.

Consider Ay = {j >0,k=0,...,27 —1} as a dyadic tree: (0,0) is the
common ancestor, the two couples (2k + 1,5 + 1) and (2k,j + 1) are the
sons of the father (k,j). Let T be a subtree of A; and let 7, be the sub-
tree {0 <j<nk=0,...,27 — 1} of T. Assume that the so-called growing
number ([98]) exists

0= limsup(#Tn)% .

n—-+o0o
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Let us now define the process Y7, where the coefficients of X are retained
only along the tree T’

Yr(z) = Z Q_jH1€j,k¢j7k(t).

(J,k)eT
Define the §-variations by
N-K
VNng = Z |APYT|ﬁ )
p=0

where
K
k+p
ApYT = kzoak;YT (N) .

Asymptotically the average number of the coefficients retained at scale j is
5(2{). Therefore we may expect the S-variations at scale the j to be of order
5(2') x 9-9BH The following estimators are then proposed

Hy = 1 :
N 210g2 N 082 VN74 ’
= 1 Vi
log(dny) = —1 =
og(on) =+ log Vi
2
The ratio “jz 2 is reminiscent of the intermittency defined in (6.18). So we

consider g% as an estimator of the intermittency index.
Under suitable assumptions on the functions ; j [20] we have the theorem.

Theorem 6.4.2
Strong consistency.

N—+oo
lim S\N (a:€) §.
N —+4oco

6.5 Related topics

In this section we give some applications of the statistical results given in
this chapter.
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6.5.1 A short review on optimal recovery

Let H be a Hilbert space, continuously embedded in C([0,1]). The aim is
1

to perform the optimal recovery of I(f) = / f(t)dt from the observations
0

k
— =0,...,N.
f<N 7k: 07 9

Let B be the unit ball of H. Let In(f) be any estimator (i.e. any mea-
k
surable function of the observations f ~ ) k=0,...,N) of I(f). Let us
denote the maximal error of Iy by sup [In(f) — I(f)| . The minimax risk of
feB

estimation is given by

Ry =inf sup |[In(f) — I(f)| -

In feB
Let
k
Vb,N: fEH,f N ZO,kZO,...,N .
We then have the following results ([106], [L07]).

1. Characterization of the minimax risk.

By= s |I(f). (6.19)
fEV(),NﬁB

2. Optimal estimator. Let A be the orthogonal projection of H onto the
orthogonal supplementary of Vj n. We can check that A(f) is a linear

k
combination of the the observations f ~ ) k=0,...,N .It follows that

the optimal estimator Iy op¢ that reaches the minimax risk is linear and
given by

INopt(f) = /0 A(f)(t)dt .

Notice that the characterization (6.19) is still available, up to a factor 2, in
Banach spaces ([L06], [L07]).

6.5.2 Approrimation of integral of fractional processes

Let X be a centered Gaussian process on [0, 1] be such that
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I(X) :/0 X(z)dz

exists. Now consider the problem of statistical optimal recovery (see [118]
for general definitions and results). It means that we are looking for Iy (X)

k
an estimator of I(X) based on the observations X (N> , k=0,...,N that

achieves the infimum of E(In(X) — I(X))2. It is a well-known fact (e.g.
[44, ch.5]) that the optimal estimator of I(X) is linear. Denote by Hx the
Reproducing Kernel Hilbert Space of X (see section 3.1.4) and by Bx its
unit ball. We have ([111], [140]):

E(In(X) — I(X))? = sup { (IN(h) - /01 h>  he BX} . (6.20)

The optimal estimator that minimizes the right-hand side of (6.20) is there-
fore the optimal estimator in the Hilbert space Hx. From (6.19), we can
deduce

2

ijx}va(IN(X) —I(X))? = sup { (/01 h(x)dac) , h € Bx,

(& =0,k=0,...,Np . 6.21
(%) fooo

Let us now consider Gaussian processes with C* sample paths where
K € N*. For instance take a centered Gaussian process X satisfying the
Sacks & Ylvisaker’s conditions of order K.

2K+1
ak(t) = &Tﬁi/(t»ﬂ—) )
ag(t) = 5ot (tt—) (6.22)

ak(t) = ag(t) —aj(t) .

The (known) fractional parameter is H = K + 1/2.
Let Iy be the Euler-Maclaurin formula (e.g. [85]) of order K

1 k
)
k=0
where the ay, for kK =0 to N — 1 are defined by
- W, k=0,... K,

a = 1+ (DT (W 1<k<K,
1 K+1<k<N-K-1,
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and
A — AN —Lk N*KSkSN*l,

where

W, = (=1 /1t(t 1)...(t—j)dt
=TI, e J)dt .
The estimator Iy (X) is then asymptotically optimal ([122], [123],[124], [24])
and satisfies

Boia| !
lim NZEHE(1y(X) — I(X))? = JD2K+2l / t)dt .
N0 Un() = IE)"= Gx oy J, o)

The rate of convergence is of order 1/N2K+2 and not 1/N2K+1,
This result can be extended to processes with an arbitrary fractional index

H. In this paragraph it will mean a stationary centered Gaussian process X
with autocovariance function r(¢) = EX; X, such that:

2[H] | .
'
r(t) =y %M )(0) — 2 + o(|t*) .
=0 :

The Euler-MacLaurin estimator In(X) of order [H] is then asymptotically
optimal ([130], [23]) and satisfies

NliI_I‘rl N2EFE(IN(X) - 1(X))? = 2C|¢(—2H)]| ,

where ( is the Riemann zeta function. Notice that, when H is K + 1/2, with
Bog 12
KeN((-2K-1)= Gk 1)
We may wonder what happens for multifractional processes. Let 0 < h(t) <
1 be a C? function, having a unique minimum in m €]0, 1, with A" (m) # 0.
Let W be a Fourier transform of a real valued Brownian random measure
and define process X by

eixf 1 ~

X(@)= | S~ W(de).

- R |€|%+h(m)

which is up to a multiplicative constant a multifractional Brownian motion.
Denote by Iy the trapezoidal predictor. We then have ([71])

JJimlog NN Ry (X) ~ I(X))? = 4 ﬁ [¢(~2H (m))]
sin?(u/2) du

R |u[lH2Hm)
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6.6 Exercises

6.6.1 Ornstein-Uhlenbeck process

1. Show that there exists an unique centered Gaussian stationary process of
covariance function r(t) = EX; X = exp(—|t|). (See exercise 4.6.4.)
2. Can this process be viewed as a filtered white noise ?

6.6.2 Estimation for smooth lass processes

In this exercise we consider again the process defined in exercise 4.6.11
and 5.5.1, for 0 < H < 1,

_ [ _elts)
Xt = . Ww(ds)

We assume ¢(0) = 0, and

EOl

s ds < 0.

1. Recall why X is a centered Gaussian self-similar process with index H.
2. Consider the quadratic variation:

R ()

T 1 1 V;L/Q
Hn =5+ gl

Let

Is I/{; a consistent estimator of H?

6.6.3 A strange estimator

Let X be a centered Gaussian self-similar process of index H > 0. Define

PR AL ol
n
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Show that

n—-+oo

6.6.4 Complex variations

In this exercise ¢ is the complex square root of —1.

1. Let (U, V) ~ N3 ((O, 0); (; f{)) Show that there exists C' > 0, such that,
Vp € (0,1)
cov([UJ, V)] < Cp?.
2. Let By be a fractional Brownian motion and set

ApnBr = Bu(p2™") = 2Bu((p+1)27") + Bu((p +2)27").

Set
giHn 2772 ,
Wi (Bu) = o 1 > 14pnBal”
p=0
Show that
nliffoo W,(By) = E|AooBu|" (a.s.),
lim 2"var(W,(Bg)) = ZCOU(|Ak,oBH|i, | Ao,0Bul").

n—-+oo
kEZ

6.6.5 Optimal estimation of integral of Brownian
motion

Let B(t),t € [0,1] be a Brownian motion. Let Hg be its RKHS (cf. Section
3.1.4)) and let UB be its unit ball. The aim is to estimate

1(B) = /0 "Bt

from the observations B(k/n), k=1,...,n.

1. Show that
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2

sup{(/olh(t)dt> CR(0) = h(1) =0, h € UB} > L

{ ([ h@dt)?

_ B sin((2k 4 1)mt)
Hint: Use h(t) = k%% ST Ty

2. Let us consider the trapezoidal estimate

ﬁﬁ=i<%ﬁ+2}mm0.

k=1

,h%ho_Qk_Q”nuheUB}z 1

Show that the trapezoidal estimate is optimal with respect to the mean
square error.

6.6.6 Estimation of the singularity function

Let X be a process satisfying conditions of Theorem 6.1.3. The aim is to
estimate the function a?(t). Let e, p > 0 be an orthonormal basis of L?([0, 1]).
Let F, be a subspace of L*(]0,1]) equipped with a norm ||.||#,. Let B be its
unit ball and assume that, 3C > 0, Vn > 1

n
sup || f — I(ey)eyllre < Cn™s.
sup = 3 exlepl

Define the following estimate of a?(t)

— p —
by =Y Inplep)ey

p=0

Assume that a®? € F,. Show that, with a suitable choice of P, there exists
C(a?) > 0 such that

Ella® - a3,y 32 < Cla?)N=2/240),






Chapter 7
Simulations

7.1 Introduction

The aim of this chapter is to give simulations of some of fractional fields
introduced in the previous chapters. Our main concern here is algorithmic
and heuristic : We would like to provide tools to probabilists and statisticians
to show samples of fractional fields to practitioners so that they can decide
if the proposed fractional models are useful for their own applications. Let
us mention here among a large literature two examples of fractional types
processes to examples in medicine [34, 132].

Because of the finite nature of the computations performed with computers
it is very hard to have exact simulations for fractional fields. Mathematically
most of our simulations provide fields X, that converge to fractional fields
when n — oo but in most cases when n is finite, even very big, X,, shares
very little properties with the limit. Let us give an example fractional Brow-
nian motion By is often simulated only to produce generic sample paths
with a given Hélderian roughness H. In most simulations of fractional Brow-
nian motion, the approximation X, is only sampled on a finite grid and linear
interpolations are extrapolated so that the sample paths look like rough func-
tions. Actually in this case for each n the sample of X, is Lipschitz instead of
H-Holderian. Does it mean that simulations are useless in the domain of frac-
tional fields 7 We don’t think so but we don’t know mathematical statements
that encapsulate what we call the visual meaning of fractional indexes.

Beside these issues we are interested in section 7.3 in the simulation of
Gaussian fractional fields. Before we will recall the simulation of Gaussian
fractional process in dimension d = 1 which is briefly recalled in section 7.2.
This section is essentially based on the survey papers [37] and [10], and we will
only outline simulation techniques that are consequences of the theoretical
depiction of our models given in the previous chapters. In particular we will
not address the issues of the rate of convergence, since we think that classical
norms (L? for instance) are irrelevant for our purpose. Especially we recall

193
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some basic facts for the simulation of fractional Brownian motion but it
is clearly not our main point of interest. We will pay more attentions to
more exotic models like multifractional Brownian motion or Step fractional
Brownian motion because the literature is less rich for these models. In the
section 7.3 we consider the simulation of Gaussian fractional fields d > 1,
which is more computationally intensive.

The simulation of Gaussian fractional fields can be addressed roughly in
two different ways. If we know analytically the covariance matrix of a finite
sample of a fractional Gaussian field then a classical method is the Cholevski
decomposition of the covariance R which is a symmetric matrix in a product
of a lower and an upper triangular matrix. In this perspective we don’t care
so much on the fractional properties of the Gaussian random vector. In some
cases, especially when d > 1 it is the only method we know and we even have
to make approximations to run simulations in a reasonable time. But this
crude technique has also drawbacks : If you want to zoom a given sample
path in a region of interest or if you just want to add points to your finite
samples then you have to start the Cholevski decomposition again from the
beginning. Actually there exist other techniques of simulations which are
recursive and where you can fill-in additional points to your sample if you
wish. The most classical one is the Lévy simulation of Brownian motion. It
has been generalized to other fractional processes and we will briefly explain
the relationship with series expansions we obtained previously in this book
for fractional processes.

Examples are given in section 7.4. Then the section 7.5 is devoted to the
simulation of non-Gaussian fractional fields. More precisely we will take real
harmonizable fractional Lévy fields as an example. At last, in section 7.6
we will wonder on the visual meaning of the fractional index from a quite
experimental point of view.

7.2 Fractional Gaussian processes

7.2.1 Cholevsk: method

Let X be a centered Gaussian process with covariance function R(t,t) (see
Definition 3.1.8). The vector X (%) is a centered Gaussian vector with co-

variance matrix X:

p 7 ,
Xy = —, = =0,...N.
P,p R(N’N) p,p 0,

The matrix X can be decomposed into X = L*L, where L is a lower triangular
matrix. Let Z,,p =0, ..., N be standard centered Gaussian random variables
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and put Z =t (Zg,...,Zy). We can then easily check that LZ is a centered
Gaussian vector with covariance matrix ;. This method therefore allows to
give an error-free simulation of the X N ,p=0,..., N . This method has

a complexity of order O(N3). When N is rather small, the Cholevski method
can be used. Unfortunately, when N becomes large, this method is no more

usable. Especially, this is the case when one wants to simulate a Gaussian
field.

7.2.2 Random midpoint displacement

The Brownian motion B has independent, stationary and Gaussian incre-
ments. It is therefore straightforward to simulate a Brownian motion over a
given discrete uniform grid.

We will indicate here how to simulate a sample path of a Brownian motion

k
at point 7 by induction. We set B(0) = 0. B(1) is chosen from a centered

standard Gaussian variable. Next, B(1/2) is selected from an independent
Gaussian variable with mean (B(0) + B(1))/2 and variance 1/2. At the jth
stage, the value B(k/27) (k odd) is chosen from a Gaussian variable with mean
(B((k—1)/29)+ B(k/27))/2 and variance 277. This inductive construction of
the Brownian motion was originally carried by P. Lévy [96]. Please note that
in this case you can fill-in additional middle points to your sample if you wish.
Moreover the simulation of the Brownian motion obtained by taking linear
interpolation between the point k/27 can be viewed as series expansion of the
Brownian motion on the so-called Schauder basis. Let us recall a construction
described in [79] e.g. We define the Haar function inductively by H®(¢) =
1, 0 <t <1, and for j > 1, k € I(j) where I(j) is the set of odd numbers
between 0 and 27,

2G-D/2 El <ok
Hlij)(t) ={ —2G-1/2, 2% <t< ’“;;1

0, otherwise.

Then the Schauder functions S,(Cj)(t) = fot H,Ej)(u)du, 0<t<1, kel(j)and
the simulation after nth stage is

B (w) = Z Z e 1(w)SY (1) (7.1)

where €, ;, are i.i.d. centered normalized Gaussian variables.
The random midpoint displacement cannot be trivially generalized to frac-
tional Brownian motion By : If we take By (k/27) from a Gaussian variable
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with mean (Bg ((k —1)/27) + By (k/27))/2 and variance 277 the resulting
function fails to have stationary increments.

7.2.3 Discretization of integral representation in
dimension 1

Although the crude random midpoint displacement technique fails for frac-
tional Brownian motions, one can still try to truncate some of the series
extension we got in section 4.2.2.4. The idea is to start from a representa-
tion by an integral with respect to the Fourier transform of a real Brownian
measure

Bu(t) = /R K(1, O (d€)

where k(t, &) is for instance the harmonizable kernel

k) = (o1

R

Then we consider the Riemann-Itd6 sum associated with the stochastic inte-
gral. The simulated process is

Bult)= Yk (t, %) o (7.2)
[p|<P

— 1 —
where the e, y = W (%) -w (%) are i.i.d. Gaussian centered random

variables.

Unfortunately, the kernel k(t, &) slowly decreases at infinity and therefore
the truncation |p| < P introduces important errors. Other errors are given by
the approximation due to the discretization itself. Therefore these methods
are not very effective.

7.2.4 Approximate wavelet expansion

Although the previous technique is not very efficient it has been sophisti-

cated to avoid some of the mentioned drawbacks. Please note that in (7.2) the

increment W (%) -W (%) can be related to an integral of a Haar function

with respect to W. Hence (7.2) can also be considered as a series expansion
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truncated for simulation. Several other methods of simulations can be de-
rived from the expansion of the Brownian measure on an orthonormal basis.
Expansion in a wavelet basis are of particular interest because the order of
magnitude of the wavelet coefficients is known: Expansions in a wavelet basis
have been considered for a while (cf. [3], [22]).

It has been shown (cf. section 4.2.2.4) that fractional Brownian motion
can be expanded on a basis

Bu(t)= Y ea(t)ym.

AeAT

The computation of the function ¢, is quite long and the idea is to replace
the functions ¢, by an orthonormal basis of L? . Unfortunately there
is no upper bound for the error. Good candidates for 1) are for instance
compactly-supported wavelets ([17], [18]). The resulting approximate process
is then as in (6.6)

J 2.7’
Br(t) =Y "27"e; ;1) (7.3)

=0 k=0

where J depends on the required precision. Notice that, if the chosen wavelet
is compactly-supported, the sum over index k is indeed finite.

In this paragraph we would like to remark that the randomized Weierstrass
function considered in (4.56)

+o0 ) )
Wil = 30 (¢ = 1) r (g + i),

j=—00

where the §;, n;, are i.i.d. standard centered Gaussian random variables and,
where r > 1, is formally similar to (7.3). For the sake of simplicity let us take
the real part of W2 (t)

+o00
éRng (t) = Z (COS(’I’jt) — 1)r*Hj§j _ Sil’l(’l”jt)TiHj’r,j
Jj=—00
“+oo ) ] “+o0 4 4
= Z (cos(r/t) = 1)r~1ig; — Z sin(rit)r—Hin;.
j=—00 =00

If we denote by
P1(x) = (cosx — 1)1[07%[(:16) .
and by

o (x) = sin(x) 19 2r((2),
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The process R4 (t) may be rewritten as

W)= > r iy (rit = 2km)g — > r I g (a)n; .

=
k,JEZ k,jEZL

7.2.5 Multifractional Gaussian processes

7.2.5.1 Multifractional Brownian motion

Let us now consider the simulation of multifractional Brownian motions.
Starting from the integral representation (5.18)

Bu(t) = /R K1, )T (dE) |

where

1 et — 1

b8 = Eh T o+l -

Then we have the series expansion (5.26)

By(t) = (7(h(1))1ﬂ2 > xalt, (),

AeAt

where x has been defined in the Definition 5.3.3. The truncation of the series
in (5.26) leads to a first approximation

N J
Bu(t) = >3 k(. h()nik

j=0 kezZ

where J depends on the required precision.

Since the computation of x; (¢, h(t)) is still time consuming we are actu-
ally using the same additional approximation than in the case of the fractional
Brownian motion

J 27

Bu(t) =D 27" Vejuin(®)

§=0 k=0
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where 1); ;. is an orthonormal basis of L? that comes from a compactly sup-
ported wavelet.

7.2.5.2 Step-wise fractional function

We can extend the previous technique to the case of the step-wise fractional
function. Let us recall the Definition 5.66 of the Step fractional Brownian
motion

Qn(t) = 3 xalt.h(A)a.
AeAt

where y has been defined in 5.3.3. We give the case of one change-point, the
general case being similar. Let h(t) be the function:

h(t) = Hl]-tge + H21t>9 .

The first approximation is then

—_~—

Q= Y A

0<j<J|k|<K

where A\ as been encoded as j, k here. For the sake of simplicity, functions
X can be replaced by v;; an orthonormal basis of L? that comes from a
compactly supported wavelet. We then obtain a second approximation of @,

Aty= S 279Gy (ten (7.4)

0<j<J|k|<K

7.3 Fractional Gaussian fields

7.3.1 Discretization of integral representation in
dimension d

The discretization of the integral representation performed in section 7.2.3 in
dimension 1 can still be done in higher dimension d > 1

Balt) = [ K.&W(s)
§teR?,
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where k(t,&) is for instance the d-harmonizable kernel

et 1
t,f = d
9 131

The Riemann-Itd sum associated with the stochastic integral is then:

But)= Y k(t2)enn
[p|<P

peZt teR?.

7.3.2 The procedure fieldsim for random fields

Our approach of Gaussian fractional random fields is based on an exact sim-
ulation on a rough grid using a Cholevski method followed by a fast step
that yields an approximated simulation on a finer grid. The second step is
an improvement and a generalization of the random midpoint displacement
used for Brownian motion in section 7.2.2.

Accurate simulation step. We first present the accurate simulation part
of the procedure. Given a (regular) space discretization {M? i € I} of size
ny, the problem consists in giving a sample of a centered Gaussian vector
of size ny: (X(M?));er of covariance matrix R given by R, ; = R(M*, M7),
1,7 € 1. We use the Cholevski method.

Refined simulation step. We need to introduce some additional notations.
Let X, (M), denote the orthogonal projection of X (M) on the closed linear
subspace X; = 3p{X(M?),i € I}, i.e. the linear predictor of X (M) given
X (M?),i € I. The partial innovation X (M)— X, (M) is denoted by ex, (M).
Since ex, (M) is uncorrelated with any variables of the space X;, we can
obtain “accurate” simulation of X (M) by Xy, (M)++/Var(ex,(M))U where
U is a centered and reduced Gaussian variable independent of X (M?),i € I.
Notice that the coefficients weight the variables X (M?%),i € I in Xx, (M)
and the variance of the partial innovation may be determined from the second
order structure of the sequence X (M?),i € I, X (M) (see [19] for details). The
drawback of this approach is when the simulated sequence size increases, we
have to keep the record of more and more quantities (filters of several partial
innovations and associated variances) and to do more and more computations.
Even if that can be done in the d = 1 case, it becomes numerically unfeasible
when d > 2. A natural approach to overcome this problem, is to replace in
the previous procedure the indexes set I by a set of indexes of neighbors
of M. We denote by Ny this set. Notice that Xx, (M) is the best linear
combination of variables of X,, approximating X (M) in the sense that the
variance of X (M) — X, (M) is minimum. If we have to use only some
variables of the set X,, in order to obtain simulation of X (M), the best
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way is to use Xy (M) + /Var(exy, (M))U. Let us remark that such a

simulated process does not admit anymore R(-,-) as a covariance function,
but a covariance function that is a good approximation of R(-,-).

7.4 Examples

We present some simulations of Gaussian fractional processes in the follow-
ing figures. The Gaussian processes have been simulated by the Cholevski
method.

Fig. 7.1 Fractional Brownian motion with index H=0.2
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Fig. 7.2 Brownian motion (H=0.5)

Fig. 7.3 Fractional Brownian motion with index H=0.8
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Fig. 7.4 Linear fractional function h(t)

Fig. 7.5 Multifractional Brownian motion with linear fractional function h(t) of figure 7.4
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Fig. 7.6 Logistic fractional function h(t)

Fig. 7.7 Multifractional Brownian motion with logistic fractional function h(t) of figure
7.6
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Fig. 7.8 Sinusoidal fractional function h(t)

205

Fig. 7.9 Multifractional Brownian motion with sinusoidal fractional function h(t) of figure

7.8



206 7 Simulations

Step fractional Brownian motions below have been simulated with the
second approximation of section 7.2.5.2.

45 L L L L
0 500 1000 1500 2000 2500

Fig. 7.10 Step fractional Brownian motion with indexes 0.8 and 0.2

35

25 q

L L L
0 500 1000 1500 2000 2500

Fig. 7.11 Step fractional Brownian motion with indexes 0.2, 0.4, 0.6 and 0.8
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The fields below have been simulated with the fieldsim procedure, which
is introduced in [32] For fields, two representations have been used: The fields
can be represented by a random surface, or by a random colored texture. Es-
pecially, if the colors are chosen in a range from blue to white, the simulations
may be use to simulate the texture of clouds.

midpoint H=0.1 fieldsim H=0.1

Arll""“‘i i
\\\ ) i\ “l‘ l

AN
VI

midpoint H=0.5 fieldsim H=0.5

midpoint H=0.9 fieldsim H=0.9

Fig. 7.12 Fractional Brownian fields with indexes 0.1, 0.5, 0.9
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Fig. 7.14 Cloud simulation: Fractional Brownian fields with index 0.5

Fig. 7.15 Cloud simulation: Fractional Brownian fields with index 0.7

7.5 Simulation of real harmonizable Lévy fields

In this section we consider the simulation of some non-Gaussian fractional
fields. We chose to concentrate on the simulation of real harmonizable frac-
tional Lévy fields introduced in section 5.4.2 of chapter 5.
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7.5.0.1 Theoretical results

In this part we recall some theoretical facts of [89] summarized in sec-
tion 5.4.4. As explained in the Definition 5.4.3, a rhmLf X}, with multifrac-
tional function h is defined as the stochastic integral:

Xn@) = [ =L
h(x)_/Rdgnh(IW (dg),

with M(d§) a random Lévy measure (cf. Definition 3.1.20). Please remark
that we omit here the factor W for simulation purpose.

The field X}, is an infinitely divisible field and infinitely divisible laws
can be represented as a generalized shot noise series. An overview of these
representations is given in [6]. The control measure, v(dz) of the random Lévy
measure M (d) is in general a sigma finite measure on the set of complex
numbers. If it has finite mass denoted by v(C), the generalized shot noise
series can be used for simulation purpose. Let us first introduce definitions
of random variables used in these series. Let (Z,),,~1, (Un),,»; and (Rn), >,
be independent sequences of random variables. - B

e v is supposed to be a finite measure, and (Z,),,»; is a sequence of i.i.d.
random variables such that

° (Un)n21 is a sequence of i.i.d. random variables such that the law of U; is

the uniform probability on the unit sphere in R%.
e R, is the nth arrival time of a Poisson process with intensity 1.

1/d
o &, = (L) U, where cg = 2522

D) % is the volume of the unit ball of
R4,

Remark that when d =1, U,, is a symmetric Bernoulli random variable.
Let us now recall the theoretical result that allows us to simulate X,. Next
proposition by [89] used in the following is given without proof.

Proposition 7.5.1 Let K C R? be a compact set. Then almost surely, the

series
—ix€n _ 1
=23 S (72

n=1

where R denotes the real part of a complex number, converges uniformly on
K and J
{Xp(x):ze K} ={¥(z) :x € K}.

where & denotes equality in distribution.
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The rhmLf is then approximated by

N —ixly _ 1
e

One can find in [89] theoretical rates of convergence for Y}, n. Theoretical
results are given on any compact set K but the algorithms are written on the
interval [0, 1] or on the cube [0,1]? for sake of simplicity.

7.5.0.2 Simulation procedure

Let us first introduce the formula used for the simulation of one dimen-
sional thmLf (d = 1). The parameters of the simulation are

n: the number of terms in the sum;

k: the number of discretization points;

h(t) (t = 1,...,k): the value of the multifractional function at each dis-
cretization point;

e m = v(C): the mass value, usually fixed at 1. Actually we choose in the
simulation to take v the uniform distribution on the unit circle in C.

If we consider the random variables that are standard to simulate

e ¢, n-vector generated according to a uniform distribution in [0,1], Z,, =
ei2ﬂ"9n :

e U,: n-vector generated with independent symmetric Bernoulli one dimen-
sional marginals;

e R,: n-vector of cumulated sums of samples from exponential distribution
with parameter A = 1

and if we apply (7.6)

Y (t) = Zn: (cos(27r01) [cos (%t.Ul) — 1] + sin(276;) [sin (ﬁft.Uﬂ]) ‘

R(t)+1/2
P Rl() /

(7.7)
When d = 2, the formula (7.7) becomes
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n_ [ cos(2n6);) [cos ((%)% (z.U} + y.Uf)) - 1}

Yy n('r’ y) = A +
) z,y)+1
= Rl (z,y)

sin(2m6,;) sin ((&)% (x.U} + y.Uf))

T™m

pow , (7.8)
R;L(.L,y)"rl

where (U}, U2) are uniformly distributed on the unit sphere in R?. In this
case kx is the number of discretization points for the horizontal axis and ky
for the vertical axis.

In practice, the difficulty of the simulation lies on both the number of terms
in the sum n and in the calculation of scalar products between k-vectors. In
our cases, n may vary between 102 and 108, and %k between 100 and 1000
which may imply until 106 loops for the computations in the extreme case.

7.5.1 Using FracSim

The reader will refer to the section 7.5.2 for details about installation of the
Fracsim set.

7.5.1.1 Implementation of FracSim

FracSim is a set of R and C functions which allow to perform rhfLfs and
rhmLfs simulations. Two classes of functions are implemented:

e R functions: fracsim.1d() and fracsim.2d() perform initializations thanks
to parameters set by the user (n, k and h(t);=1,... 1), call C functions for
calculation then get back results for graphical representations.

e C functions: core-1D.c and core-2D.c perform the tasks in the compu-
tation which are time consuming because of the number of loops required.

The R environment is the only user interface. The R procedure calls a C
subroutine, whose results are returned to R.

In order to make it easier for the reader not used to R language, we detail
the call to functions and the command used to produce graphical output in
the section 7.5.3. In the following, R commands are preceded by the prompt
symbol R>.
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7.5.1.2 Simulations

One-dimensional case

Fractional Lévy

To simulate rhfLLf, one needs to specify one real parameter 0 < H < 1 or
equivalently the multifractional function is constant h(t) = H,Vt € [0,1].
For instance, the command line

R> X05 = fracsim.1d(h=0.5,k=1000,n=5000)

sets the multifractional function equal to 0.5 on [0,1] and simulates the
corresponding process.

The result of the function fracsim.1d is an R object of class list. It
contains the following elements

e the parameters set by the user;

e the vector t of discretization points;

e the k-vector process, which elements are the rhfLf value at each discretiza-
tion point.

Thus to produce the graphs on the figure 7.16, one have to call the function
plot as

R> plot(x=X05$t,y=X05$proces,type="1")

As previously mentioned, we can see on the figure 7.16, the greater h is,
the smoother the sample paths are.

Multifractional fields

To simulate rhmLfs, one has to give a vector of length k for h. The two
following command lines give examples of

e an increasing regularity function from 0.1 to 0.9 (Hinc);
e a sinusoidal regularity function oscillating according to a linear combina-
tion of sinus (Hsin);

R> Hinc = seq(from=0.1,t0=0.9,length=1000)
R> Hsin = 0.25+0.25*sin(seq(0,1,length=1000)* (6*pi))

We can then call the function fracsim.1d() with the vectors previously
defined, given as parameter to the argument h.

R> Xinc = fracsim.1d(h=Hinc,k=1000,n=5000)
R> Xsin = fracsim.1d(h=Hsin,k=1000,n=5000)
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Fig. 7.16 Examples of fractional Lévy field: From top to bottom the regularity is set to
0.1, 0.5, 0.9

To highlight the behavior of the rhmLf according to the multifractional
function, we represent both regularity functions and the corresponding sam-
ple paths on the figure 7.17.

As previously mentioned for rhfLfs, the greater the regularity, the smoother
the trajectory and this can be observed on one graph: For example when we
look at the sinusoidal regularity, the corresponding process is much more
perturbed when the regularity is close to zero.

Two-dimensional fields
Fractional fields

RhfLfs can be simulated by calling the function fracsim.2d () with one value
given as argument h. For instance the following command line

R> X2d05 = fracsim.2d(h=0.5,kx=100,ky=100,n=100000)

sets h constant and equal to 0.5 on a 100x100 grid with 10° terms in the
sum.
The elements of the object X2d05 provided by the function fracsim.2d()
are the same as those given by fracsim.1d(), except that, in this case, the
field values are now located on a grid and are stored in a matrix object.
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Fig. 7.17 Two examples of multifractional Lévy fields: Figures on the top represent the
regularity function, bottom, the corresponding processes.

To represent two dimensional fields, we now use the R function persp to
draw a surface.

R> persp(X2d05,shade=0.5,phi=30)

Arguments shade and phi are optional, they can be set to give a nice
representation: Shade modifies the shade at a surface facet and phi is the
colatitude angle defining the viewing direction.

Others functions can be used to represent two dimensional fields, we pro-
pose a comparison of various representations at the end of this section.

Multifractional fields

To simulate two dimensional rhfLLfs, one has to give a matrix which dimen-
sions are kx X ky as argument for h. For example, we can define two matrices
corresponding to the cases presented in dimension one with the following
command lines.

R> Hseq = matrix(rep(seq(0,1,1=100),100),nc=100)
R> Hsin = matrix(rep(0.25+0.25*sin(seq(0,1,1=100)
*(6%pi)),100) ,nc=100)
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Fig. 7.18 Examples of fractional Lévy fields: From left to right h=0.1, 0.5, 0.9

One can obtain the graph of the regularity function (Fig. 7.19) as well.
We call the function persp with the same optional arguments used for the
representation of fractional two dimensional fields.

Once the matrix containing the regularity function at each point of the
grid is built, we can perform the simulation of the field by calling, as in the
fractional case, the function fracsim.2d().

R> Xseq = fracsim.2d(h=Hseq,kx=100,ky=100,n=100000)
R> Xsin = fracsim.2d(h=Hsin,kx=100,ky=100,n=100000)

Figure 7.20 illustrates the behavior of the multifractional process. Con-
sidering an increasing regularity (graphic on the left of the figure 7.20), the
surface looks like a landscape where we go from the mountain with several
peaks (low regularity) to the plain (high regularity). With a sinusoidal regu-
larity, the "landscape" looks like an alternation of mountains and valleys.

Technical comments

Graphical representations

The way we represents a two dimensional field has an influence on the visual
impression provided. If we only use the persp function to draw a surface,

it could be interesting to modify point of view by changing phi (vertical
rotation) and theta (horizontal rotation) parameters.
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Fig. 7.19 Two examples of regularity function for multifractional Lévy fields: Increasing
on the left and sinusoidal on the right.

Fig. 7.20 Two examples of multifractional Lévy fields: Increasing regularity function on
the left and sinusoidal regularity function on the right.

However, we can use other kinds of representations such as images or
contour line plots as it is done on the figure 7.21.

Amongst these various representations, it is not easy to decide which is
the best. However, let’s note that with a high discretization and a regularity
close to zero, the visual impression given by the image is smoother than the
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Fig. 7.21 Image and contour representations of the simulations performed in the previous
section (Fig. 7.20).

one given by the sheet (Fig. 7.22, obtained thanks to improvements using
parallel computing). This can be explained by the inability to distinguish
various intensity in the same color on the image whereas the peaks appear
clearly on the sheet. On the other hand, the image of a two dimensional
field highlights more precisely the global trends of the process which is more
difficult to observe on the sheet.

Durations

For one dimensional simulations, calculations last about few seconds on a
‘current use’ machine (SGI Origin 2000, RAM: 3840 MO, processors: 195
MHz) for the configuration we performed, and we did not have any trouble
with too long calculations.

For two dimensional fields, the calculation durations order of magnitude
can be linearly extrapolated from the configuration {kx = ky = 100, n =
10000} (total amount of loops is about 108) last about 2 minutes on the
machine previously mentioned.

We can estimate the potential duration for the extreme configuration we
would like to perform {kz = ky = 500, n = 10%} at about one year. In [35] it
explained how to use parallel computing to get simulations in a reasonable
time.
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Fig. 7.22 Surface and image representations of a rhfLf (h=0.4) on a 256 x 256 grid.

In this section we have proposed an efficient way to produce non Gaussian
fields and we hope it can help to model various irregular phenomena. Of
special interest is the use of parallel computers that shows that the algorithm
is flexible enough. On the other hand there exist other non Gaussian models
that could be simulated in a similar way (See [39]). The FracSim set can be
downloaded at http://www.jstatsoft.org/v14/118.

7.5.2 Instructions for using FracSim

The first step consists in compiling the C functions. On Unix, this can be
done through the R system. Just enter the command line above at the Unix
prompt.

R> CMD SHLIB core-1d.c
R> CMD SHLIB core-2d.c

This creates the shared library files core-1d.o, core-1d.so, core-2d.o,
core-2d.so and so_locations.

The shared library (.so) have to be loaded into R using the dyn.load ()
function. The lines

dyn.load("core-1d.so")
dyn.load("core-2d.so")


http://www.jstatsoft.org/v14/i18
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have been included in the header of the files FracSim-1D.R and FracSim-2D.R
so that the user just has to import them using the source() function as fol-
low:

source("FracSim-1D.R")
source("FracSim-2D.R")

This also creates the functions fracsim.1d() and fracsim.2d() that per-
form the simulations.

7.5.3 Description of R script

In this section, we give the code used to produce figures of the article.

e Simulations of 1D-rhfLLfs with h = 0.1, h = 0.5 and h = 0.9. The results
are stored in the three objects X01, X05 and X09.

R> X01 = fracsim.1d(h=0.1,k=1000,n=5000)
R> X05 = fracsim.1d(h=0.5,k=1000,n=5000)
R> X09 = fracsim.1d(h=0.9,k=1000,n=5000)

o Graphical representations of 1D-rhfLfs (Fig . 7.16)

R> par(mfrow=c(3,1))

R> plot(x=X01$t,y=X01$process,type="1")
R> plot (X05$t,X05$process,type="1")

R> plot (X09$t,X09$process, type="1")

The first line divides the graphical window horizontally in three parts to
put graphics one under each other. Then, we produce plots giving the time
discretization vector as abscissa and the process values as ordinate. The
option type="1" draws a line between each point.

e Simulations of 1D-rhmLfs with increasing and sinusoidal multifractional
function

R> Hinc = seq(from=0.1,t0=0.9,length=1000)
R> Hsin = 0.25+0.25*sin(seq(0,1,length=1000)* (6*pi))

We define an increasing multifractional function with the function seq in
order to get 1000 (length) values regularly spaced between 0.1 (from) and
0.9 (to). The same function is used in combination with the sinus function
to simulate a sinusoidal multifractional function.

e Graphical representations of 1D-rhmLfs (Fig . 7.17)

R> par(mfrow=c(2,2))

R> plot (Xinc$t,Hinc,type="1",ylim=c(0,1))
R> plot(Xsin$t,Hsin,type="1",ylim=c(0,1))
R> plot (Xinc$t,Xinc$process,type="1")

R> plot(Xinc$t,Xsin$process,type="1")
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The graphical window is divided into four parts (2 x 2 grid). The top row
contains the plots of the multifractional functions; the vertical axis is set
to [0,1] (ylim). The bottom row contains the trajectory of the rhmLfs.

e Simulations of 2D-rhfLfs with h = 0.1, h = 0.5 and h = 0.9.

R> X2d01 = fracsim.2d(h=0.1,kx=100,ky=100,n=100000)
R> X2d05 = fracsim.2d(h=0.5,kx=100,ky=100,n=100000)
R> X2d09 = fracsim.2d(h=0.9,kx=100,ky=100,n=100000)

In these calls, the argument ky is optional; if missing, its value is taken to
be equal to kx.
e Graphical representations of 2D-rhfLfs (Fig . 7.18)

R> par(mfrow=c(1,3)

R> persp(X2d01,shade=0.5,phi=30)
R> persp(X2d05,shade=0.5,phi=30)
R> persp(X2d09,shade=0.5,phi=30)

The function persp produces the plot on a grid determined by the size of
the matrix given as the first parameter (X2d0*). We used shade=0.5 to
define the shade at a surface facet in order to provide an approximation
to daylight illumination as explained in the R help for the persp function.
The option phi=30 implies a vertical rotation that sets the point of view
above the surface.

e Simulations of 2D-rhmLfs with increasing and sinusoidal multifractional
function

R> Hseq = matrix(rep(seq(0,1,1=100),100),ncol=100)
R> Hsin = matrix(rep(0.25+0.25*sin(seq(0,1,1=100)%*
(6*pi)),100) ,ncol=100)

The two lines above produce two matrices which are the discretization
of the multifractional functions in two cases: 1) the regularity increases
column by column, 2) the regularity is sinusoidal according to the columns
of the grid. By default, the R function matrix produces a matrix from a
vector filling by column.

R> Xseq = fracsim.2d(h=Hseq,kx=100,ky=100,n=100000)
R> Xsin = fracsim.2d(h=Hsin,kx=100,ky=100,n=100000)

Once defined the regularity matrix, the call to fracsim.2d() is the same
as for rhfLfs.
e Graphical representations of multifractional functions for 2D-rhmLfs (Fig . 7.19)

R> persp(Hseq,shade=0.5,phi=30)
R> persp(Hsin,shade=0.5,phi=30)

e Graphical representations of 2D-rhmLfs (Fig . 7.20)
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R> persp(Xseq,shade=0.5,phi=30)
R> persp(Xsin,shade=0.5,phi=30)

e Image and contour plots (Fig . 7.21)

R> par(mfrow=c(2,2)
R> image(Xseq)

R> image(Xsin)

R> contour (Xseq)

R> contour (Xsin)

7.6 Visual meaning of the fractional index

A practical and important question for applications is to know whether the
fractional index has a visual meaning. The aim is to show that we can guess
the qualitative behavior of a multifractional function in some cases. The
first experiment is as follows. We simulate an approximate step fractional
Brownian field with indexes 0.8 and 0.2 generalizing (7.4) when d = 2. For
t €[0,1]%, k € N? we use

Qn(t) = > 277G )y (D - (7.9)

0<j<J k1 ke <K

where h (£) = 0.8 if ky <27 and h(45) = 0.2 if k; > 2771, By construc-
tion, this field is centered and continuous. Therefore, the two parts of the
picture 7.23 are due to the difference of fractional indexes between the right
and the left side.

Another kind of visual experiments can be done with real world data.
We take a picture. For every pixel, we estimate the fractional index in a
neighborhood of the pixel, let us say on a 8 x 8 square. Then, the value
of the pixel is replaced by the value of the fractional index. Afterwards, we
need to normalize the new image, for instance by multiplying the fractional
index by 256. We present two examples below: Pictures 7.24 and 7.26 are
the original images, pictures 7.25 and 7.27 are the pictures of the fractional
indexes. We could expect that the transformation will destroy the structure
of the pictures. The following examples show that surprisingly the edges of
the big objects in the pictures are preserved.
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Fig. 7.23 Step fractional Brownian field with indexes 0.8 and 0.2. Note that, by con-
struction, the image is continuous.
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Fig. 7.24 Original Lenna’s picture.
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Fig. 7.25 Fractional Lenna’s picture (cf. Figure 7.24).
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Fig. 7.26 Original picture of cells.
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Fig. 7.27 Fractional picture of cells (cf. Figure 7.26).
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Appendix

A.1 Localization property for the vaguelettes

In this appendix we give the proof of Proposition 5.3.6, which is now recalled

Proposition A.1.1 Let z € R, y € (0,1) and A € AT

A /3
xa(z,y) = e wg)(%)m (A1)

and for A = (0, k,0)

. ™ 1 4 ixé — 1/22%¢% = d€
X)x(xvy) = /]R ‘§|y+1/2 Q;Z)X(S) (27_‘_)1/2' (A2)
Then for j > 0 xx s an analytic function and satisfies for every K € N*
a( ) < )2 (o b (A3)
T = 1+ |29z — kK 1+ kK

and for v, ¥’ € R, and y, vy € (0,1)

Y0z —a'| +jly —y|
1+ |27z — kK

Ia(@,y) — xa(@',y)| < C(K)2~ minty)i {
ily =]
* 1+|le] : (A4)

Moreover Yx(x,y) is a C? function and satisfies for K =0, 1, 2

(o)l < ) (o + 1w ) (A5)

229
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and

|z — |

1
v Y "N < O(K) | ———— 1 -
X (2, y) — Xa (2!, y)] < Of ){1+| k|K+|y y|<1+|x_k|1<

Ct)] a0

Proof of Proposition 5.3.6

Let us first show that y) is analytic since the support of 1}} is compact
and the integrand in (A.1) is an analytic function of (z,y).
Let us prove (A.3). Since A € AT

—

1/’;2 (€) = 2—j/2€—i2*fkg@(2—j§). (A.7)

Because of the support of (1)

~ 20 +ty 2037
supp(iy) € {—5— < lel < ==} (A8)

For the sake of simplicity let us drop the exponent in 1)(!) when we study ..
Hence the integral in (A.1) can be split in two parts I = I; — Iy, where

—zw£ dg A

|g|y+1/2wﬂ’C )(gﬂ)l/z (A.9)

and ) 2
Iy = /]R GHRE Y k(6) 212 (A.10)

that are defined.
Let us first consider I;.
g2 | —i(e—27Tk)e )(279€)de

L =2 /Re BT (A.11)

o [ Dkl
R (2m) /2 |p|y+1/2

i [ 1)
Y
<7 | G

where the change of variable = 277¢ has been used. The integral in the
last line is defined thanks to the support of ¢. If we consider x = 0 in the
inequality (A.9) we can bound the second part of x(x, y) by the same bound,
then (A.3) is proved when K = 0.
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To have (A.3) for K > 1 an integration by parts is used. One gives some
details for K = 1. Let us go back to (A.11), when x # 277k

ire [ —iem2me_ $2TIE)E
=9 J/2/]Re (22 k)§(27-‘—)1/2|§|y+1/2 (A.12)

L [ e 9 [ g2
_ /2 e o
=277 /]R i(277k —x) O¢ ((27T)1/2|§|y+1/2> d¢

because v has a compact support. Then

ag((a/a@ (2- J€)>_2 (0/0) 027 _ (y+ Y292 g

(2m)1/2|¢|vt1/2 (2m)1/2|¢|v+1/2 (2m) 12 (e[ 7372
Then
_ /2 €
f=27 /R i(277k — x) (27r)1/2|£‘y+1/2 dg (A.14)
_—i(z—277k)¢ N
_ 9—i/2 e (y 4+ 1/2)(2-9¢)
27 /R i(2=7k —x)  (2m)\/2|¢|vt3/2 dg§ (A.15)

. A1 g [ 10/08) b ()]
The right hand term of (A.14) can be bounded by 2~ ¥+1)J /R @m)i2

with the same change of variable we did in (A.11). This bound is also valid
for(A.15) since y + 1/2 in (A.14) becomes y + 3/2 in (A.15). Hence

C(1)2-7v

I —_~ 7
1= i

(A.16)
Combining this inequality with the one when x = 0 yields (A.3) when K = 1.
The general case for K > 1 relies on K integrations by parts.

Let us now prove (A.4). When y = ¢ one gets

—zz{ —ir'{ e
Xa(z,y") = xa (@', y) ‘/ (2m)1/2|¢|v’ -zlqﬁ/z(g)d§

/
<|lz—z |/ 292 (2 ]£)|d§ (A.18)

1/2|£|y +1/2

(A.17)

< Clo —a'|2727Y7. (A.19)

And when z = 2/

, 1 1 B SIONG
Xa(z,y) = xa(z,y)| = /R(|£|y+1/2 B |§|y’+1/2> (e (27T)132 A( )df
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Then for some n(y,y’,£) > min(y,y’)

AN / (e—ixé — 1)‘ ln(|€|)|'$/\(£)
a(z,y) — xa(z,y) =y — V| /IR CEGE de| (A.20)
If we apply the technique used for (A.11) to (A.20), one gets
R 1
_ N < C(K) |y — /|2 dmin(yy’) ([ =
(@, y) —xa(z,y)| < C(K)ly — o'l NI

1
1+|k|K) (A.21)

Combining (A.17) and (A.21) yields (A.4).
Let us now consider (A.5), since the support of ¥, for A = (0, k, 0) contains
0 we have to take care of the pole |f|_(y +1/2) in the integration by parts that

yields the factor Actually the fact that

1+ 2z — kK

0% (e — 1 4w — 1/22%€2 _
e ( e )sar )

yields (A.5), (A.6) is obtained similarly.

A.2 Proof of Theorem 6.1.3

The study of the generalized quadratic variations the Vy requires estimates
of their expectations and variances. Note that

= 8 (S ux (k;p)f

p=0 k=0
N-K K kip . 2
= 2 /R kZ:Oakg <N’€> e <€N> d¢ , (A.23)

where function e stands for e(¢) = e — 1.
Using the expansion for g(t,£), we can express EVy as a sum of terms,
each of them being of the following form (p =0,...,N — K)
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/ /
1(8, 8", / Z akak/S< P Ny )s’(’“ ]—;p,Nu)
R

k,k'=
e((k + p)w)e((K' + p/)u)) Ndu (A:24)

A change of variables u = N¢ has been performed and each S,S’ stands
for one of the functions at the right hand-side of (6.3). So that either
a(t)
S(t,€) = GG

for S".

The following condition is implied by Hyp 6.1.1 if S stands for one of the
functions at the right hand-side of (6.3).

S(t, &) € C?2([0,1] x R*) and

or S(t,€) is bounded by such a term, and the same holds

i+
] 0 (A.25)

C
Ws(tvf)‘ <

S e

for i =0t0 2 and 7 =0 to 2 with 0 < § < 1, and the same holds for S’.
Since X is a Gaussian process, the variance of Vi is given by

N-K / /
var(Vy) = 2 Z /R Z axag g <Np,f) g <k ]J\;p af)

p,p’=0 k,k'=

(5 (555 )

which is a sum of terms of the form I(S, S’), . The estimation of the expec-
tation and variance of Vy first requires the estimation of the I(S,S"), . We
therefore state the following result on the I(S,S’), ,» now.

Lemma A.2.1
The following bound

c
I N | <
| (SaS )Pﬁl) | — N§+5/(1 + (p_p/)Q)

holds for N large enough, if (A.25) holds.

Proof of Lemma A.2.1
We use a Taylor expansion of S of order 2 for 0 < k < K

k+p N WOk 92 [ktp
S( N“) Z(’T (7 )NJJ'+2N2@S N N

where 0 < k < K. The same holds for S’. We then obtain the following
expansion for I(S,S5"),
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2

105,80,y =S N7 3

J1lga!

j=0 Jit+je2=j
K . .
. / > akap kK2 e((k + p)u)e((K +p')u)
R k=0
oIt P o592 p/
_S (2N s (L Nu| N A2
X@tJIS<N’ u)atﬂzs (N’ u) Nelu (4.26)
- 1
+Y NT Y —
145!
im2 girae= V%
K
« / S° apark? K e(( + pu)e((k +p')u) (A.27)
Ry k=0
o o (eli)r+p 0% o (eli2)r +p'
Xat]15<N7NU at]2S T,N’UJ Ndu,

where €(j) = 1if j = 2, 0 otherwise.

Let us first consider the case p = p’. We have to bound |I(S,S"), | by
C N9

We clearly have

K K
7 araw kK 2e((k+ p)u)e((K +plu) = > apapk? k2R
k,k'=0 kek'=0

Each integral of (A.26) is bounded by a term involving

K du
1 1.192 jiu(k—k")
/ Z agap kK k2 e T (A.28)
Rk k=0
K
The function Z apap kI k72 e F=K) and its derivatives up to order 2
k,k'=0
K
vanish at © = 0 hence Z apap k1 k72 FF) — o(42) when |u| — 0. Then
k,k'=0
1 K
: . ’ du
, J1 1./J2 Zu(ktfk)
/ Z arap k? k7?e 7\u|5+5'+1 < 400,
0* |1 k=0

since §+0’ < 2. Moreover, since §+6’ > 0 the integral (A.28) is convergent at
infinity and therefore each term of line (A.26) is an O(N—7=9=%"), It remains
to bound (A.27). Each integral of (A.27) is bounded by
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K
Y, . . du
CN 6—0 Z (Lkak/kjlk/]2 / |€((k +p)u)e((k’ +p)u)||u‘5+76/+1 .
k,k'=0 R

As |u| — o0, e((k + p)u) = O(1) hence

oo ’ ’ du
| et puel + ) i = 0.

and as |u| — 0, e((k + p)u) = O((k + p)u hence

1
du
| e+ e + ) s = Ol
Since p < N, (A.27) is bounded by O(N~=%"). Lemma A.2.1 is proved for
p=r.

It remains to prove Lemma A.2.1 when p # p’. Expression (A.26) leads to
the integral factor

K . .

. , . L , o P 0J2
iu(p—p") E ' | 1 gz ptu(k—k") L

/]Re [ ke i (N’N“> iz

(P
S N’NU Ndu .

We integrate by parts twice and this gives

ciu(p—p') 2 K o N\ on P b2
kI 92 iu(k—k") _9 (7 N ) _
/R(pfp’)2 du? MZ,ZO“’M ‘ ot \N ") Be

pl
S =,Nu || Ndu .
To prove that the previous integral converges, and that all terms coming
from integrated terms in the integration by parts vanish, we only have to

prove the absolute convergence of the terms given by the second derivative
with respect to u of

o o P 52 p/

S8 (2 Nu) oS (BN A2

w(u7317]2)8t]1S<N7 u 8tj25 (Nv u ) ( 9)

where ¥(u, j1,j2) = Z apay k1 k72 FE) - Clearly, as |u| goes to oo,
_ k,k'=0

ou?

(A.29) as |u[ — oo. To have convergence when |u| — 0 let us remark that

= O(Ju|/*""), when |u| — 0. Then

Y(u, ji,j2)| = O(1) for i« = 0,1,2. This implies the convergence of

o' .
’auﬂ/f(% J1, .72)
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o ip(u, j1, j2) 0= (p ) Qs te ,(p’ Nu)‘

: - - — N - - —
gun ot ouz” \N' ") Bizouis 0 \ N’
C|u|4f(i1+i2+i3)7(6+5’+1)

NoTo +1tiatis ’
for i1 4+ i2 + i3 = 2. Hence each term of the first line (cf. (A.26)) of

the expansion of I(S,S"),,, is of order 5+ We use a similar

NO+OHi(p — p')
upper bound O(N—9-9-2) for the second line (cf. (A.27)) of the expansion
of 1(S,5"), . Since p,p’ < N, we have proved Lemma A.2.1 for p # p'.

A second technical lemma relates the asymptotic behavior of I(S,.S),

when S(t,¢) = alt) to the function

[{Eak
= 32 e
T) = Z apap —————du .
! B k=0 [l

Lemma A.2.2 Ifais C? and S(t,£) = K(IL{(i)l/z

1(57 S)p,p’ = N_(S_éla(pA)a(p/A)F5+5' (p - p/)-l-

¢ (N‘”‘S'“(lir(p—p’ﬁ)) '

Proof of Lemma A.2.2:
To begin with, we use the Taylor expansion of a at order 2 to get the
expansions (A.26) and (A.27)

3 | _2@A)a2)

Ip’pl = . Z akakre((k +p)u)€((k +p )U) Wdu

k,k’=0
+0 !
N (14 (p=p)?))
Using
K K
Z akakre((k +p)u)é((l€/ —|—p/)u) = Z U/kaklei(k_k )u ei(P—P )u ,
k,k’=0 k,k’=0

and Lemma A.2.2 follows.

Now we describe the asymptotic behavior of the expectation and variance
of the Viy as N goes to infinity.
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Proposition A.2.1
As N — oo the following convergences hold

1
N*-IEVy — Fop(0) / a®(t)dt , (A.30)
0
) 1
N (V) 52 S Fy(g) / A ()dt | (A.31)
q=—o00 0

Proof of Proposition A.2.1:
Let us recall that (A.23) expresses EVy as a sum of terms that can be
written as I(S,S"), . Using expansion (6.3), each integral

K / /
[ o (520 (£ (H5)e (52

kk'=
can be written

t 4
1= b gitere o)

2y ) + Iyl .5 €) . (A32)

where a change of variables u = % has been performed.
a(t) a(t)

|¢[H+1/27 |¢|H+1/2

Applying Lemma A.2.2 to this term and Lemma A.2.1 to the others, we get

Clearly, I, , ( ) is the preponderant term as N — oo.

EVy = Ni( [N’QHaQ (%) Foy(0)+ O (N*QH*)] . (A33)

p=0

By standard results on Riemann’s sums

Jb]\gaQ (%) z/olaz(t)dt—&-O(]b) .

And the first part of Proposition A.2.1 follows.

Let us now prove the asymptotic behavior of the variance of the Vy, which
is quite similar to the previous proof. Expansion (6.3), Lemmas A.2.1 and
A.2.2 imply
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/
var(Vy) = 2 Z {N_QH (N)a<§]) Fou(p—1p)
p,p’'=0
2

+0 (]Vz]lq+1> 1+ —p’)Q)_l}

N-K ,
. - p p
We focus on the main term 2N ~4# Zoaz (ﬁ) a? (N) Fiy(p—p') . Set
pp'=
qg=p—p and ¢ = p+ p'. The sum is then split for |¢| < @ and |¢| > Q,
where @ is prescribed later. The second part is then

= q+4q q—q
v S S () e (U ) et
'=0 |q[2Q
Since |Fop(q)| < ¢ this sum can be bounded b,
20\q)| > 1 +q27 y
2(N—-K)
N ) AT ee
q'=0 |q|>Q
. . . 1 .
Fix @ large enough, this sum is then less than O <M) . Consider now
2(N—K) Y B
the second part 7' = N4 Z Z a? (q2Nq ) a? <q2N > F34(q) . Per-
=0 |q|<Q

muting the sums and using standard results on Riemann’s sums,

s 5 o ([ () (- i) o ()

lq|<Q

By a Taylor’s expansion of a, we get

T= s O Fula) (/01a4<s>ds+0(fv)) .

lal<Q
. c . . .
Since |Fop(q)| < [t T is asymptotically equivalent to
q
1 g=+00
NAH-1 / s)ds D Fiulg
qg=—00

Hence
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2 1 T 1
q=—00

and Proposition A.2.1 is proved.

We can now prove the almost sure convergence and central limit theorem
for generalized quadratic variations.

Proposition A.2.2
The following limit holds

. WN
and
Vn —EV;
NN converges to a centered Gaussian variable (A.35)
Vvar(Vy)
as N — oo.

Proof of Proposition A.2.2:
The generalized quadratic variation Viy can be written

n= X (S (52)

=Tr('YY).

where Y is the RY ~%+1 valued random column vector defined by

K
k+
}/p,N = ZakX <va) .
k=0

Since M = E(Y'Y) isa (N - K+ 1) x (N — K + 1) symmetric non-
negative matrix, we can find a diagonal matrix Diag()A, ) with non negative
eigenvalues A\, v of M on the diagonal, and an orthogonal (N — K + 1) x
(N — K + 1) matrix O such that

Diag(M\pn) =" OMO.

For each N let us suppose that the rank of M is 7 and assume that A, y =0

for p > rn. Denote by Diag ( \//\17> the diagonal matrix with diagonal term
»,N

\/% if p <ry, and 0 elsewhere. Let £ be the random vector defined by
N

D,
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1
& = | Diag | ——=—= | OY if p<ry
VAp, N .

and by &ry41,--.,EN—k arbitrary independent centered standard Gaussian
random variables independent of §, for p < ry. The §, (p =0,...,N—K) are
identically independent centered Gaussian variables with variance 1. Then

Vy = Tr('YY)
N-K
= Z ApNES (A.36)
p=0
Hence
N-K
var(Vy) = var(£3) Z A2 N
p=0
Then
E(Vy — EVy)* = E(¢2 — 1)* Z XN+ Z (€ - 1222 yA2
p=0 p,p’=0
N-K 2
<C ( > )\;N>
p=0
= Cvar?Vy .

Using Proposition A.2.1 and Borel-Cantelli’s Lemma, the almost sure con-
vergence is proved.

Let us now prove the second part of Proposition A.2.2, which describes
the rate of convergence in (A.34). The following central limit theorem is used

Lemma A.2.3
Consider the sequence of variable Sy defined by:

N—-K
Sn=Y Mn(-1),

p=0

where the &, are i.i.d. centered normalized Gaussian variables and the \p n

are positive. If maxp—o, . N_x Apn = o(y/var(Sn)), then Sy/+/var(Sn)
converges in distribution to a centered normalized Gaussian variable.

Lemma A.2.3 is easily proved using a Taylor expansion of the characteristic
function of Sy . One can also apply the central limit theorem with Lindeberg
condition. (See e.g. [57] example (f) in chapter VIIL.4.) Consequently we only



A.2 Proof of Theorem 6.1.3 241

have to prove that max KAPJ\/‘ = o(y/var(Vy)). In order to bound the

.....

largest eigenvalue of the correlation matrix, a classical linear algebra lemma
is used, that claims that the largest eigenvalue of a matrix C' is bounded by

max Z |C5,5]- Applying this Lemma to matrix M = (m,, ;) leads to consider
g .
i

mpp = E(Yp nYp N)
N-K

k+p k/+p/
=FE X[ — )X .
> moex ()X (5

k,k'=0

By Lemma A.2.1

N-K

STIE EK: arap X (W) X (k/;pl> = Nf N2H(1 +C;p—p’)2)

p'=0  k,k'=0 p'=0

C
S NomE

Hence

gl K kE+p k' +p'
p:Of.I.l.E?]}\(f—K Z |E Z apap X (N) X( N ) | = o(v/var(Vy)) .

p'=0  kk'=0

and Lemma A.2.3 is applied to get the convergence in distribution of
Vv —EVy

var(Vy)
normality of a linear combination of Viy and Vi, with positive weights is
obtained. The same can be of course done with negative weights.

Denote by P, (resp. ¥,) the distribution (resp. the Laplace transform)
of the couple (Vi, Vi/2). We know that ¥,(x,y) converges to some ¥ (z,y)
when xy > 0, where ¥ is the Laplace transform of a Gaussian distribution
®. Assume that P, converges to a distribution P. The Laplace transform of
P is equal to ¥(z,y) when zy > 0. The Laplace transform is defined on a
convex set, so this set is the whole plan. It is analytic in its support, so it is
equal to ¥ on the whole plan. The unique possible limiting distribution is ¥.
But the sequence is tight, because its marginals are tight, so it converges to
the Gaussian distribution ¥.

The previous results are then applied to the estimator of H. Its convergence
(a.s.) to H is a consequence of the logarithmic behavior of EVy and of (A.34).
To estimate the rate of convergence of Hy to H , we obtain a central limit
theorem for VN (Hy — EHy), which is a function of the couple (Vi, Vi /s).
We deduce this asymptotic normality from the remark above and Theorem
3.311 of [15]. The proof is completed by showing that the bias term |EHy — H|
is of order O(N~") which is preponderant since n > 1/2.

in Proposition A.2.2. With the same arguments, the asymptotic






Appendix B
Solutions to exercises

B.1 Solution to exercise 3.3.1

Let us suppose EX? > 0 and let us denote by Z =Y + cX where ¢ = — 531

This choice of ¢ implies that X and Z are independent. Then

<P(X >a, Z>b+ca)
< P(X > a)P(Z > b)
<P(X > a)P(Y > b),

where the last inequality comes from EZ2 < EY?2.

B.2 Solution to exercise 3.3.2
1. By definition
+oo t2
P(|X|>r) = 2/ exp(—;)dt/\/ﬁ
T“FOO t2
= 2/ t1 exp(fg)tdt/\/ﬂ.

Then one can use integration by parts to get

243
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2exp(—%5) teo t2
P(X|>r) NorE /T t~“ exp( 5 Yt/ 2m
2 2
2exp(—73)  2exp(—3) /+°° L 2
= — +2 3t " exp(——)dt/V2m.
V2rr V23 ” p( 2) /

Since the integrals in the two previous lines are obviously non negative we
have proved the inequalities (3.78).

2. Since X;/1/EX? have a unit variance, one can assume that EX 2 =1 for

all j € N. Because of the previous question we know that for n > 2

V2exp [ —(1/2X1og(n))?/2
B(X, | > v/2NIog(m)) < P (-(V2ATE)/2)

2w A log(n)
Then for A > 1, n > 2
-2
P(|X;] > \/2Mlog(n)) < ———n
mlog(2)

and inequality (3.79) is proved.

3. For A > 13 yP(sup;<;<, [X;| > \/2Xlog(n)) < 400 and, because of
Borel-Cantelli Lemma, there exists almost surely a random integer ng(w)
such that

sup |X;| < +/2Xlog(n)
1<j<n
for n > no(w). Let
M, =

up |X;]/+/1og(n)

S
1<j<n

for n > 2, and
C(w) = max(V2A, sup M,),
2<j<ng(w)
then inequality (3.80) holds almost surely.

4. One can apply the previous result to

sup 77, k|
1</ <j, —| k| <k'<|k|

and there exist positive random variable C, C’ such that

nj.k] < sup 7 x|
1<)/ <4, 1<k'<k

< O(w)log((j + 1)(2|k| + 1))"/?
< C'(w)(log(j + 1)'/? + log(|k| + 1)'/?)
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almost surely.

B.3 Solution to exercise 3.3.3

1. For every ¢ # j € I let us consider o(H;)-random variables Y; then (Y;,Y;)
is a Gaussian random vector and the characteristic function of (Y;,Y;) is
the product of the characteristic functions of Y; and Yj if and only if Y;
and Y; are orthogonal and their covariance matrix is diagonal.

2. If X; is in H; they are o(H;)-measurable. Hence by conditional indepen-

dence o
E(X;Xjlo(K)) = E(X;|o(K))E(X;|o(K)).
But
E(E(X:Xj|o(K))) = E(X; X))
and

E(Xilo(K)) = Pr(Xi).

Hence the necessity of the condition is proved.

3. If H; for ¢ € I are orthogonally secant with respect to K then the orthog-
onal complement H] of K in H; are orthogonal and by the first part of the
exercise the corresponding sigma field o(H/) and o(K) are independent.
Since o(H;) is the smallest field containing o(H) and o(K); o(H;)s are
conditionally independent with respect to o(K).

B.4 Solution to exercise 3.3.4

1. and 2. A covariance function is non-negative definite. It follows immediately from
the definition of a non-negative definite function that AR and R + @ are
non-negative.

3. Let us now study RQ. For tq,...,t, € T, define the matrix 35, by:

Son(iyj) = R(tit;) 1<ij<n,
Yon(t,7) =0 1<i<n,n<j<2n,
Son(i,j) =0 n<i<2n,1<j<n,
Ton(i,j) = Qtit;) n<i<2n,n<j<2n.

The matrix Xy, is clearly a symmetric non-negative definite matrix. It is
the covariance matrix of the centered Gaussian vector

(X{%v“'ava XT?lea"'?ng)?
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where (X¥,..., X[)is a centered Gaussian random vector with covariance
matrix R(t;,t;) and (X7?+1» ..., X2 is a centered Gaussian random vec-
tor with covariance matrix Q(t;,¢;) independent of X . For i =1,...,n,

define Y; = X' X2 . Then E(Y;Y;) = R(t;,t;)Q(t:, ;) and

n n 2
Z AidjR(ti, t5)Q(ti, ;) = E (Z )\z'Yz) >0.
i=1

ij=1

Function R(Q is a non-negative definite function, it is therefore a covariance
function.

B.5 Solution to exercise 3.3.5

1. a. Function r(¢) is real, non-negative, r(0) = 1, r(—t) = r(¢) and convex.
By Pélya’s criterion, r is a characteristic function. By Bochner’s theo-
rem, it is a non-negative definite function. It is therefore a covariance
function.

b. We know from Corollary 3.1.1 that e~!I” is a characteristic function
since 0 < o < 2. It is therefore a covariance function. Let us check that
t — cos(t) is a non-negative definite function

i Aidjcos(t; —t;) = |Zn:>\ie“i
1=1

ij=1

2

By exercise 3.3.4, the product e~ " cos(t) is a covariance function.

c. Function ¢ — 1/(1+¢?) is the Fourier transform of the positive function
me~ it is a covariance function. By exercise 3.3.4, the product 1/(1+
t2)" is a covariance function.

d. The modified Bessel function of the second kind can be represented as

[

_ T(v+1/2)2 [t cos(ut)
60 =" | e

Then

> TOANNK (- 1) =

ij=1
D(v+1/2)2v [T 30 [ \etti]?
NS o (1 + u2)v+1/2

du>10.
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2. Since f(r(t)) = Z far™(t), it follows directly from exercise 3.3.4.
n>1

3. Let t1 = 0.11 and t, = 0.1. Let us consider for instance a function H such

that H(t1) = 0,2, H(t2) = 0,9, Ay = —0.7, Ay = 1. One then checks that
2

Z AidjR(t;,t;) is negative. So the answer is no in general. As far as we
i,j=1
know it is an open question to find necessary and sufficient conditions on
the function H to have a covariance function.

B.6 Solution to exercise 3.3.6

1. Since

d(t, S) = M(HtAHs) )

d(t,s) = / Ly, — Ln|ds
SQ

=/ m, —1n,[dp .
SZ

With 37X =0

XiXid(t;, t;) = —2 Nilg, Pdp<0.
S Asdttity) = =2 [ 13" N, P <

i,j=1 i=1

Function d is of negative type, it follows from Schoenberg’s theorem that
Ry /2 18 a covariance function.
NB: this is the way P. Lévy introduces the Spherical Brownian [90].

2. Formula (3.7) implies that d?¥ is of negative type for H < 1/2. Schoen-
berg’s theorem implies that Ry is a covariance function for H < 1/2.

3. Let t1,ts,t3,t4 be four points on a great circle such that

and
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d(t17t4) = d(t27t3)
=2.

4
Let Ay = Ag = 1and Ay = A3 = —1. Then »  AiAjd(t;,t;) = -8 + 422F
i,j=1
is positive for H > 1/2.
NB: the same is true for the hyperbolic space [72].
4. It follows directly from Schoenberg’s theorem.
5. It is the covariance of a fractional Brownian motion indexed by R? and
restricted to the sphere.

B.7 Solution to exercise 3.3.7

Since X is Gaussian, Bx is itself Gaussian. Take ¢ € [0,1]. Let Z be equal
to X(t) — Bx(t). By standard results on Gaussian regression, there exists
two constants « and S such that Z = o + X(1) and Z and (1, X(1)) are
independent. First we obtain « = EZ = EX(t) = 0. Second, since E((X (t) —
Z)X(1)) =0, we obtain 8 = R(1,t).

For instance, when X is fractional Brownian motion of index H, (See the
definition in Corollary 4.2.1.) fractional Brownian Bridge is given by:

14+ 27 — |1 —¢?H

Bx(t) = X(1) .

X(1).

B.8 Solution to exercise 3.3.8
If you take two finite dimensional distributions of X and Y the set where the
random vectors are different is negligible, hence their distributions are equal.
B.9 Solution to exercise 3.3.9

Write the variance of the increments of the sum. Since the processes X and
Y are independent

E((Xy +Y) — (Xs +Y5))? = E((X; — X,)? + E((Y; - ;)%
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B.10 Solution to exercise 3.3.10

Let ¢,,n > 0 and A\2,n > 0 be the eigenfunctions and eigenvalues of the
covariance operator of X. Hx can be defined as follows

2
Hx = f:an<Pna Z%<OO
n>1 n>1""

This is the same condition as Equation (3.24).

B.11 Solution to exercise 4.6.1

1. If e >0,

S(et) = sup  X(s)
0<s<et, s€Q
= sup X (eu)
O<ecu<et, eueQ

@ n sup X (u)
O<u<t, ueQ
= e73(1).
2. If e > 0,
I(et) = inf{s € Q@ s.t. X(s) > et}.

Let = &'/ then

I(et) = inf{s € Q s, (1>HX ) > 1)

I

s
@ inf{s € Qs.t.X ((;) s)

(
>t}
_ iinf{s € Qs.t. X(s) > t}.

One can check that I is non-decreasing since if ¢ > ¢/
{s €Qs.t. X(s) > et} C{s € Qs.t. X(s) >et'},

and right-continuity of I follows from

{s €Qs.t. X(s) >et} = ﬂ{s € Qs.t. X(s) >et+1/n}.
n>0
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3. if X and Y are independent then

(X, Y(e) D (x,e7Y).

Let us take a bounded measurable function f

Ef(X (Y (et) = E(E(f(X(Y (e1))]Y))
= EE(f(X(ETY (1)Y))

because of the identity in distribution just recalled. Then

Ef(X (Y (et))) = BEf (" X (Y (1)]Y))
=Ef(" X (Y (1))

B.12 Solution to exercise 4.6.2

Function @ — log |t — 2| — log |z| belongs to L?: process X is well defined. X
is a centered Gaussian process.

E(X(t) — X(s))? = /(log |t — x| —log|s — x|)%dx .
R
The change of variables —(t — s)v = s — x leads to:
E(X(t) — X(s))? = |t — 5] /(log |1 —v| —log|v])?dv .
R

X is a Brownian motion.

B.13 Solution to exercise 4.6.3

1. Because of the exercise (3.83) the Markov property is equivalent to
E(Py(x,)(U)Ps(x,)(V)) =E(UV) (B.1)

for every U € 0(X,,5 <t) and every V € 0(X,,5 > t). In (B.1) Py(x,) is
the orthogonal projection on the vector space spanned by X;. Then (B.1)
can be rewritten

E(Py(x,)(Xs) Po(x,)(Xu)) = E(XsXy) (B.2)
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for every s <t < u. The characterization of the Markov property follows
from :

Po'(Xt)(Xv) = T

it K(t,t) > 0 and is vanishing otherwise.
2. Unless H = 1/2 the equation (4.85) is not fulfilled for

C
K (s, ) = (s + 27— |s — ¢},
One can take for instance a > 0 and s = a, t = 2a, u = 3a to check this

last claim.
3. Since K is positive definite then

— ¢
0 < K(t.0) = 030 = o) (£ ) )
implies that 2 is a non-negative real valued function. Then Cauchy

Schwarz inequality
|K(s,t)]* < K(t, 1)K (s, s)

yields that this function is non-decreasing.

4. A straightforward computation using the covariance of the Brownian mo-
tion.

5. If the condition (4.86) is fulfilled then K is a continuous function from

I x I and X is L? continuous, it is straightforward to derive (B.2), for a
covariance satisfying (4.86).
Reciprocally 0 < E(X?) = K(t,t) implies that K is non vanishing on
the diagonal of I x I. Then by continuity of K it is non-vanishing on a
neighborhood N of the diagonal. Since for every s < t one can find an
increasing sequence s = tg < t; < ... < t, = t such that for every ¢
(ti,ti+1) € N, then

K(s,1) = Wiso K(tusti1)
’ [[= K(ti, ta)

and this implies that for every s and ¢ K (s,t) # 0. Hence one can define
for an arbitrary ¢

[ K(s,t0) if s <ty
o(s) = % if s > ¢

and

K(u,to) . .
Kliodo) 18210

K(u,u) .
blu) = { Kiow 195l
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They are non-vanishing continuous functions such that

K(s,u) = ¢(s)(u)

if s <w.

B.14 Solution to exercise 4.6.4

Since X is stationary the covariance function K(t,s) = r(t — s). We assume
r(0) = E(X(0)2) > 0 or X is zero for every t. According to question 1. of
exercise 4.6.3 for all s <t <u

r(t—s)r(u—t) )

rlu—s) = ~(0)

Let us define Va > 0, 7(x) = :Eg; Then 7 is continuous function such that
#(z +y) = 7(2)7(y). Hence there exist A € R such that 7(x) = e** Va > 0.
Moreover for h > 0 r(—h) = EX(t — h)X(t) = EX(¢)X (¢t + h) = r(h), then
r(t) = Ce:\‘t| for some non-negative constant C. Those processes are called
Ornstein Uhlenbeck process when A < 0.

B.15 Solution to exercise 4.6.5

l—e *

1. There exists C' > 0 such that ~ 75+ < ZK% when z — +o00. Then
ziK when z — 0. Hence the integral defining C'(K) is convergent.

2. Apply the change of variable z = xy to (4.87).

3. The representation formula (4.88) is obtained when one applies (4.87) to
(|t + |s|*H)K and to |t — s|?HE,

4. R'(t,s) = [t|*" + |s|>" — |t — s|?>H is up to a multiplicative constant the
covariance of fractional Brownian motion and hence of non-negative type.
Then ¢(t,s) = B (69) — 1 is of non-negative type because e* — 1 has
positive coeflicients in its power series expansion in z = 0 and because of
2. in exercise 3.3.5.

5. Since R is of non-negative type the theory for Gaussian processes yields
the result.

6. We can easily check that X (0) = 0 (a.s.) and R(\t, \s) = N2HER(¢, s) for
A>0.

7. Fractional Brownian motion is the unique Gaussian self-similar process
with stationary increments. X has stationary increments if and only if
K=1.

1—e" %
SKF1

~
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9.

10.

E(X(t) - X(s))* =
21_K‘t o S|2HK + (‘t|2HK + |s|2HK o 21_K(|t‘2H + |s|2H)K) .

Since (|t|?HE 4|s|2HE 21=K (|¢|2H 1 |s|2H ) K) is non-negative by concavity:
E(X(t) — X(s))? < 287Kt — s]2HE

Kolmogorov-Chentsov’s Theorem 3.1.7 proves that X is at least HK lo-
cally Hoélder continuous.

It remains to prove that index HK is the “best” Holder exponent. Fix a
point t. Let 02 = E(X (t+1/n)— X (t))?. There exists a positive constant C
such that ¢,, > Cn~ X as n — +o0o. Then one can show that for v > HK

1 Y
[1/n] @

lim

n—o00 X(t—|— l/n) —X(t)

as in (4.41). The end of the proof is similar to the the end of the proof of
Theorem 4.2.3.

B.16 Solution to exercise 4.6.6

Since the Poisson measure are independently scattered, the process has in-
dependent increments. The mean measure of the compensated Poisson mea-
sure used to construct the random Lévy or stable measure is the Lebesgue
measure, the characteristic function (3.33) implies the stationarity of the in-
crements. Moreover, one can deduce from the Lévy Kintchine formula that
the (non-random) Lévy measure of the Lévy process is v.

B.17 Solution to exercise 4.6.7

1.

Let us compute the characteristic function of [ f(£)M(d€), which is de-
noted by

&(u,v) = Eexp (uu% [ s+ o [ ronae).

Because of Definition 3.1.20 and of (3.47)
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®(u, Eexp< /a% Oz + f(—€)z)N(d¢, dz)
+o [S(1(©)5 + f(-99 e 02))
—op ([ [om(un(6.2) ~ 1 s (6 2dean(s) )
where guu(€, 2)) = i(uR(/(€)z + f(—€)2) + v3(/(€)z + f(—€)2). Then,
log(@(u,v)) =

/Rd (0201 xR} [exP(gu0 (&, pe™)) = 1 = guw(§, pe'))ddbdv, (dp).
X T X Ry

If we replace f by —f in g,.,, one can rewrite the product — f(£)pe? =
f(€)pe’®* ™ Hence, the characteristic function of [ (&) M (d€) is the same
than the characteristic function of — [ f(&)M(d€), because of the invari-
ance of the measure df with respect to the translation of magnitude 7.

2. Please note that both integrals — [ f(&)M (d€) and [ f(§) exp(ia(§))M (d€)
are real valued. Then the characteristic function of [ f(£) exp(ia(§))M (d§)

&(u) Eexp< u [ 7€) extiate (df)))

is given by

/ [exp(iu2R(f(£)¢© pei?)) — 1
R4 % [0,27] xR
— u2R(f(£)e’*® pe'®)]dgdbdv, (dp).

It is equal to Eexp (i(u [ f(§)M(d€))) because of the invariance of the
measure dfl with respects to the translation of magnitude a(§).
3. Because of (3.48)

E 62 = 2d, 2d0dv,(dp).
[ r@maor= [ iera [ o

Hence we get (3.55).

B.18 Solution to exercise 4.6.8

1. z — (2? + 1)7*/? is a non-negative function integrable with respect to
the Lebesgue measure on R. Hence its Fourier transform is a continuous
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function fs(w) such that fs(w) — 0 when |w| — oco. Actually fs is a
modified Bessel function, but we will not use this fact.
2. First

X(2)=X(y)

(| — > + | X(2) — X@)?) " = |z — g/ / o E B 1 ()

Putting A = |z — y|¥ ~'w, we have

EI;(m) =
i X(z)=X(y)
// o — y‘lfos/ RE <e AL > Fo(lz — y|*"H \)ddzdy
[0,1]2 R

and

El;(m) =
// |z —y[t~H / RE (ei)‘X(l)> fs(lz =y HEN)dAdzdy .
[0,1]? R

It follows that:
BL(m) < sup £ [ [BEXO)ax [[ oyt dady.
weR R 0,1)2

3. Let us take s such that 2 — H > s > 1 then 1 — H —s > —1 and
ff[m]Q |z — y|*~H=*dxdy < co. Therefore El4(m) < co. Because of Frost-
man’s Lemma (cf. Lemma 3.2.2) dimgy{(z, X(z)), « € [0,1]} > s. Hence
dimg{(z, X(z)), x €[0,1]} >2 - H.

4. Since X is H-Holder continuous one can apply Lemma 3.2.1 to get
dimg{(z, X(x)), z €[0,1]} <2 - H.

B.19 Solution to exercise 4.6.9

e Upper bound.
We split the interval [0, 1] into sub-intervals

k37", (k +1)3), k=0,...,3" — 1.

We need 2" sub-intervals to cover F'. On such a sub-interval, the oscillation
of X is overestimated by C3~"H" for every H' < H (see Theorem 4.2.3).
We need C273"(0-H") squares of size 3°" to cover {(z,X(z)), = € F}.
The Hausdorff dimension of {(x, X(x)), = € F} is overestimated by 1 +
logs 2 — H.

e Lower bound. Equation (4.52) leads to:
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E((X(t) = X())* + (t—9)*) /2 < Clt — s[>
Let u be a probability measure supported by F' and
10 = [ (000 = X+ (= 92) 7 dute)dn(s).
Then

B0 = [ BO00) = X0+ (¢ = 9 du(tydus)

— gt H s) .
<c [ sl ot

We now apply Frostman’s Lemma (cf. Lemma 3.2.2). Since dimpy(F) =
logs 2, for s such that H +s— 1 > logg 2 H(F) = 0. Then for every s’ < s
there exists a probability measure p such that

[ e s s <

For this measure p EIl(u) < oo and almost surely I.(u) < oco. This
implies dimy {(z, X (z)), z € F} > 1+1logy2 — H.

It follows that:

dimg{(z, X(z)), x € F} @)y 4 logs2 — H .

B.20 Solution to exercise 4.6.10

1. First
1

/ 22 cos(2rx)dr =
0

/01/4 <$2H - (; - x) 2 (12 (; n x) 2H> cos(2mx)dx

Since x — 22 is concave for 0 < H < 1 we get

<x2H_ (;_$)2H+(1—x)2H— (;—kx)m) <0

for 0 < 2 < 1/4 and ¢; < 0. One can use similar arguments to show that
con < 0 for any integer n. The integral in the definition of cg,,+1 shall be
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split into two parts and we use the fact that = — 2% is increasing to show
that Con+1 S 0.

In [40] fractional fields parameterized by Euclidean spheres S? are studied,
and series expansion of 6 — |0 when 6 € S? are used for this study. In
this exercise X (¢) can be considered as a fractional field parameterized by
the circle S! because of the 27 periodicity of X. So the results on ¢, are a
special case of the Lévy Kintchine formula for # — |0 when 0 € S! as
seen in [40].

. Since z +— |z|*H is a continuous function C! except for z = 0. We can
apply Dirichlet theorem for Fourier series that yields the convergence of

the Fourier series to |z[?. When x = 0 we use the Dirichlet criterion,
which is in this particular case fol %dz < 00, to have the convergence of

:er ¢, and we denotes its sum —cy which is non-positive because of 1.

. Let us consider the series

+o0
S(t) = > [€nlcos(mnt) — 1) — n sin(rnt)] ‘TC”
n=1
vt e [-1,1],
+oo
E(S(t)?) =) (cos(mnt) — 1)cy
= [t|*" — cp + co.

Hence the series defining S(t) converge in L? and obviously S(t) =
R(X(t)). With the same type of argument one can show the convergence
in L? of (X (t)). Moreover V¢, s € R,

+oo

X(t) _ X(S) — Z ([fn +inn}einﬂ's) (einﬂ'(tfs) 7 1)

n=1

But ((&n + i1)e™™), @ (&n + i1 )n, and X has stationary increments.
In particular E((RX(t) — RX(s))?) = |t — s|?/ for all ¢, s such that
—1<t—s<1.

B.21 Solution to exercise 4.6.11

1. If X(0) is defined

(0)*
/JFSPHH ds < 00

which implies ¢(0) = 0. Similarly X (¢) is defined
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p(ts)?
/]R [S[2F T ds < 00

which is equivalent to

(s
R7|S/|2H+1ds < 00

by the change of variables s’ = t.
2. The process X is a Gaussian centered process, hence, it is enough to com-
pute the covariance function of this process to get self-similarity,

E(X () X (1)) = /]R st (B.3)

because of the isometry property of the random Brownian measure. Then
by the change of variable s’ = es it is clear that

E(X(et) X (et')) = 2HE(X (1) X (), (B.4)

hence, X is H-self-similar.
3. We will apply Theorem 3.1.8. Let us consider [A, B] with A, B > 0. Then
for t, ¢’ € [A, B] there exists a constant C' > 0 such that

lo(ts) = p(t's)] < CJt = t'|
for all s € R. Hence
E(X(t) - X(t)* < C*(t —t')?
and there exists p € N such that
E(X(t') — X ()" < Cp(t = ')*"

for a constant C}, that depends on p. The first inequality in the assump-
tion of Theorem 3.1.8 is satisfied. Since ¢ is C? (We can take a weaker
assumption.) we have |p((t + h)s) + @((t — h)s) — 2p(ts)| < Ch? for s € R
and t € [A, B]. Hence

E(X(t+h)+ X(t —h) —2X(t)* < C*h?

and the second inequality in the assumption of Theorem 3.1.8 is satisfied.
4. Let us check that the process is defined for the function ¢(A) = min(|A|,1).
First ¢(0) = 0 then
©*(N) ~ |A[12H
|A2H+T
as [A| = 0, and

¢*(\) A[-1-2H
| \[ZH+T ~ Al
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as |\| = +o0o, which yields

[e(s)[?

| TspA ds < 4o00.

(a-s.)

Since ¢ is an even function, X (t) X(—t). If we suppose that X has

stationary increments then

since X (0) =) 0. But

|o(2ts)|?

2 —
EX(0) = | o

ds >0

which yields a contradiction.

B.22 Solution to exercise 5.5.1

1. Because of exercise 4.6.11 we know that X is H-self-similar and X (0) = 0.

Hence
(252) @ xwen

and the process is H-locally asymptotically self-similar at ¢ = 0 and it is
its own tangent field.
2. Let us consider the process

5/ (ts)

Y(t) = & [T/

W (ds)

which is obtained by a formal derivation of the integral defining X. One
N2/

can check that 0 < [, (fsf”(f)ds < +400. Hence Y is well defined and non

degenerated. For ¢t # 0 and Vu € R

(Xu+ao—xu)
€

lim - Y(t)u) =0

e—0

in L2. Because of the almost sure convergence proved in exercise 4.6.11,
the convergence is also almost sure. Hence for ¢ # 0 X is 1-locally asymp-

totically self-similar and the tangent process at point ¢ is (Y (¢)u)yer-
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B.23 Solution to exercise 5.5.2

1. Let us recall that when you fix the second variable of a Hurst process,
you get a standard fractional Brownian field in the first variable. Then the
definition of B yields the results.

2. Forz #y

E(Ye (2, u)Ye1(y,v)) =
gfh(x)fh(y) e(yfx).g(efisu.ﬁ _ 1)(671'51;.5 _ 1) df
C(h(z))}/2C(h(y))'/? /Rd [|€]|dh(m)Th) (2m)d/2”

Hence,

E(Ye1(z,u)Yen(y,v)) =

1 et (e e —1)(e7 ¢ — 1)  d¢
C(h(x))/2C (h(y))'/? /Rd [[€]|+A)+rw) (2m)?/2

where a. = Y==. Since x # y |a.| — oo when e — 0T. Then using Riemann
Lebesgue Lemma one easily concludes that

lim E(Yz(z,u)Yz1(z,0)) = 0.

e—0+

3. Using the isometry property of random Brownian measures we get
E(Yza(z,u))? = Iy

defined before (5.34) in the proof of Proposition 5.3.4, where we take u; =

0. Because of (5.41), we get the result. Please remark that (5.41) is a

stronger result than the one we need. Hence the proof of this part can be

made without using (5.41) and will be shorter than the proof of (5.41).
4. We first remark that

Bp(z +eu) — Bp(x)
gh(m)

=Y.1+Y.o,

Then 1. and 2. yield

lim E(Ye1(z,u)Yz1(y,v)) = E(B(z,u)B(y, v))

e—0t

for all 2,y € R%. Hence

)

Jim (Ve (2,9)) (g yemixrs = (B(@0))(0u)emixma.

Because of 3. Y; » converges in probability to 0 and the sum of Y, 1 + Yz »
converges to the same limit as Y, ; in distribution. Moreover
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B.24 Solution to exercise 5.5.3

1. Because of (5.19)

o - (3) - 5525

Hence we get the first part of 1. Since I'(3) = /7, we get the second part
of 1.

2. Let (X (,9))(x,y)erx(0,1) be the Hurst process defined in Definition 5.3.4,
then

E<X(1,é) _xad )2 B
G
2
1 1 de
2(1 — cos 3 —= > 0.
J2a—ete) ((; il |£4> Vor
Since By (t) = WX@7 h(t)), if we denote by

Bh(]._) = lim Bh(t)

t—1—
respectively by Bp,(17) = lim,_,;+ Bp(t), we get that
E(Br(17) — Bu(17))? > 0.

Since By(17) — By (1) is a Gaussian random variable it is almost surely
positive.
B.25 Solution to exercise 5.5.4

1. Since h is continuous on K the minimum a = inf{h(t), ¢ € K} is positive.
Because of (5.48) and of (3.81)

> Xgkalt Ak <

j>JkEZ
log(1 4 5)/2 + log(1 + |k|)'/?
Y 27w
Sy (R
j>J kEZ

log(1 4 j)'/2 +log(1 + |k|)'/?
1+ |k|2 '
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and we get

Z Xk (R | < €279
j>Jk€EZ

where o’ < a. It shows the almost sure uniform convergence on K.
2. As in the previous question

| > Xkt ()i eal < C27Y

k1> K
log(1 4 )2 +log(1 + |k])"/2  log(1+ j)/? +log(1 + |k|)'/?
> D + 5 :
P 1+ 29t — K| 1+ [k

Let us show the almost sure uniform convergence on K of 3 ;.\~ m
Let us denote by k'(K) = inf{|2/t — k|, Vt € K, Vk € Z, |k| > K}, and
let us remark that limg_, 4o &'(K) = oo since K is compact. Hence

- < (C
Z 1+ |2]t7 |2 - Z
|k|>K >k ( K)

when K — +o0. The uniform convergence on KCof 3~ ;> g Xjik,1 (8, A(£))7) k1
is a consequence of the previous fact. B
3. Because of (5.50)

R 1
| Y Xowo(t h()njorol <C Y (1+t—k|2 1+|k2>

|k|>K |k|=K

which almost surely uniformly converge on K by similar arguments as the
one we used in the previous question.

4. Let us consider Mk (t) = >0 p<x (Xo,k,0(t h(t)) — X0,k,0(t; h(t)))n0,k,0- As
in the proof of Theorem 4.2.1

MK<t>=E<</|£| A Gl )

4

3
where Fx = o(no k0, 0 <k < K). Moreover the process

X (8, h(t)) = / 7”5_1/ 2081 dg)

HEC N SRl

is almost surely continuous. Hence because of Proposition V-2-6 p 104
in [110], Mg converges almost surely uniformly on every compact. The
same property is obviously true for
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Z (Xo,k,0(t, h(t)) = Xo,k,0(t, h(t)))70,k.0-

0<|k|<K

Hence we get the result.
5. Since the normalization function is analytic and non-vanishing, and A is
continuous W is bounded on K and the result is a straightforward
consequence of 1. 2. and 4.

B.26 Solution to exercise 6.6.1

1
1. The Fourier transform of exp(—|t|) is f(§) = —~——57. This function is
(1 +&2)
positive. By Bochner’s theorem, there exists an unique centered Gaussian
stationary process X such that EX (¢)X(0) = exp(—|t]).

2. Let Y () = X(t) — X(0).

Y(t) = / VIE)(E — 1) (de) .

One writes f as

1

f(f)zw+€(5),

1 1

One easily checks that the function ¢ satisfies Hyp 6.1.1 with H = 1/2
and 0 < n < 4.

B.27 Solution of Exercise 6.6.2

1. Self-similarity was proved in exercise 4.6.11.
2. Process X is C* since ¢ is C2. A Taylor expansion leads to

n—1

Vo= X"2(0),

k=0
with 6, € (k/n,(k + 1)/n). For a given sample path, 1V, is a Riemann

1
sum that converges to / X'2(t)dt. H,, converges to 1 and is of course not
0

consistent.
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B.28 Solution of Exercise 6.6.3

Let h > 0. Since X is a Gaussian self-similar process, X (h)/hf is centered
Gaussian variable Y, the variance of which does not depend on h. We then
have

Elog, [2"7X(27™)| = Elog, |Y|,
var log, [2"H X (27™)| = varlog, |Y| .

Borel-Cantelli lemma then implies that fI; converges, a.s., as n — +00, to
H.

B.29 Solution of Exercise 6.6.4

1. Tet ¥ = (1p>. Then
pl

det(X) =1—p?,

2—1: 1 1 —p
1—p2\—p 1

Then
E(UIV|™) =
1 lz|*|y| e fL(xu 2 _2pxy) o dad
o /71_p2 - ) Xp 2(1 — p2) Y prY Y,

and

o 1 _—
cov(|UT", V") = %/RZ 2"y~ exp(—(2? +y?)/2) A, (2, y)dady,

where
A = e (@) e (L) 1
P 1*[)2 2(1_p2) 1_p2
Since

/ |x|ixefx2/2dx =0,
R

one gets
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. _ 1 _
cov(|UT, [VI) = o /Rz "y~ exp(—(2* + y*) /2) By (2, y)dxdy,

where

By(z,y) = Ap(z,y) — pry.
One then checks that

. By(z,y) 1 2,2 2, .2
;{I—%T_i—’_xy/?_(x +97)/2,

Bo(z,y) =0, (63”8(;’y))p20 =0, and

2

0*B,(z,y) _ P 2,2 prYy
o2 P,(z,y)exp (M(z ty )) exp <1 _p2) ;

where P,(z,y) is fourth degree polynomial that depends continuously on
p- Let |p| < 1/2. Using a Taylor expansion of order two, there exists a
fourth degree polynomial P(x,y) and 0 < C' < 1/2 such that

BP(I7y)
2

. \ < |P(a, y)]eCIo.

One then concludes with the dominated convergence theorem.
2. Since Bp is a fractional Brownian motion and we know the covariance
function (4.9) of fractional Brownian motion, one can compute

v
COU(Ak;,QBH, AO7OBH) = 5{—“6 + 2|2H + 4|k‘ + 1|2H — 6|]€|2H
+ 4k — 1P — [k — 27

and a Taylor expansion shows that
v _ _
cov(AkoBr, AopBr) = [k~ + of[k[*7) (B.5)

as |j| — oo.
Since process By is H-self-similar with stationary increments

EW, (By) = E|A¢ 0Bl

Then
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2" —2
1 i —i
E|W,.(Bg)|* = W Z E[ApoBul'lAy0Ba|
p,p'=0
— Ly (1o Y A Bul 20 0Bl
on 1 o1 0B AooBH|
k| <2n—2

It follows
E|W,,(By) — E|AooBr|'|* <

1 || i i
on 1 Z (1 Ton 1) cov(|Ak,0Bul", [Ao,0Bul").-
k<2 —2

cov(Ak,0Bu,A0,08BH)
var(Aop,0Bm)

Using the first question with p = we get

lcov(|Ar.oBu|, | A00Br|*)| < CE*H 8,

> " leov(| Ak oBal', | Ao Brl)| < oo
kEZ

The dominated convergence theorem then yields

Jm  2"E[Wn(Br) — E|AooBul'l> = cov(| Ak oBul', | Ao0Bul").
kEZ

Let us now apply Bienaymé-Tchebicheff’s inequality. For all § > 0

E|W,.(Bi) — E|Ao 0 Bul'?

P(|Wo(Br) — E|AooBul'| > 6) < 5

Borel-Cantelli’s lemma, then yields

lim W, (Bg) = E|A¢oBgr|" (a.s.).

n—+oo

B.30 Solution of Exercise 6.6.5

1. We first check that h(0) = h(1) = 0 and & is in C1(0,1). Then
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2k + 1)*

Therefore

( I h(t)dt>2

T =1/12.

. Let us compute the mean square error of I(B).

_ nel o (et1)/
HB)—HB):—€£)+§:A; (B(t) — B(k/n))dt,
k=0 n

Let us use the independence of the increments of B.

— k+1
E(I(B) - I(B))? = — — = Z/ t— k/n)dt
k/n
(k+1)/ (k+1)/n )
S / BUE/m)(B) = Bk n)drd'
o Jk/n k/n
Then E(I(B) — I(B)) = -5+ & fo fo inf(z,y)dzdy and we we_get
E(I(B) — ITB\))2 = 5. It follows that the mean square error of I( ) is

equal to the bound of the first question. According to Section 6.5.1, the
trapezoidal estimate is optimal with respect to the mean square error.

B.31 Solution of Exercise 6.6.6

Since the e,, p > 0 is an orthonormal basis of L?([0, 1])

P
El|a” _G‘PNHL2 = Z I*(ep) + ZE(I(GP) —Inp)”
p>P+1 p=0
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Since a? € F,, there exists C; > 0 such that

D IPey) <GP

p>P+1

According to Theorem 5.1.6, and using

1 2
([ ) <laits,
0
there exists Cy > 0 such that
E(I(ep) — In.p)* < Cy/N.

To sum up

Ella® — a3, v |22 < C1 P> + C,P/N.

One concludes with the choice P = N1/(2s+1),
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man. Prentice-Hall Inc., Englewood Cliffs, N.J., 1962. 3.1.11
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