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Chapitre 1

Convex optimisation

We briefly present in this chapter some motivations around optimisation and statistics and
then describe some gentle remainders on convex analysis.

1.1 Motivations from statistics

Machine learning is an academic field (and also a research field) that looks for efficient algo-
rithms for estimating an unknown relationship between X (observed variables) and Y (variable
that should be predicted) from a set of data (X1, Y1),...,(Xn,Yn).

The starting point of any method is the development of a credible model that links Y to
X. In many applications, such link by no means is deterministic and the baseline assumption is
the existence of a set of statistical models (Pg)pece such that the variables (X,Y") are distributed
according to Py, where 6y is an unknown parameter in ©. Instead of estimating the joint law of
(X,Y), we are rather interested in the conditional distribution of ¥ given X and with a slight
abuse of notation, Py, (|X') will represent the distribution of what we want to predict (the variable
Y') given the value of 6y and the value of the observation X.

From a statistical point of view, it is needed to estimate 0y from the set of observations
(X1,Y7),...,(X,,Y,) and the common efficient way to produce such estimation relies on the
likelihood of the observations given the value of 6.

In its full generality, this problem is difficult (too difficult from a statistical point of view)
and it is necessary to impose some restrictions on the model generality to obtain feasible and
trustly resolutions. Below, we provide a brief non-exhaustive list of problems.

1.1.1 Linear model

This paragraph is motivated by the simplest link that may exist between two continuous
random variables X and Y. We assume that (X,Y’) are linked with a Gaussian linear model :

LY|X) =N ({00, X),07),

where X € RP, 6y € RP is the unknown parameter and o2 is the known (or unknown) variance
parameter. In that case, the likelihood of the observations may be written as

—Y;—(0,X,;)|2 /202

Vo € RP f[

The statistical model being regular enough, the M.L.E. (maximum likelihood estimator) is an
optimal statistical estimation procedure (asymptotically unbiased and with a minimal variance).

1



The M.L.E. 6, attains in particular the Cramer-Rao efficiency lower bound and is a maximum
of £ : 6 — log L(0). Hence, finding 6, is equivalent to the minimization of —¢ given by

=55 2Z\Y 0, X;)* + nlog(v2r0).

Assuming ¢ known, the minimization of —/ is then equivalent to the minimization of the classical
sum of square criterion

VO eRP  U(H) := Zn: Y; — (0, X;)|2. (1.1)

An explicit formula exists for the minimizer of U : if we denote X = [X1;...; X,,] the design
matrix of size n X p and Y the column vector of size n x 1, then the M.L.E. is given by

0, := (' XX)"'tXY. (1.2)

Remark 1.1.1 We should remark that Equation Equation (1.2) is true as soon as the Fisher
information matriz M =' XX is invertible. It corresponds to the situation where U given by
Equation Equation (1.1) is a strongly convex function.

We will see in this chapter the exact meaning of this strong convexity, and some important
consequences for the minimization of U.

1.1.2 Logistic regression

This paragraph is motivated by the simplest link that may exist between one continuous ran-
dom variables X and a binary one Y. Hence, the problem belongs to the supervised classification
framework : we observe X and want to predict the expected value of Y among {0, 1}. We assume
that a hidden parameter 0y € © exists such that

P(Y =1|X = z) = p(x, bp).

If the observations are i.i.d., then the likelihood function is

n

L) = [[P(Yi = 11X = X;) = Hp(Xiﬁ)Yi(l —p(X;,0)' " (1.3)

i=1

If the probability of success of Y is independent of X, then p(X,6y) = po and the M.L.E. in the
classification model is then estimated by :

1 n

Now, if we assume an inhomogeneity in the relationship between Y and X, we then need to fix
a set of constraints to produce an easy estimation of P(Y = 1]|X). The natural statistical answer
to this problem is to use an almost standard linear regression to fix some constraints on the
function (x,0) — p(z,0).

Unfortunately, the range of values of (x, 0) is [—00, 00|, which is not compatible with the range
of values of p. Instead of describing p, we can imagine that this function describes log ( ) for

which the range of values is also [—00, 00]. The logistic regression model is then defined by :

log (ﬁg — (1):§ - g) = (0o, ). (1.4)
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An easy resolution leads to
€<90,I>

1 + elbo,z)
We should again stress the fact that using logistic regression to predict class probabilities is a
modeling choice , just like it is a modeling choice to predict quantitative variables with linear
regression. By no means this model is the unique way to predict Y given X when Y is a binary
variable.

According to Equation (1.4) and the likelihood formultion Equation (1.3), we then deduce
that

P(Y =1|X =2) =

voeRr  0(0) =Y —log (1+e0N) + 3 vi(0, Xy)
i=1 i=1
It is easy to show that § — log(1 + e!?X¢)) is a convex function, so that § — — log(1 + e{®Xi?)

is concave. Hence, maximizing ¢ is equivalent to minimize the convex function given by
n n
U) =3 log (1 + e<0’X">) -3 Y0, X,). (1.5)
i=1 i=1

In this case, we can immediately see that there is no explicit solution for the minimization of U,
contrary to the explicit case of the linear regression. But we will see that it is still possible to
exploit the convex property of U to obtain efficient algorithms for solving the logistic regression
problem.

1.1.3 What goes wrong with Big Data?

Main nowadays challenges in statistics and optimization are concerned by the large scale of
the problems. In particular, there is a huge amount of informations for each observation (meaning
that p is large, and maybe very large). Moreover, there is also a large number of observations :
n is big too.

1.1.3.1 Unwell-posedness of some problems

Some consequences of this large number of variables and observations may be very annoying.
The first one is concerned by a very important limitation when p > n. Concerning for example
the case of the linear model defined in Equation (1.1) and solved by Equation (1.2), it is straight-
forward to check that the problem is not well posed : the squared matrix !X X is not invertible
and all the nice theory of linear models has to be refreshed. Note that such a problem also occurs
with logistic regression, and in many different area of statistics.

You will see how in another MSc course with Lasso estimator or Boosting algo-
rithms...

1.1.3.2 Too much observations : on-line strategies

Another limitation is concerned by a too large number of observations available for a com-
puter, that completely yields the saturation of its memory RAM. In such a case, we need to
tackle the estimation problem by considering observations as sequential, and then only propose
recursive strategies for estimation. We will then talk about recursive methods, in opposition
with batch strategies. Many applications built from observations gathered by web browsers must
be now sequential. We will see how we can handle these recursive arrivals to produce reliable
statistical conclusions.

This will be the main topic of these Lecture Notes.
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1.1.3.3 Interest of convex methods

The cornerstone of all these new challenges rely on the intensive use of convex analysis.
Convex analysis makes it possible to produce easy numerical methods that are also efficient from
a statistical point of view. Therefore, this chapter now starts the mathematical considerations
with some remainders on convex analysis and convex algorithms.

1.2 General formulation of the optimization problem

1.2.1 Introduction

Minimization problem We consider x € RP (for statistical applications, it will be replaced
by # later on) and a real function f : RP — R. We want to solve the problem :
(P)  min f(z),

where S is the set of constraints. We may have several type of minimization problems :

— Constrained problems : .S C RP

— Unconstrained problems : S = RP

— Smooth problems : f is differentiable

— Nonsmooth problems : a part of the function f is not C!

— Linearly constrained problems : f is linear and S C R?

— Quadratic problem : f is quadratic w.r.t. x

Approximate solution - Cost efficiency In its full generality, a minimization problem is
unsolvable, meaning that we do not have access to an explicit exact solution for the minimizer.
Therefore, we will develop a theory that makes it possible to approzimate solutions of (P) with
an accuracy € > 0. In particular, if 2* is the exact solution of (P), then an € solution x. satisfies :

1 (&%) = fzo)] < e

Then, the efficiency of the method involves the numerical cost (that will depend on €) needed to
obtain an € solution z.. Generally, the algorithms we will use are iterative, meaning that they
compute an estimation of the e solution recursively, and the numerical cost of the method is
tightly linked to the number of iterations needed for a good approximation.

X’th order method To conclude the paragraph, let us mention that the standard formulation
(P) is called a functional model of optimization problems. Usually, for such models the standard
assumptions are related to the smoothness of functional components. In accordance to degree of
smoothness we can apply different types of oracle to obtain an optimization algorithm :

— Zero-order oracle : returns the value f(x).

— First-order oracle : returns f(z) and the gradient V f(x).

— Second-order oracle : returns f(x), Vf(z) and the Hessian D?f(x).

1.2.2 General bound for global optimization on Lipschitz classes

We consider a very poor setting almost “assumption free" on the minimization problem (P).
We assume that f is L-Lipschitz, defined by

Definition 1.2.1 (L-Lipschitz) The objective function f is L-Lipschitz if and only if
V(z,y) e R"  [f(z) = f(y)] < Lz — Yl
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Such a function f is of course continuous, but not necessarily differentiable. Implicitely, we
assumed that f is defined on R" equipped with the sup norm ||.||oc. This notation is simplified
by |.| below for the sake of convenience.

We now provide a very pessimistic bound on the numerical cost for solving an e solution of
(P) when f has to be minimized on B,, :

B, ={xeR"|Vie{l...n}: 0<uz <1}.

Theorem 1.2.1 An e solution of (P) with L Lipschitz function can be solved in
L n
— 42
A

Proof : The method then simply consists in defining an € grid of B,,, denoted by G,,, and defined
by

operations.

Gn = {@k,, ko = (k1€,.. . knd) [Vie {1,....,n}: ki € 0,671 A 1]}.

Therefore, G, is a regularly spaced grid on B,, with a window size equals to 4. It is straightforward
to check that

|Gl = {671}"
If we now want to find an e solution of (P), it is enough to compute f on B, and locate its
minimal value on the grid attained at xz5. We then have

0< flzs) = f(a") < f(2) = f(2"),

where z* is the closest point to z* on the grid G,. Then, the Lipschitz assumption on L yields :
0
F@) ~ f@*) < Lx i —a*| < Ly,

With our goal to obtain an € solution, we then need to choose

2e
o< —.
- L
Then, the number of points in G, is (§ + 2)~", which concludes the proof. O

The result above justifies an upper complexity bound for our problem class. This result is
quite informative, and is certainly based on a very poor method (an exhaustive search on a
uniform grid). We still have some questions !

— Firstly, it may happen that our proof is too rough and the real performance of this

algorithm is much better.

— Secondly, we still cannot be sure that the algorithm itself is a reasonable method for

solving (P). There may exist other schemes with much higher performance.

In order to answer these questions, we need to derive lower complexity bounds for the problem
class. This is beyond the scope of these Lecture Notes. We will sometimes provide some well-
known results in operation research that precise the complexity of a problem and the performance
of the described numerical method related to the complexity lower bound.

For example, it can be shown the following “lower bound".

Theorem 1.2.2 Assume that € < %, then solving an € solution of (P) with a zero-th order

method s at least
L n
38
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1.2.3 Comments

Optimality Taken together, the complexity lower bound given by Theorem 1.2.2 and the
“algorithm" described in Theorem 1.2.1 show that the real complexity of solving an e solution of
(P) with zero-th order method on Lipschitz classes is exactly of the order {Le‘l}n. Hence, the
method described by the exhaustive search on the grid G, is optimal.

Reasonnable computation Nevertheless, it can be rapidly seen that the above problem can-
not be solved in a reasonnable time with suplementary assumptions. For example, take L = 2,
n =10 and € = 1072, the numerical cost requires 10%° operations ...

We should note, that the lower complexity bounds for problems with smooth functions, or
for high-order methods are not much better than those of Theorem 1.2.2. This can be proved
using an argument close to the original proof of Theorem 1.2.2.

Comparison of the above results with the upper bounds for NP-hard problems, which are
considered as a classical example of very difficult problems in combinatorial optimization, is also
quite disappointing. Hard combinatorial problems need 2™ operations only !

Beyond pessimistic bounds for big data problems We will introduce below a very desi-
rable property for functions involved in (P) that makes it possible to find an e solution of (P)
much more efficiently ! In particular, we will pay a very specific attention on the effect of the
dimension of the problem on the complexity of the proposed algorithm. Indeed, we plan to
apply our optimization procedure to high dimensional problems involved in Big Data. Therefore,
this preocupation is very legitimage !

1.3 Gradient descent

1.3.1 Differentiable functions

A first natural additional assumption on f concerns a smoothness property. We recall some
elementary definitions on differential functions below.

Definition 1.3.1 (Differentiable function) f :R" — R is differentiable iff for any x in R™,
a linear map £, exists such that

1 (x) = f(y) = La(y — 2)|| = o(|z — yl).

Since a linear map can always be associated to a vector of R™ by duality, we can also define the
gradient of f at point x as the unique vector of R™ such that

1f(z) = f(y) = (Vf(2),y = o) = o]z — yl).

In standard situations, the gradient of f is the vector of partial derivatives of f with respect to
each coordinates :
of of

V =| == R .

@)= (G (@b 5o @)

As an example, we can compute the gradient vector of the function f(z) = 4af + ...+ a2
Vfi(z) = (a121,...,a,%,) .

If the function f is more complex, for example with interactions between variables, the expression
of Vf may be more complex. If f(z) = 2?2 + ax122 + bz1 + 23, then

Vf(z) = (2z1 + axg + b, ax; + 2x3).
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1.3.2 Smoothness class and consequences

We define below the set of functions C} that are differentiables with a L-Lipschitz gradient
function :

V(z,y) eR*  [[Vf(z) = Vi)l < Lllz -yl

This function class satisfies the following lemma.

Lemma 1.3.1 For any f € C}, we have

V(z,y) eR"  [f(y) = f(z) = (Vf(z),y —2)| < glly—ﬂcll2 (1.6)

Proof : We use a first order Taylor expansion :

1
fw) = f@)+ / (VF(a+ sly — ),y — z)ds
0
1
— f@) + (Vi) —a) + /O (Vf(a+ sly — ) — Vf(x),y — a)ds.

The last term may be upper bounded and we get :

1
16) = $(@) = (Vf(e)y—a)| < [ Lally = alfds = 5y =i

We then obtain the conclusion. 0
The geometrical interpretation of the last inequality is very important, and is the baseline
fact of many optimization methods. We define zy € R™ and two quadratic functions given by :

L
¢+(z) = f(x0) + (Vf(20), 7 — w0) £ §||»”U — z0|)*.
It is immediate to check that
Ve eR"  ¢_(z) < f(z) < ¢y (2)

Therefore, if we want to minimize f, a reasonnable way to obtain an efficient algorithm is to
approximate locally f by ¢4+ and then use an explicit formula that minimizes ¢ .

We can even improve the approximation of f with a third order Taylor expansion (the proof
is omitted).

Lemma 1.3.2 If f is C? with M Lipschitz Hessian, then

IV£(y) = Vf(z) - D*f(z)(y - 2)] < %Hy —z|]?,

and

Fw)  £&) = (V(@)y — ) — LD @)y — 2y — )| < oy — P

1.3.3 Gradient method

Now we are completely ready for studying the convergence rate of unconstrained minimization
methods and in particular the simplest first order method, which is the gradient descent method.
We provide below two reasons why such a method may be efficient.
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1.3.3.1 Antigradient as the steepest descent

The baseline ingredient is represented by the fact that the antigradient at point x, given by
—V f(z), is a direction of locally steepest descent of differentiable function. Since we are going
to find its local minimum, the following scheme is the first to be tried :

Algorithm 1 Gradient descent scheme

InputFunction f. Stepsize sequences (vx)ken
Initialization : Pick xg € R™.
Iterate
VEeN  api=ak — V(). (L.7)

Output : lim;_, o zg

We will refer to this scheme as a gradient method. The scalar factor of the gradient, g, is
called the step size. Of course, it must be positive ! There are many variants of this method, which
differ one from another by the step-size strategy. Let us consider the most important examples.

Definition 1.3.2 (Gradient descent - adaptive step-size) The sequence (vi)i>0 is chosen
in advance independently of f by :

Ve =7>0 constant step size,
or (Vi )k>0 is decreasing :

v
E+1

Yk =

Definition 1.3.3 (Gradient descent - line search backtracking) The full relazation step-
size of the gradient descent is defined by :

Y = arg glggf (zx — YV f(2r))

Among these strategies, we see that the first strategy is the simplest one. Indeed, it is often used,
but mainly in the context of convex optimization. In that framework the behavior of functions
is much more predictable than in the general nonlinear case (see below) and the gain brought by
the gradient descent may be quantified easily.

The second strategy is completely theoretical, it is an abstract tool but it is never used in
practice since even in one-dimensional cases we cannot find an exact minimum in finite time.

1.3.3.2 Gradient descent as a Maximization-Minimization method

The second way to understand the gradient descent method is more geometrical and re-
lies on the understanding of « Maximization-Minimization »algorithm. The geometrical idea is
illustrated in Figure 1.1.

Imagine that :

— we are able to produce for each point y € R™ an auxiliary function x — G(z,y) such

that

Ve eR"  f(z)<G(z,y) and  f(y) =G(y,y)

8
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FIGURE 1.1: Geometrical illustration of the MM algorithm : we minimize § — D(6) with the help of
some auxiliary functions § — G(6, «).

— we have an explicit exact formula that makes it possible to minimize the auxiliary
function z — G(z,y) :
arg min G(zx,y)

z€R™

Then, a possible method to minimize f seems to produce a sequence (z)r>0 as follows :

Algorithm 2 Maximization-Minimization algorithm

InputFunction f. Family of auxiliary functions G
Initialization : Pick zy € R".
Iterate Compute Gi(z) := G(z,x)) and solve

T1 = arg min Gy(z). (1.8)

Output : limg_ o xg

The keypoint is that we have with Lemma 1.3.1 a function ¢4 that is an upper bound of f :

F() < F0) + (V)2 — o)+ 2 =y,

and ¢, is easy to minimize : it is a second degree polynomial in x! In particular, we can check
that ¢4 is convex and coercive :

¢4 () = +o0.

]| —+o00

Moreover, the gradient of ¢4 can be computed :
Voy(z) = Vi) + Lz —y).
Therefore, the minimizer of ¢ is
in 6 (r) =y — 1 V(1)
rg min =y— = .
a gzeR” +\T Yy I Yy

We then conclude that the MM algorithm associated to the surrogate auxiliary function ¢
is nothing more than the standard gradient descent with a step-size L™!.

9



1.3.3.3 Theoretic guarantee

We consider the first gradient descent with constant step size ~.

Theorem 1.3.1 Let f be a positive C’i function, then the gradient descent method applied with
v = L1 satisfies

li \% =0.
Proof : First step : Optimization of the gradient descent We define x = x;, and y = x4 and
aim to make f(y) as small as possible starting from x in one step. In this view, we use the bound
given by Inequality Equation (1.6). We know that

F) < 6+) = F(@) + (V(x).y—2) + 5y — 2

Considering y = x — vV f(x), we have

2
) < £(@) = IVF@)|? + LIV @),

where we have used the equality ||y — x| = 7|V f(z)||. We therefore obtained :

) < f(o) - (1 - ) IV @)

Our strategy is then to minimize f(y) in one step, meaning that we are looking for v such that
vy(1-— %) is as large as possible. The function of v above attains its maximal value at v* = L™
With this simple gradient descent scheme, we then obtain the inequality (known as a descent
inequality) :
_ 1
flo = LTIV f(x) < f(2) = 5 IV ()] (1.9)

Second step : Convergence of the gradient descent We consider the sequence (zy)i>1 defined by
Equation (1.7) with v, = v* = L~!. Inequality Equation (1.14) shows that

Flr) — Flo) < 5 1950

We can sum all these inequalities between 0 and n and obtain that

Flener) = fan) < ~37 19/ @)l

This may be rewritten as

S IV F(R)l? < 2L [f(z0) — f(zni1)] < 2L[f (o) — f(z*)).
k=0
We then conclude that
lim Vf(zx) =0,

k—>400

meaning that the sequence (xj)r>o converges owards the set of critical points of f. We should
note that at the moment, we do not know anything on the nature of this critical point, nor on
the pointwise convergence of the sequence (xx)x>0.

10



However, if we define

.
gn = Orgrggn\lvf(xk)!\,

we then obtain

. @) = 7]
WE T T

(1.10)

1.3.4 Rate of convergence of Gradient Descent

We can now make more precise the ability of Gradient descent to minimize a smooth function
f and then solve (P). Inequality Equation (1.10) quantifies a rate of convergence of the
method. Indeed, if the Hessian of f is not degenerated around z*, then f may be approximated
by
f(@) = f(@*) + (D (") (& — 27), (z — 2™)) + o( |z — 2*|?),
and
IV f (@)l = |D*f (") (@ — ).

It means that ||V f(z)|| quantifies the distance between = and z*. Consequently, if we are
looking for an approximate € solution of (P), then it is enough to compute a solution z, such
that

IVF(zn)ll S e

With a gradient descent scheme applied with v = ~*, if we want to find an € approximate solution
of (P), we need to run n step such that
gn S €

Applying Inequality Equation (1.10), we deduce that the integer n should be chosen such that

ne > 2Le ?[f(w0) — f(2%)].

We immediately remark that the rate is greatly improved (comparing to the e~ obtained in
the general L-Lipschitz minimization problem) : the dimension of the problem does not seem
to appear in the complexity of the problem since whatever the dimension d is, the amount of

iteration is proportionnal to e~2.

Moreover, the larger the difference between f(xg) and f(x*), the longer the computation
needed to find an e approximate solution of (P).

However, in its full generality, the gradient descent scheme suffers from two important draw-
backs. First, we only know that V f(z,) — 0 as n — +o0. Indeed, nothing is known about the
nature of the limit. In particular, the limit can also be a local maxima of f. Second, even though
the limit of the sequence is a minima of f, we do not know if the limit is a global minima or a
local trap. The goal of the next paragraph is to enrich the functional space with a very desirable
property : convexity.

1.4 Convexity

In this section we deal with the unconstrained minimization problem (P) where the function
f is smooth enough. In the previous paragraph, we were trying to solve this problem under very
weak assumptions on function f. And we have seen that in this general situation we cannot

11



do too much : impossible to guarantee convergence even to a local minimum, impossible to get
acceptable bounds on the global performance of minimization schemes. Below, we introduce some
reasonable assumptions on function / to make our problem more tractable.

1.4.1 Definition of convex functions

For that, let us try to determine the desired properties of a class of differentiate functions we
want to work with : the set of convex functions.

Definition 1.4.1 A function f : RP — R is convex iff
V(z,y) e R? VA€ [0,1]  fAr+ (1= Ay) <Af(z) + (1 =) f(y) (1.11)
We left to the reader the proof of the following obvious facts :

Proposition 1.4.1 The next three points hold.
i) The sum of two convex functions is convex.
i1) Affine functions are conver.
i) If f is convex and ¢ is an affine function, then f o ¢ is convex.

We will oftenly use the particular case of smooth differentiable convex functions. In that case,
the definition above may be translated into a more tractable characterisation.

Proposition 1.4.2 If f is C' differentiable from R™ to R, then f is convex if and only if
V(z,y) eR"  f(y) = f(=) +(V[(z),y — ). (1.12)
Proof : We consider (z,y) € R" and A € [0,1] and define
h(A) = f(hy + (1 = Nz) = Af(y) — (1 =N f(z).
We have
h'(A) = %f(ﬂf T My — ) = (fy) = f(2) = (Vf(2),(y —2)) + f(z) = f(y).

Then, we can check that if Equation (1.12) holds, then A is a decreasing function. Since h(0) = 0,
we can deduce that h(\) < 0 for any value of A € [0, 1]. Hence, f is convex and satisfies Equation

(1.11).
Conversely, we assume that f is convex so that h(\) < 0 for any A € [0,1]. Since h(0) = 0,
we deduce that h'(0) < 0, which is exactly Equation Equation (1.12). O

1.4.2 Local minima of convex functions
A first important fact is stated below when we handle convex functions :

Theorem 1.4.1 If f is convex and V f(x*) = 0, then x* is the global minimum of f.

Proof : The proof is obvious when using Equation Equation (1.12). We consider y € R™ and see
that

VyeR"  fly) = f(&") + (Vf(@"),y —z) = f(z7)

Hence, f(x*) is the minimal value of f over R"™.
Roughly speaking, for a convex function, being a critical point, or a local minima is equivalent
to being a global minima.

12



1.4.3 Twice differentiable convex functions

We can obtain an even more tractable characterisation of a convex function f when f is twice
differentiable. First, we prove the preliminary proposition.

Proposition 1.4.3 A continuously differentiable function f is convex if and only if for any
(z,y) € R", we have
(Vf(z) = V[(y),z—y) >0 (1.13)

Proof : We assume f is convex. Then, we have
f) =2 f(@) +(Vf(x),y—z) and  f(z) = f(y) +(VS(y),z—y).

Adding these two inequalities yields the conclusion of the first implication.
Conversely, we assume that Equation (1.13) and take (z,y) € R™. Then, we denote x5 =
x+ s(y — ) and

1
fw) = fla)+ / (VI + sy — 2)),y — x)ds
0
1
= @)+ (V@)Y —2) + / (Vf(2s) — VI (@),y — z)ds
1
= J@+ (VS @=o)+ [ (V@) = Vfa).ads

> [fl@)+(Vf(x),y — ).

We then obtain the main result of the paragraph.
Theorem 1.4.2 A twice differentiable function f is convex if and only if D*f > 0.

Proof : Let f a convex function and denote s = x + sy. Then, in view of Equation (1.13), we
have

1

0< é(Vf(xs) —Vf(x),zs — ) = §<Vf(xs) = Vi@).y) = /OS<D2f(x + Ay)(y), y)dA

Now, taking the limit s — 0, we deduce that
V(z,y) ER" X R"  (D*f(x)(y),y) >0,

meaning that D?f(z) is a positive quadratic form. To obtain the reverse implication, we use a
second order Taylor expansion :

1 s
() = @)+ (Vf (@), y—2)+ / / (D2 (a4 Ay—2)) (y—z), y—a)dAds > f(2)+(V (), y—z).
This ends the proof. O

1.4.4 Examples

We describe below several examples of convex functions that are commonly encountered in
statistics.

1. An affine function is convex :

Vz e R" flz) =a+(bx)

13



2. A quadratic function is convex when the Hessian is symmetric and positive :

f(x)=a+ (b,x) + 2txAx.

The Hessian of f is A, meaning that f is convex if and only if A > 0 and symmetric.

3. The exponential map is convex
Ve e R flz)=¢€" f(x) =€,

This is also true for the /£ norm in R™ when p > 1 :

n 1/1’
Vo e R" f(x)ZHpr=<le!p> .
i=1

We should keep in mind this typical example, which will be the most important for us in
this course.

4. The entropy function h is convex :
Vo e R" h(z) = zlogx.

This convexity property may be extended to the simplex of probability measures :
n
¥peS,  h(p) = pilogp;
i=1

The proofs of the later convexity properties are almost all immediate with the help of the
Hessian criterion. The only non-trivial point concerns the convexity of the ¢ norm. Indeed, it is
known as the Minkowski inequality (triangle inequality for /F norms) :

V(z,y) € R" VA€ [0,1] fAz+(1-=Ny)

Az 4+ (1 = Ayl
Az]lp + [[(1 = Nyl
= Allzllp + (1 =Nlyllp-

IN

1.4.5 Minimization lower bound

Below, we provide a theoretical result that will describe a lower bound of the complexity for
solving (P) when f is convex. We aim to solve the following problem :

Findzs.t.f(z) — f(z*) <e where f 1s convex with L Lipschitz gradient.

Implicitely, providing a lower bound of the complexity of the above problem requires to build the
worst function. Hence, the underlying construction is more or less artificial and only interesting
for the upper bound we will obtain below.

Theorem 1.4.3 For any k € N and any xg € R™, a function f exists with L Lipschitz gradient
such that for any first order method :
3L||zo — 2*|?

o) = 1) = Sy
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Theorem 1.4.3 provides a lower bound for the complexity of any first order method that
permit to obtain an e approximation of the minimum of f. In particular, we can check that
we need at least k > e 1/2 iteration of a first order method to obtain an e approximation. A
priori, this is much more smaller than the gradient descent complexity obtained before with e =2
iterations needed (without any convexity assumption). The proof of such a result may be found
in the Lectures Notes of Nesterov.

In the next Section, we will provide an optimal method for minimizing in such convex classes.
However, we will also introduce another class of function where the minimization is much more
easier (from a numerical point of view).

1.5 Minimization of convex functions

We recall that a continuously differentiable function f is L-smooth if the gradient Vf is
L-Lipschitz, that is
IVf(z) = Vil < Liz -y

Note that if f is twice differentiable then this is equivalent to the eigen-values of the Hessians
being smaller than L. In this section we explore potential improvements in the rate of conver-
gence under such a smoothness assumption. In order to avoid technicalities we consider first the
unconstrained situation, where f is a convex and L-smooth function on R"™. The next theorem
shows that gradient descent, which iterates

Ty = 2 — NV f(x4)

attains a much faster rate in this convex situation than in the non-convex case given in Theorem
1.3.1 (the rate we obtained was t~1/2).

Theorem 1.5.1 Let f be convexr and L-smooth on R™ . Then gradient descent with n = L~!
satisfies

2L||zo — 2*||?

fla) - fla) < =0

Before embarking on the proof we state a few properties of smooth convex functions. First, we
recall the basic descent inequality :

0< (&)~ f(9) ~ (VFw).x—9) < Sl — I (114
which implies that :
(- 7V6@) < 1@ - IV

Lemma 1.5.1 Let f be such that Equation Equation (1.14) holds true. Then for any z,y € R™,
one has :

£(@) = F) < (VH@)y = 2) — 519 5() - V)
Proof : We define z =y — % [Vf(y) — Vf(z)]. We apply Inequality Equation (1.14) and get

0<f(z) = flz) = (Vf(z),2 - x),

leading to
flz) = f(z) <(Vf(z),2 - 2).
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Moreover, Inequality Equation (1.14) also yields

L
f(2) = F) < (VW) z =) + Sz —wl*.
Adding the two terms leads to

F@) = ) = 1)~ F()+ 1)~ )
< (Vf@)e 2+ (V)2 ) + 2zl

(Vf(@),z—y)+(Vf(x) =V I(y),z—y) + illvf(x) ~Viwl®

(VF@), )~ 57 IV () = VI )P

We can now prove Theorem 1.5.1.

Proof :

First step : convex inequalities. First, we apply the right hand side of Inequality Equation (1.14)
and obtain

1
f(@s41) = fas) < _ﬁ‘|xs+1 - $3H2-
In particular, if we denote by J; :
b5 := f(xs) — f(2%),

we obtain

1 2

We can also apply the left hand side of Inequality Equation (1.14) to obtain
bs = flxs) = f(2") < (Vf(ws), s — 2%) < s — 2|V f(24)]], (1.16)

where the last inequality is obtained with the Cauchy-Schwarz inequality.

Second step : ||xs — z*| is a decreasing sequence. To show this result, we will use Lemma 1.5.1,
which implies

V(z,y) e R (Vf(2) =V f({y),z—y) = %va(x) - Viwl*.

We use this as follows :

2
1 *
Ts———1T

* |12
H -

|zs11 —

2 1

* (12 * 2

= s =21 = 2 (Vf(2s), 25 — %) + 5[ VF(@s)]
1

< s — )P - ﬁllvf(fﬂs)ll2

Therefore, (||xs — x*]|)s>1 is a decreasing sequence.
Third step : Convergence rate of (0s)s>1. We know from Equation (1.16) and the fact that (||zs—
x*||)s>1 is a decreasing sequence that
s < s
ler =2 = [lws — ]

< [[Vf(xs)]-
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Therefore, Equation Equation (1.16) yields

1

Ogp1 <0y — ————— 52,
st =0 2Lz — 2*]]?°

If we define w = 2L||z; — 2*||?, we then obtain
UJ(S? + 5s+1 < 63'

Dividing the above inequality by dsd541, we obtain

It implies that

1 1 s
-2 > w
5s+1 55 5s+1
Summing these inequalities from 1 to n — 1, we obtain
1
— >wn-—1).
n
We then obtain
2L

lzo — 2]

flan) = f@") <

n—1

O

Let us briefly discuss on the way the proof works. The main ingredient is a Lyapunov function

that traduces a reverting effect from x5 to xs11. This function, in this case, is simply f itself
since we then obtain :

flwsnn) < F(zs) = 57 IV ()P

Note that the second step of the proof also shows that ||z — 2*||? is also a second informative

Lyapunov function. Then, some algebraic tricky relationships permit to conclude a rate of conver-
gence for (x5)s>1. This rate is still polynomial in our convex case, but we see below that this
rate is greatly improve as soon as strong convex properties hold.

1.6 Strong convexity

1.6.1 Definition

Definition 1.6.1 (Strongly convex functions SC(«)) We say that f : R? — R is a-strongly
conver if z — f(x) — al|z||? is conves.

It is an easy exercice to check that a-strongly convex functions is equivalent to the following
inequality :

fesCa) = Yay) eR @) < fly) + (Vi) —y) - Sz —y|*
This equivalence holds because of Proposition 1.4.2.
festla) = f()- %||.H2is convex
Vwy) €R? f(y) = Syl = f@) = Sl + (VF(@@) - az,y — )
= Y@y eR!  fy) > @)+ (Vi@)y— o)+ Sllyl? = 2?) + al~(z5) + 2]
v(

ry) €RT ) 2 f@) + (Vi@)y —2) + 5y - o

—
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Another important criterion that implies strong convexity is concerned by the spectrum of
the Hessian of f.

Proposition 1.6.1
f € 8C(a) <= Yz € R D2f(x) > aly,

where the last inequality holds w.r.t. the quadratic form inequalities.

Hence, f is a-strongly convex if and only if the spectrum of the Hessian of f is lower bounded
by a > 0 uniformly over R%.

Surrogates lower bounds As we already said in the previous paragraph, a smoothness pro-
perty on the gradient function implies the existence of a surrogate function ¢ :

F(2) < 64@) = F) + (VI ()2~ ) + 5 o — ol

Moreover, ¢_ is also a surrogate function with — instead of + in front of £||z — y||%. Now, if the
function f is « strongly convex, then a second surrogate function ¢_ also exists :

) = 6-(y) = f(@) + (Vf @),y =) + Sz =yl

It is immediate to check that this last inequality with § is much more stronger than the one
obtained with —%.
Another important property is given by the next result.

Proposition 1.6.2 For any f € SC(«), we have
V(z,y) eR? (Vf(z) = Vf(y),z —y) > aflz -y (1.17)

Proof : The result is an easy consequence of

f(@) < f) + (Vi@)e =) - Sle -yl

Indeed, if we switch z and y in the previous inequality, and add the two relationship, we obtain
exactly the result we are looking for. O

1.6.2 Minimization of a-strongly convex and L-smooth functions

As we will see now, having both strong convexity and smoothness allows for a drastic im-
provement in the convergence rate. We denote x = ¢ for the condition number of f . The key
observation is that a lower bound of (V f(xz) — Vf(y),x — y) can be improved and used in the
proof of the convergence rate of the gradient descent.

We begin by the statement of the next Lemma.

Lemma 1.6.1 Let f be a L-smooth and a-strongly convex function on R?, then

al

V(z,y) R (V@) =ViW)o—y) = —F

1
Iz =yl + — IV /(@) = VI W)
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Proof : First step : auxiliary function ¢. We consider ¢(z) = f(z) — $||z[? and apply Lemma
1.5.1 on ¢, which is a convex function. First, remark that we necessarily have L > « because V f
is L-Lipschitz and f lower bounded by a/2||z||?> when 2 — +o0c. Moreover, we have that ¢ is
L — a-smooth. Indeed, a direct computation shows that

L—«

V(z,y) eRY  0< o(x) — o(y) — (Veo(y),z —y) < lz — yl|*.

Symmetrizing in x and y, we get

(Vo(z) = Vo(y),z —y) < (L — a)l|lz — y|%,

which shows that ¢ is L. — a-smooth.
Second step : coercivity of . Now, we can use Lemma 1.5.1 and obtain that

V(z,y) eR?  o(x) —o(y) < (Vo(z),y — ) — IV (z) — Ve(y)|>.

1
2(L — «)
Again, symmetrizing in z and y and adding the two relationships, we obtain :

1

—

V() = Ve(y)l*. (1.18)

(Veo(z) = Voly),z —y) 2 £

Third step : algebraic conclusion. We replace now ¢(.) by its expression f(.) — ||.||* and obtain

L i ava(iU) - Vf(y) - Oé(i[} — y)H2

Equation(1.18) <— (Vf(x) =V f(y) —alz —y),xr —y) >

a o? x) — 2
= (V@)= Vi@)-y) (HLQ_a) > (a+ L_a) oyl 1910 = V1G]

L+a o Lo |[Vf(x) = Vi)
_ N LT > _
= (V@) - Vo) TS > o -yl DO Y
Vi) - Viwl®
B oas ol el '
= (V@) =VI@,z -y 2 —Fllz—yl"+ T+ a
This last inequality is the desired conclusion. O

We then state the final result on the minimization of a-strongly convex function with a gradient
descent algorithm 1.

Theorem 1.6.1 Let f be a L-smooth and a-strongly convex function, then the choice of the step
size v = ﬁ leads to

L
Tanin) = 1) < G (=7 ) o =1

Proof : First, we shall remark that applying the L-smooth property given by Lemma 1.5.1 yields

Fla) — fa) < 2w — )P
since Vf(z*) = 0.

We now use a recursion argument and write ||z,11 — 2*|? :

e — 212 = oo — 2" VI )P
= o — 22 = 20V ) 0 2*) + 42V )
La Vfx)|]?
< =2 = 27 | e = 2+ DTN o2y
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where in the last line we applied Lemma 1.6.1. Then, we obtain

2vLa
L+«

HwH—wWS(l

2
)l =P 4 IVl |22 - 2]

Our choice v = L—ia permits to vanish the second term of the right hand side and we obtain :

2vLa 2 \? 4
o =at? < (1= 752 ) ool = (1= 57 ) o= < exo (= ) =P

because 1 — x < e™. Then, a simple recursion yields

4n
foner = < exp (— 20 ) o =

O

Computational complexity What should be kept in mind with this result is the strong im-
provement from a polynomial rate to an exponential one (the convergence is said to be linear)
with the strongly convex property. Hence, in that case, with the gradient descent method, recove-
ring an e-solution of the minimization P requires “T'H log e~ ! iterations instead of Le~! iterations
in the simplest case of L-smooth function.

We should also remark that some lower bounds results exist on this type of class of convex
functions. Indeed, even our results given in Theorem 1.5.1 and Theorem 1.6.1 are not optimal in
the sense that some better algorithms exist for these classes of functions. In particular, it may be
shown that a second order algorithm (called the Nesterov Accelerated Gradient Descent NAGD)
may outperform the standard GD and attains the following rates of convergence :

— In the L-smooth case,

2L
Flyn) = @) < llyr —a* |
— In the L-smooth and a-strongly convex situation :

P exp (-
— X ex —
5 Y1 P \/E

Last but not least, it may be shown that this rates are optimal (see Nemirovski and Yudin, 1983)
for these two classes of functions.

flyn) = f(27) <
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Chapitre 2

Stochastic optimization

In this chapter, we introduce the most important topic of this course : the stochastic op-
timization framework. We describe an important (though preliminary) result of almost sure
convergence of stochastic gradient descent. We will obtain much more stronger results in the
next chapter with the help of convex optimization.

2.1 Introductory example

2.1.1 Recursive computation of the empirical mean

The law of large number shows that estimating the mean of a distribution with the empirical
mean is an efficient estimator... and it is also the first commonly used stochastic algorithm !

Consider a sequence of i.i.d. real variables (X,,) distributed according to pu, integrable whose
expectation is denoted bym :

The strong law of large number yields

— X1++Xn n—-+o0o
X, = >m  a.s.
n

It is possible to re-write this sequence (X, )n,en With a recursive formulation :

_ n —
X = X —X
mT g T
_ 1 _

We can instantaneously remark that this sequence of empirical means is a Markov chain, where
the innovation part is brought by the new observation X, 41 at time n + 1.

Notation 2.1.1 (Filtration, step size) The canonical filtration is denoted by F;\ := o(X1,..., X»),
and we define a sequence of step size

«

Vn € N* Yn = mn~ <.
We consider h the function defined by :

VeeR  h(z)= %E[Xl — )%
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Then, the sequence of empirical means may be written simply as :

Xn+1 =X, - 'Yn-&-lv:r:h(Xn) + 'Yn—i—lAMn-i-la
where
A-]\4714-1 = _(Xn-i-l - Xn) + E[(Xn-H - Xn)/]:n] = _(Xn-H - Xn) + vzh(Xn)‘

Therefore, the element X, |1 is simply equals to X,, with the addition of a drift term (gradient
descent of the function h) and a centered term, which will be considered as a martingale increment
with respect to the filtration (F.X),>0

2.1.2 Recursive estimation of the mean and variance

We can also be interested in the simultaneous estimation of the mean m and the variance o2.

We denote

1« . 1 « .
Sh = -~ Z(Xk —X,)? = - ZXlg - X5
k=1 k=1
Then, we have

1 " _ 1 _\?
52 = X — X, — ——[ X1 — X,
_ 1y (X—_)2+71 (X —X’F—i (X — X0][Xns1 — X,]
— n+1k:1 k n (n+1)2 n+1 n n+1 k n n+1 n
n 2 1 o 12 1 - 12
= Xpi1 — X, [ Xpi1— X,
n+1 ”+n+1[ 1 ] +(n+1)2[ + )

= STZL - ’Yn+1(SVZL — (Xn — Xn+l)2) - %2L+1(Xn+1 - Xn)z-
If we denote now Z, = [X,, S2], we obtain :
Znt1 = Zn = Yny1 [H(Zn, Xng1) + (0, Rngr)]
where H is the function defined as :
H((#,8%),u) = (T —u,s> — (Z—u)?) et Rpp1=Yns1(Xns1 — Xn)?  (veste).

Again, we shall check that the joint evolution of Z,, = [X,,, S?] is a Markov chain that may be
written as :

E[H(ZerH-l) | }—n] = h(Zn)a

where :

h(z,s%) = (2 —m,s*> — (z —m)? — o?).

Again, if we denote AM,, 11 = H(Z, Xn+1) — h(Z,), then we still obtain a 2-dimensional mar-
tingale increment and we obtain the following representation :

Zn+1 =Zn— ’Yn-i-lh(Zn) - ’Yn-i—l(AMn-i-l + (O’ Rn-i—l))'
The strong law of large numbers permit to write the almost sure convergence :

Zn m} (m702) =Yy

*

where y* is the unique zero of the function h. In other words, this algorithm may be seen as a
random algorithm for the computation of the zero of the function h.
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2.1.3 Generic model of stochastic algorithm

The two algorithms above are typical examples of stochastic algorithms. The first one may be
translated in the minimization of a function A while the second is concerned by the computation
of the solutions of h = 0.

Definition 2.1.1 (Stochastic algorithm) A stochastic algorithm is defined by :
Xot1 = Xn — Yt 1h(Xn) + Vo1 (AMpq1 + Roga)

where (7y,) is a sequence of non negative step size such that

Yn D2F0 0 and Z’yn = +00.
n>1

The sequence (AMy)n>0 is a sequence of martingale increments and (Ry,)n>0 is a sequence of
perturbations (some neglictible rests) when n — +o0.

The goal of this chapter is to describe the behaviour of such algorithms when the number of
observations n becomes larger and larger. In particular, we will be interested in the following
questions :

— convergence of the algorithm ?

— rate of convergence (with a central limit theorem) ?
At a later stage, we will also be interested in some non asymptotic results (with a finite horizon
in n).

Concerning now the first question we will address in this chapter, a first heuristic answer is :
if h has a repelling effect towards its minimum z*, then we can expect that

X n—-+oo x*
n I
if some technical conditions on (vy)n>1 are satisfied.
Concerning now the second question, we shall remark that in the two examples above, the
almost sure convergence is given by the law of large number, so that the “rate" of convergence is
v/n. Again, this rate may certainly be related to the sequence of step size (vn)n>1-

2.2 Link with differential equation
If we consider the recursion :

Tnt1 = Tn — Yn+1h(zy), (2.1)

then this equation may be seen as an explicit Euler scheme that discretizes the following ordinary

differential equation :
WO iy (2
In the case v, = v > 0 and h = —V f, we recover the situation illustrated in Chapter 1 with a
gradient descent with a fixed step size.
In Equation (2.1)-Equation (2.2), we should understand the closeness of these two equations
with an interpolation of the continous time evolution with a sequence of intervals whose size
become smaller and smaller. If we define

n
Tn = E Vi
j=1
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then we have the heuristic approximation z,, = y(7,,) because when the step size are small enough
(or equivalently when n is large enough) :

Tpt1 = Y(Tnt1) = Y(Tn + 1) 2 Y(Tn) + 1y (Tn) = T — Yot 1h(Y(70)) = T — M1 h(@n).
Therefore, we can split the time interval as
[0,7) = [0, 7] U 1, 72] ... U[Tn_1, Tn].

For an infinite sequence of step size (v,)n>0, We can expect the evolutions of Equation (2.1)
and Equation (2.2) under the sine qua none condition

Tn — +00 meaning that Z'yj = +00.
J=1

2.3 Stochastic scheme

2.3.1 Motivations

The motivation for the study of the following evolution
Xnt1 = Xn — ’Yn-‘rlh(Xn) + 'Vn-l—l(AMn-H + Rn-i-l)v (23)

can be found in many practical situations.

Noisy gradients Let us imagine that h is the gradient of a function U we want to minimize.
Without any loss of generality, we can assume that the minimizer is zero, so that the minimization
of U and U? are equivalent. Now, we can imagine that when we are at step n at position X,
the gradient of U is only accessible through unbiased measurement, then it is no longer possible
to use the approach studied in Chapter 1. In such a case, the scheme is reduced to

Xnt1=Xp — 'YnJrlh(Xn) + Yn+1én,

which is closer to the formulation Equation (2.3) with a null rest than the deterministic formu-
lation Equation (2.1).

Intractibility of the drift computation Let us imagine now that U is given through an
integral :

veeRY  U(x) Z/EU(x,y)u(dy),

where 1 is a probability measure over E. The set is a priori known but possibly large so that it
is difficult / impossible to conceive a numerical code that may compute the function A :

h(z) = VU (z) = /E O, y)u(dy),

at every point (X ),>1 of the algorithm, because the computation over E is costly without any
explicit formula for h.

In such a case, we can turn back to the formulation given by stochastic algorithm and remark
that if (Y,,)n>1 is a sequence of i.i.d. random variables distributed according to p over E, then
the algorithm

Xny1=Xp — 7n+laxu(Xna Yn+l)7
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may be written as
Xn+1 =X, — '7n+1h(Xn) - ’Yn+1AMn+1a

because
AMn-{-l = h(Xn) - 8zu(Xn7 Yn-i—l) = / 8zu(Xn7 y)ﬂ(dy) - amu(Xm Yn—H)
E
is a martingale increment :

E[AM, 1| Fy] = / O (X, y)1(dy) — E[0uU(Xon, Vins1)| Fo] = 0.
FE

Conclusion : if we assume th we can sample p, then if we denote by (Y;,)n>1 a sequence of
i.i.d. random variables distributed according to u, then we can define the sequence :

ou
XnJrl =X, — 'YnJrI%(Xn; YnJrl)a

which may re-written as
Xn+1 =X, - ’Yn-i-IVU(Xn) + ’Yn—i-lAMn—&-l

whit y
AM, =VU(X,,) — %(Xn,YnH).

We recover a standard form of stochastic algorithm, which will be called « stochastic gradient
descent ». We are interested in :

— Does (X,,) converges towards x* ?

— What is the rate of convergence? Under what type of conditions? ... ?

2.3.2 Brief remainders on martingales

A good reference for a complete survey on martingales :

[W91| D. WILLIAMS Probability with Martingales, Cambridge Mathematical Textbooks, 1991.
You will find below a pot-pourri of important facts on martingales : some definitions, some
important inequalities and some fundamental convergence theorems..

Definitions

Definition 2.3.1 (Martingale, Super-martingale, Sub-martingale) A sequence (X;)n>0
with values in RY is a (F,)-martingale if

(1) (Xy) is (Fpn)-measurable.

(i1) E[| Xn|] < +o0 for all n > 0.

(111) E[Xpi1|Fn] = Xy for alln > 0.

In the meantime, a real sequence (Xy,)n>0 is a (Fp) super-martingale when (i), (ii) and (iii’) are
satisfied :
E[Xpi1|Fn] < X Vn > 0.

Lastly, a real sequence (Xy)n>0 15 a (Fp) sub-martingale when (i), (i) and (i11”) are satisfied
E[X, 41| Fn] > X, VY > 0.
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Definition 2.3.2 (Predictible sequence) We will say that a sequence (Yy)n>0 is (Fn)n>0 pre-
dictible if Y11 is Fp-measurable, for all integer n :

E [Yn+1‘fn] = Yn+1-

Proposition 2.3.1 (Doob decomposition) Let (X,,) be a real sub-martingale (resp. real super-
martingale). Then, a unique predictible increasing process (resp. decreasing process) denoted by
(An)n>0 such that Ag =0 and X,, = My, + Ay, where (My,) is a Fn-martingale. Moreover,

An - An—l - E[Xn - Xn—l|fn—l]-

Definition 2.3.3 (Bracket of a square integrable martingale) Let (M,,) be a real martin-
gale that is square integrable. Then, (M?2) is a sub-martingale (because x +— x? is convex). We
denote by ((M),,) the bracket of M, i.e. the unique predictible process vanishing at 0 such that
M2 — (M), is a martingale. We have :

<M > — <M >,=E[(M,1 — M,)?/Fp).

Classical inequalities

Theorem 2.3.1 (Doob’s inequalities) We can state the following results, unavoidable in mar-
tingale’s theory.

Doob’s inequality Let be given (X,,) a martingale or a sub-martingale. Then, we have for all
N >0, forallp>1,

1
IP’( sup | Xp| > a) < —E[|Xn["].
0<n<N a?

Doob’s inequality in LP Let be given (X,) a martingale or a sub-martingale.

E
0<n<N

P p_\" P
sup |X,P| < E[| X n|P]
p—1
In particular, if (X,,) is martingale vanishing at 0,

E

sup |Xn|2] <E[< X >2]
0<n<N

and

sup X,, € L? if and only if sup E[|X,,|P] < +o0.
n>0

Convergence results

Theorem 2.3.2 (Sub-martingale) Let be given (X,) a super-martingale or a sub-martingale
such that

sup E[| X,,|] < +o0.
n>1

Then, (Xpn)n>0 converges a.s. towards an integrable random variable Xo.

Theorem 2.3.3 (Super-Martingale) We have the two fundamental results :
i) Let (X,,) be a non-negative (super)-martingale, then (X,,) converges a.s.
i1) Moreover, assume that (X,,) is bounded in LP with p > 1, then (X,,) converges in LP.

Theorem 2.3.4 Assume that (X,,) is a square integrable martingale. Then,
i) On the event {< X >} < o0}, (X,,) converges a.s. in R.

i) On {< X >o= o0}, 5o 1=

0 a.s.
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2.3.3 Robbins-Siegmund Theorem

We shall establish one of the most important result on stochastic algorithms. This result is
known as the Robbins-Siegmund Theorem. We consider a measured space ({2, F,P).

Theorem 2.3.5 (Robbins-Siegmund) Consider a filtration (F)n>0 and four sequences of ran-
dom variables (Uy,), (Vy,), (o) and () that are (F,)-measurables, non-negatives and integrables
such that
(i) (), (Upn) and (By) are (Fy) predictables.
(11) supyeq [ (1 + an(w)) < +o00 and )~ E[Bn] < +00.
n>1 -
(iii) ¥n € N,
E[Vn+l|fn] < Vn(l + O‘n+1) + Brt1 — Un+1.
Then,
n——+oo 1
(a) Vi ———=Ve€L' and sup,s,E[V,] < +oco.
() 2soElUn] <400 and 37, 5qUn < +oo a.s.

Remark 2.3.1 Later on, the sequence (V,) will be oftenly V(X,) where V is a “Lyapunov”
function and (X,,) the state of the stochastic algorithm at step n. This result means that un-
der Assumption (iii), we then deduce the almost sure convergence of (V(X,,)) when n — +o0.
Therefore, under good assumptions on V', we then obtain the convergence of the algorithm itself

(Xn).

Proof : The idea behind the proof is to build a super-martingale from Inequality (i7i). This is
in-line with the construction of a decreasing sequence (in the deterministic case).

Preliminary upper bound We shall remark that since (Uy)n>0 is predictable, then

n+1
E | Vagr+ Y Ul Fa| < Vall+ anga) +2Uk+ﬂn+1
k=1 k=1

< (Vn + Z Uk) (1 + ant1) + Bt
k=1

Hence, if we define
Vo +> o1 Uk

Sp = == ,
[Toz (1 + )

then we instantaneously remark that

E[Sp+11Fn] < Sn + ot (2.4)

where

oo /Bn
=)

Now, define B, := > }_, Bk, then the sequence (Bn)n>0 is a non-negative increasing sequence,
which converges towards a random variable By,. Since /3, < 3,, assumption (ii) leads to By €
L'

EBy < +00.

We also obtain that from Equation (2.4) that

sup E[S,] < +o0.
n>0
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Construction of a super-martingale We define S, =S, + E[B~oo|fn] — By, Since (Bn)n>0
is predictible, and because we have shown that E[S,,11|F,] < Sy + Bnt1, then we can write

E[§n+1|fn] < Sn+ Bn-i-l + E[Boo|Fn] — E[Bpt1|Fy]
S Sn +E[Boo‘]:n] - n+1 + Bn+1 S
Moreover, we can check that |S,| < |Sn| + |E[Bso|Fn] — Bn| so that
E|S,| < ES, +EBy < +00,

We shall conclude that (Sn)nZO is a super-martingale. Moreover, (S,) is clearly non-negative.
Then, we can apply the convergence theorem on non-negative super-martingales. We then obtain :

Sp 12 S e LY.

Moreover, since E[Boo|Fyn] — Bn D2F0 0 aus. and in L (left as an exercice), we deduce that

(Sy) converges a.s. towards Sy, := S with So € LY. Since S,, < S,,, we then conclude that

sup E[S,] < E[S1] < 4oo0.
n>1

Going back to (V,)n>0 and (U,)n>0 We now focus our attention on the two sequences
(Vi)n>0 and (Uy)n>0. The definition of S, leads to

k=1
Then, we have shown that

+oo

H(l + ag)

k=1

Vol +E E[Sy].

o0

supE[V,,] < +o0 and E ZUk < +o0.
nzl k>1

In particular, ;- Uy, < 400 a.s., and we then obtain (b).
Next, since S, — Soo and [[;51(1 + ag) < 400, it easily follows that

S ﬁ1+ak ZUk— n*H»OO voo— ooH 1+Oék ZUk
k>1 k>1 k>1 k>1

a.s. and in L. It proves (a) and concludes the proof. O

2.3.4 Application to stochastic algorithms

We now turn back to the initial motivation of stochastic recursive algorithms and consider
the method defined byEquation (2.3) with Xo = zo € R? and

Xn+1 =X, — ’YnJrlh(Xn) + 7n+1(AMn+1 + RnJrl) (25)

where (7,)n>0 is a positive step-size sequence such that

Y 22250, Z% = +o0, sz < +00. (2.6)
n>1 n>1
We will apply the Robbins-Siegmund convergence result to obtain the most important result of

the chapter :
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Theorem 2.3.6 (Convergence of the stochastic gradient method) Let (X,,),>0 be a se-
quence of random variables defined by Equation (2.5), such that (yn)n>0 satisfies Equation (2.6).
Let V be a C* L-smooth (sub-quadratic) function such that :

(Hi) @ (« drift »assumption)

m:=minV(z) >0 lim V(z)=+oco, (VV,h)>0 and |h*+|VV]2<CO1+V).

z€R4 |z|—+o0

(Hg) : (Perturbations)
(i) (AM,) is a sequence of increments of an (F,)-martingale such that

E[|AM,|?|Fr1] <CA+V(Xn1)) VneN.
(ii) (Ry) is (Fpn)-measurable and
E[| Rn|?|Fn-1] < Cya(1+ V(Xn-1)).
Then, under (Hy) and (Ha), then one has

(a) su%E[V(Xn)] <400, (1)) 1 (VV,h)(Xy) < 400 a.s.
nz n>0

OV (Xn) =525 Ve e LY as.,
(d) Xp— Xpno1 2250 a.s. andin L2

Remark 2.3.2 We shall make the following remarks.
— We can assume that Xo itself is a random variable as soon as E[V (X)) < 4o0.
— If the algorithm belongs to a convex set of R?, it is only needed that the assumptions on
V' are satisfied on this conver set.

— The consequence of

S 1 (VV, h)(X) < oo aus.,
n>0

and (VV,h) >0 and ) v, = +0o0 is only

liminf(VV, h)(X,) =0 a.s.

n—-+4o0o

But something more is needed to obtain the a.s. convergence of VV (X,,) towards 0.

Proof :
Below, we will use the following notation :

; éb:k 3371 ) Yryi-

Moreover, C' will denote a non explicit constant that may change from line to line.
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Upper bound with the Taylor formula The second order Taylor formula shows the exis-
tence of a sequence (&,)n>0 such that

V(Xnt1) = V(Xn) = Y41 (VV(Xn), M( X)) (Xn) + Y41 (VV, AMy44)
F 1 (VY (X, Ruin) + 5 DV (6 (A1)

where &, 11 belongs to the segment [X,,, X;,11] and AX,, 11 = Xp,+1—X,,. Since VV is L-Lipschitz,
we know that D?V is bounded (whatever the norm is) so that

1
'2D2V(€n+1)(AXn+1)®2 < ClAX i1 ? < Oy (IR(XR)1? + [AMug1 [ + [Raia ).

The assumption of the Robbins-Monro Theorem then shows that a large enough constant C' exist
such that :

E H;Dzvoan)(AXm)@?] m] < Oy (14 V(X)) (2.7)

Finally, since AM,, is a martingale increment and V is lower bounded by m > 0, we can find a
large constant C' such that

E[V(Xp41)[Fa] < V(X)L + Criir) + 1 EI{VV(X0), o)l Fa] = 1r1 (VV(Xn), (X))
(2.8)
From the Cauchy-Schwarz inequality and the assumption on the rest term R, we have :

A

E[[(VV(Xn), Bni1)[[Fn] < E[VV(X0)| X | B[ Fn]
[VV (X)) [E[| B [ Fn]
IVV (X)) [VE[| Rnia [P F2

<
< Crun /T V(X)) VV (X

Again, the function V' being sub-quadratic, we have

IVV ()] = Olgjsqoc(VV (2)),

so that a large enough constant C' exists such that :

EH<VV(X7L)7 Rn-i-l)HJTN] < C’Yn—&-lV(Xn)-

Consequently, Equation (2.8) implies that
E[V(Xnt1)[Fa] < V(Xn)(1+ Cri 1) = 141 (VV (Xn), h(Xn)) (2.9)
Application of the Robbins-Siegmund Theorem We define the following quantities :
Vo :=V(Xn), U1 = %41 (VVR)(Xp),  an:=Crpy Basr =0,
and write Equation (2.9) through the formulation (iii) of the Robbins-Siegmund Theorem :

E[Vn—i-l’fn} S Vn(l + an+1) + Bn-I—l - Un+1-

We can check rapidly that the needed assumptions are satisfied :
— (an)nens (Br)nen €t (Un)nen are (Fn)nen predictible and (i) holds.
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— The infinite product []32; (1 + o) converges, leading to (ii).

Then, the Robbins-Siegmund Theorem implies that V,, converges towards V in Ly and the
series of U, is a.s. convergent. We can then conclude that points (a), (b) and (c) hold. Concerning
now (d), the arguments used above show that

E[|AXn1 ] < Cypya (1 +E[V (X))

Next, the conclusion of (a) implies that >" E[|AXy|?] is a convergent series. We then conclude
that

E[[AX,?] 22520 et Z IAX, 11> <+ a.s.
In particular, AX, 2252 0 a.s. (and in L?). O

2.3.5 Unique minimizer

Corollary 2.3.1 [Robbins-Monro Theorem| We assume that the assumptions of Theorem Equa-
tion (2.3.6) hold. Moreover, we assume that h is continuous and that :

{z : (VV(x),h(x)) =0} = {2}

Then,

(a) =* is the unique minimizer of V.

(B) Xp 2252 2% a.s. and (VV, h)(X,) 2252 0.

(v) If p > 0 and p € [0,1) exists such that Yp(z) = |z’ with and y(x) < CVP(z), then,

E[(¢p(Xn — 2*)] 2225 0.

Proof :

Point («) : we know that V' admits a minimizer and on this minimizer, one has (VV'(z), h(z)) = 0.
Our assumption then implies that {VV = 0} = {a*}.

Point () : The point (b) and (c) above shows sthat

Z’ynH(VV, h)(X,) < +o0a.s. and V(X,)— Vya.s.

Hence, a subset exists Q C Q with probability one P(Q2) = 1 and such that the two inequalities
above hold for any w € Q. In particular, considering such an event w, we know that (X, (w)), is
a bounded sequence. Considering a convergent subsequence (X, (w))n and its limit X (w), we
have ((VV, h)(X,,))n converges towards 0, and the continuity of h leads to (VV, h)(Xoo(w)) = 0.
We then deduce that X (w) = z* and the only possible accumulation point of X, (w) is z*.
Moreover, V(X ) — V(2*) and Voo = V(2*) p.s. We can also conclude that (X,) converges
towards x*.
Point () : we will use an equi-integrability argument. We fix M > 0. The Lebesgue dominated
convergence theorem shows that :

E[(T/Jp(Xn - x*)lwp(Xn—m*)SM]
Moreover, the Holder inequality yields

B[y (Xn — %)Ly, (x—a)> 1] < E[(¥0p(Xn — ) VPP, (X, — %) > M)IP
< sup B[V (X)) |P(¢p(Xp — 2*) > M)

n>1

< OP(p(Xp — %) > M) 7.

n—-4o00
e

0.
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Now, the Lebesgue theorem implies that

lim sup E[yh, (X — 2%) 1y, (X, —a*)>n] = 0
M—+o0

and we obtain the result. O

2.3.6 Isolated critical points

We now derive some results on the asymptotic behaviour of the Robbins-Monro algorithm
when the set of minimizers (critical points indeed) is isolated and finite.

Corollary 2.3.2 Under the assumptions of Theorem Equation (2.3.6), assume moreover that
(Hrinite) : b is continuous and for allv >0, {z,V(z) =v} N {(VV,h) =0} is finite.
Then, (X,) converges towards X*° a.s. and (VV,h)(Xs) = 0.

Proof :

Topology of the adherence We know that V(X)) Limany v a.s., which is a finite random

variable and lim V' (z) = 400 when |z| — +oc. Therefore, we can find Q C Q of probability
1 such that w € Q for which (X, (w))ney is a bounded sequence. We denote by x> the set of
possible accumulation points (with a fixed w). Then, this set is bounded and closed. Hence, x*°
is a compact set.

Moreover, we can restrict our study to the events w such that AX, — 0 because this
convergence holds almost surely. This last point then implies that x*° is a connected set. To
show this last point, assume that x“°is not connected. It then implies that two non-empty and
disjoint closed sets Fy and F, exist such that y*° = F; U F,. Consider z € F!' N x> and
y € F?2 N x*>®. The definition of Y™ yields the existence of two sub-sequences (X%(n)) and
(X%(n)) that converge respectively towards = and y. Since F; and F3 are closed and disjoints,
we know that d(Fy, F») = dy > 0. We also know that for all € > 0, an integer ny € N exists such
that n > ng,

| Xpom) — | <& [ Xg,my—yl<e and [X, - X, 1] <e.

We consider for example ¢ = dy/4 and consider the sequence of times (T¥) and (7)) as follows :

T7 = inf{n > ng, | X, — z| < do/4}, T{ :=inf{n >T7,|X, —y| < do/4}

TP :=inf{n > T{ |, |Xn — x| < do/4}, T :=inf{n > T}, |X, —y| < do/4}.
We clearly have that T and T} are finite for all k because = and y belong to x*°. Since | X,, —
Xn—1| < dp/4 for all n > ng, we can deduce that in between T and T,f , an integer nj exists such

that d(Xy,, F1UF3) > dy/4. Since the sequence (X, ) is bounded, it has an accumulation point
Xoo- By construction, it is clear that X, does not belong to F1 U Fy, which is a contradiction.

Almost sure convergence We consider the trajectories such that V(X,) — Vi, we then
deduce that x> (w) C {z,V(z) = Vo (w)}. Since

> w(VV,h)(Xp) < 400 as.,
we know that a point y* of x*°(w) exists such that
y* € {{VV,h) =0}.
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It is much more complicate to show that every point of x°°(w) satisfies this property. We will
establish such a property only in dimension 1 (the case of higher dimensions is more involved
and requires some ingredients related to pseudo-trajectories of differential systems).

We consider the two cases :

— If x*°(w) is reduced to a singleton, then the proof is complete.

— Otherwise, x*°(w) is a connected of R with a non-empty interior. In particular, since V' is
necessarily constant on x*>°(w) and V' is a continuous function, it implies that V/ = 0 on
X*°(w). It then implies that (VV, h)(z) = 0 fpr all z € x*°(w) so that x*°(w) is included
in a connected component of {z,V(x) = Voo (w)} N {(VV,h) = 0}. Our assumption then
implies that this set is indeed locally finite. Hence, x*°(w) is solely reduced to a single
point and the proof is complete.

O

Problem : When we are considering the Robbins-Monro algorithm, we have shown that the

algorithm converges towards a critical point. However, it is not clear that such a convergence
holds towards a local minimum of the function V. It is however possible to establish this kind of
result with some extra-assumptions. This is beyond the scope of this courses but some ingredients
may be found in the Lecture Notes of M. Benaim (pseudo-trajectories, Kushner-Clark Theorem,
local traps avoided by stochastic algorithms, .. .)

Example 2.3.1 Recursive least squares. We consider £1,...,&y, ... a set of observation vectors
of R (the inputs) and we are looking for finding a relationship & — F(€) with a linear model
that minimizes the least squares criterion, i.e. we want to minimize :

ViCeR s Y (F(&) - (C,&)* =By [(F(€) - (C,€)°
k=1
where = 1/n> 3 _; 0¢,. If we denote by A(E) := &' the Gramm matriz, then some immediate
computations show that :

VV(C) =Eu[((C.€6) = F(€)) €], (D*V(C)) =Eu[A(¢)] = cte.

Moreover, DV is clearly symmetric and non-negative. To obtain its invertibility, we need that u
belongs to the orthogonal of the set spanned by &.. Therefore, V is strictly convez if and only if
(&k)1<k<n generates R?. In this case, V' admits a unique minimizer. In such a case, we can use
the following recursive formulation to compute (Cy,) with

Cnt1 = Cn = Mt1({Cn;s §nt1) — F(§nt1))Ent1

where (£,) is an i.i.d. sequence of random variables distributed according to pu. We can check the
assumptions of the Robbins-Monro Theorem and then conclude that C, converges a.s. towards
the unique minimizer of V.

We will be interested later in the rates of convergence possibly attained by such algorithms.

Such rates will strongly rely on convex properties of the function we are interested in. In parti-
cular, we will derive some convergence rates for convex and strongly convex functions.
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Chapitre 3

Non-asymptotic study of stochastic
algorithms

3.1 Introduction

3.1.1 Choice of the step size

In this chapter, we will specifically address the problem of estimating convergence rate of
the recursive estimates derived from stochastic algorithms. In particular, we are interested in the
non asymptotic behaviour of the stochastic gradient descent

Xot1 = Xpn — Y1 VIF(Xn) + V1AM,

This behaviour will highly depend on the step-size sequence chosen in the recursive formula. To
understand this dependency, we consider again the formula given by the empirical mean :

90 =0 and Hn = Hn,l — %(Gn,l — Zn) (31)

If we choose 7, = %, then we recover the standard average :

1 n
=1

But we may choose other step-size sequences, according to what we have seen in the previous

chapter. Choosing now =, = %H, we can show using a recursion that

2 n
O = ——= ) kxy.
n(n—i—l); F

Of course, the behaviour of this last algorithm may be different from the one using the step-
size v, = n~ . We will try to understand the typical behaviour of the stochastic algorithms with
respect to this key choice.

3.1.2 Linear case

Since we plan to derive a good understanding of the situation with respect to the sequence
(Yn)n>1, we first study the simplest situation that corresponds to the linear case : Vf(x) = x.

Let us have a look at Equation Equation (3.1) while assuming that (Z;);>1 are all i.i.d. and
E[Z] = m and with a variance o2. Here, we can directly study what happens in R? instead of

35



R because of the very simple relationship between the spectral decomposition of V f(x) and R?!
Note that it will not always be the case below. We can write

en -—m = Hn—l -—m — Vn(en—l - Zn)
(eﬂ—l - m)(l - ’Yn) + ’Yn(Zn - m)

n

= [[a - -—m)+>
k=1

i=1

Zi—m).

n
H (1 =)

We could understand the previous decomposition as a bias/variance decomposition. The first
term only depends on the initialization of the algorithm, and is decreased according to the
effect of the product []_;(1 — k). The second term is a variance term, because it involves the
observations (Z;);>1.

In particular, we can compute the quadratic risk of estimation :

n n n 2
E|f, —m|* = Enl—’Yk ) —m)+> | T =) |%u(Zi—m)
k=1 i=1 Lk=it1
n 2 n n n
= E[[JQ =)0 —m)| +2B| (0 =w)0o—m)> | ] 0 =) | (2 —m)
k=1 k=1 i=1 |j=it1
n n 2
+E > [ IT 0 =w)| vz —m)
=1 Lk=i+1
= IIl—w (Go—m)>+Y 4 [ 01—
k=1 =1 k=i+1

where the last line comes from the fact that the sequence of observations (Z;);>1 are assumed to
be i.i.d., centered at m, and with a variance o? :

E|Z —m|* =

To understand now the behaviour of the quadratic risk, we need to understand the size of
the bias and of the variance. Indeed, if we introduce the time of the algorithm defined by :

n
Iy = 27k7
k=1

we then obtain
Bn - H(l - '}/k;)2(90 — m)2 S (90 — m)2 H 6_2’716 = (90 — m)2€_2rn7
k=1

while



Bias term Now, a good behaviour of the bias term is certainly related to the increase of
n — [',,. Note that the inequality above is indeed sharp since 1 — x ~ e™® when x — 0.

We have seen that a good use of the Robbins-Monro algorithm was obtained by choosing
> n = +oo. This is indeed recovered through our analysis of our bias term. Moreover, we can
push the non-asymptotic analysis further and show the next proposition.

Proposition 3.1.1 If we choose v, = yn~* with « € (0,1], then :
— Ifa <1, then

11—«

2
nyk > zanl_o‘ and B, <[00 — m\gefﬁ"

— Ifa=1, then

n
Z’yk > 7y log(n) and B, < |6y — m|2e2Vlo8(")
k=1

Proof : We show this lower bounds using a series/integral comparison argument. We remark
that  — 27¢ is decreasing, so that

n n n
ZykZWZk_“ 27/ x~ .
k=1 k=1 1

This ends the proof. O

Variance term The variance term may also be upper bounded following the same kind of
strategy.

Proposition 3.1.2 If we choose vy, = yn~* with « € (0,1], then :
— Ifa < 1, then an integer ng exists such that

Vn>ng  V, <20%y,

— Ifa=1and v #1/2, then

Vn§202l
n
— Ifa=1 and v =1/2, then
V., < ologn
2n

Proof : We compute an upper bound of V,, and we write with v, =yn *if a <1 :

Zn:f)/g ﬁ (1_"”)2 < i’yieiQZ&-l’Yl
k=1

k=1 I=k+1

n n
_ _ _ y 11—«
— E ’}/136 2 4200 S ’}/26 2T, § k 2a€1_ak
k=1 k=1
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The function z — 2~ 2%eT=a”  being increasing for z > Cv,a» We then obtain, considering an
integer t > ¢y :

n n n .
S JT =) <42 <Ct +/ p 2T d:v) -
k=1 I=k+1 ¢

—x —Q / . . .
We can write z—20eK® ™% = (eK:”l ) 2 *K~1(1 — a)~! and integrating by parts, we obtain

for a large enough n :

n n 2,
2 2 2 —2r, e -
Soap T] (-2 <72 (Gt G one) <2

k=1 l=k+1

o
We now study the situation where @ = 1 and write (using the monotonicity of the logarithm
function) :

ylog(n +1)/(k+1) < 3 7 < ylog(n/k)
k+1

In that case, we obtain

Z,yz H (1 B 71)2 72 Z k—26—2fylog((n+1)/(k+1))
k=1 I=k+1 k=1

IN

< (n+1) 2'722k: (k+1)>

Two situations are now possible : if 2y — 2 £ —1, then we have
Zk k+12'y<n2’y+1

so that

for n large enough. Now, if oppositely 2y — 2 = —1, then v = 1/2 and in that case for n large

enough :
ologn

Vn<o 2n

Global rate We shall end this introductory section by an upper bound on the global rate of
convergence of the SGD in the linear case, when ~,, = yn~%. We have
— When «a < 1, then

By, + V,, S |6 — mf2e (1m0 o2,

meaning that the bias term is exponentially fast decreasing while the variance term is
much more slower of size o2n~%.

— When o = 1, we can see that the bias term is much slower than in the previous situation,
and decreases as n~27 while the variance term is o2logn/n when v = 1/2 and o?n~!

otherwise.
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Hence, the global rate is in each situation slower than n~! (which is of course the optimal rate
in this toy example). Moreover :
— we attain this rate only when av = 1 and + is sufficiently large (strictly larger than 1/2).
— When a =1 and v = 1/2, the rate is slightly deteriorated into logn/n.
— When « < 1, the rate is seriously damaged into n™%.

To sum up, we have shown :

[0}

Theorem 3.1.1 Assume v, = yn~% with o < 1, then the quadratic risk is dominated by the

variance term and
B,+V, < on~.

Assume 7, = yn~Y, then the quadratic risk is upper bounded by

By, + V,, < log(n)tr=1/2n=0A27)

3.1.3 General linear one-dimensional function

We consider now the slightly different situation where f(z) = pz. All the upper bounds have
to be slightly modified. Nevertheless, the modifications are very mild and it is straightforward
to check that

— If @ < 1, then

B, S ‘90 o m’26—2'y,u(1—a)_1n1_"
and
Vi S 2027,

— If a =1, then the bias term is now upper bounded by
B, < |60 —m|*n~ 2",
while the variance term is treated as follows. If yu # 1/2 then
Vo S o?nt,

while the rate is deteriorated with a log term when yu = 1/2.
Again, the best performances are attained with 7,, = yn~! but these performances highly depend
on the size of yu — 1/2. Later, we will discuss on this non adaptive issue of the SGD.
To sum-up, we have the next convergence rate result.

[0}

Theorem 3.1.2 Assume v, = yn~“ with a < 1, then the quadratic risk is dominated by the

variance term and
B, +V, <o*n

Assume v, = ’Yn—l} then the quadratic risk is upper bounded by
B, +V, S log(n)luW:lﬂn*(M?u'y)

We should end this paragraph by saying that it is also possible to handle general linear
functions up to a change of basis. We will not discuss in details this case and now switch to a
more general settings.
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3.2 Rate of SGD for general convex function

We begin with the general situation of stochastic gradient descent when we handle a convex
minimization problem. Hence, f is assumed to be convex, but not necessarily strongly convex.
Moreover, we assume that the minimization problem is localized on a (possibly large) euclidean
ball of RP of radius D :

C:={0eRP: |02 <D}.

Such assumption is not necessarily strong because from a practical point of view, we have in
general an idea of a reasonnable D such that the minimizer of f over RP is located inside C. We
then handle a projected stochastic gradient descent defined as

O := e (On—1 = 1V (On1) + mAM,)

where Il¢ refers to the euclidean projection on the sphere of radius D. We will establish the next
theorem.

Theorem 3.2.1 Assume that (6,)n>1 is a projected SGD in B(0, D) and that
[AMy, + V f(On-1)]c < B.

Then the choice v, = BQ—% yields

where

Proof : We show the proof of this result by repeting almost exactly the proof of the convergence
rate when we handle the deterministic case. To alleviate the proof, we replace the noisy gradient
evaluation by the following notation :

vf(enfl) - A]\4n = f»rll(enfl)a

where f] is a noisy gradient centered around the true value Vf(6,,_1).

167 — Q*HQ = | (enfl — Sy (On-1) — 9*) ||2
< NOn-1 = fp(On-1) — 19*HQ
< l0n—1 = 0*11* + B2 — 290 {fn—1 — 0", f1(6n-1))-

Now, we can take the expectation with respect to F,,_1 and deduce that
E [[10n — 0*[1*|Fa-1] < 110n-1 = 0*1° + B*72 — 29 {0n-1 — 0%,V f(0-1))-
Now, the convex property f(z) + (Vf(z),y —x) < f(y) yields
E [16n — *[*|Fn—1] < 16n—1 — 6*|° + B*72 — 295 [ (6n—1) — f(67)].
If we now compute the whole expectation, we then obtain
E0n — 0|2 < E|l6_1 — 0°> + B2 — 29, [Ef (6n1) — F(9")].
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An equivalent writing is

BQ’YH 1 * *
+ 5 [Ell0n-1 — 0|2 — El|6n — 0*]7] .

Ef(en—l) - f(H*) < 2%n

We now use a telescopic summation argument and obtain

n n

- * B2 1 * *
DEF(Be) ~ FO07) < 3T 430 o [Bl6r — 6 ~ Ellgy — 7))
k=1

k=1 k=1

The rough bound E||f;_; — 6*]|> < 4D? then leads to

& "\ B?y, 4D?
Ef(0,_1) — f(0*) <
;f(kl) f( )_; 5 +2%

Now, using convexity, we deduce that

n < 2DB+/n when Yo = 2DB+/n.

3

2DB
(Ef(Or—1) — (7)) < :
£ k—1 Vﬁi

This ends the proof of the result. O

We should end the paragraph with the following remark. The bound attained by the SGD
algorithm in the convex situation (without any assumption on strong convexity) is minimax
optimal. It can be shown that any first order method with noisy gradients cannot attain the
minimum of a convex function faster than n~/2. This result may be found in the seminal
contribution of Nemirovski and Yudin (1983).

At last, we should remark that the gain of the algorithm (the step-size sequence) needs a
very specific calibration, with ~,, o< n~1/2. Moreover, 7, has to be linked with B and D. If the
dependence with D is not annoying, it is not exactly the same problem with its dependence
with respect to B, which is in general unknown. This last dependency could be avoided, with
additional technicalicities.

Ef (0n-1) — f(6%) <

S|+

3.3 Rate of SGD for strongly convex function

The study of the strongly convex situation is motivated by at least two important facts.

— First, we have seen in Chapter 1 that some great improvements could be obtained with
a strongly convex function (instead of the simplest convex property), leading to a linear
rate of convergence instead of a polynomial one, even with the gradient descent algorithm.

— Second, in the introduction, we have seen that the SGD algorithm with a linear drift
(Vf(z) = px) may attain some better convergence rate than only n~1/2. The key feature
of this linear case is indeed to belong to the class of strongly convex minimization problem.

We then study the SGD with a p strongly convex function f and show the next result.

Theorem 3.3.1 Let (0,,)n>1 defined by

0, =1lp (Hn—l - 'Ynf;z(en—l)) )

then :
2

i) If v, = Ty Wwe have

2 - . 2B?
Ef <n(n+ 0 l;W“) — f(07) < D)
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i) If yp = ﬁ, we have

1< .. _ B%log(n)
Ef (n;9k1> _f(H ) < W

Proof : Proof of ) : We first deal with the step-size 7, = m

We begin the proof as usual, comparing ||6,, — 6*||* with ||6,,_1 — 0*|* :

100 = 011> = Tc (61— aBn1) = 0) |
< |[fp-1— 'Ynf{m(an—l) - G*HZ

The two first inequalities are standard (1-Lipschitz property). Computing now the expectation
with respect to F,,_1 yields

E (100~ 0171 Fas] < Bous— 017 + B2 — 230 [£(602) — £(6°) + 116 s — 0717
The last line is derived from the strong convexity property :

(2. V(@) = V() = @) = 1) + Sl — ol

which is applied with x = 6,,_1 and y = 0*. If we now follow the same strategy and move the
difference f(6,-1) — f(6*) on the left hand side, we deduce that

B2'7n 1 3 ’Y{l
E[f(Ba1 — F0) 1 Fua] € =0+ 2 (0 = ) 1601 — 0% = 22—, — 07

Now, we shall use the definition of ~,, and check that

1 pu(n —1) b pn+1)
(’Yn M) 4 an 2 4

N =

Then, we get that

* BQ,YTL :un*l * :U’n+1 *
B[O~ F0) 1 Facr] < 200 MOy gz £ Dy e

Summing the above terms with a weights proportional to n yields

- * < - -1 L — B 2 _ - 1 _ pn*12
P O (G R Dl R DL L Ul B DL D
k=1 k=1 k=1 k=1
B* 1
< —n+-[0—n(n+1)E|6, — %]
W 4
B2
< —n
i

Again, using the convexity of f, we are led to

2 - ) 2B?
Ef (M;kek—1> — f(07) < m
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Proof of i7) : We now deal with ~,, = % and repeat the arguments above : we are led to

By, —1
B f (01— 101 Faa) < 200 4 D g gz Mg, 2

Summing these inequalities from 1 to n, we obtain

S * S 32 1 - * (|2 1 - * |12
D KBf(Oer = £(07) < Y p 5 D (k= Dllfkoy =61 = 5 > Kl6 - 67
k=1 k=1 =1 k=1

B?log(n)

IN

2np

O
Even though the bound is better in ) for large values of n (because of the log term), it should
however be pointed out that the second point is better for smaller values of n.
Note that it is also possible to deduce a result for SGD on p strongly convex function when the
noise associated to the martingale increment has a bounded variance and when f is L-smooth.
The key descent lemma becomes

L
E [[16n — 0% [Faa] <1101 = 0% + 0*y5 + S 7allOn1 = O%11 = 21001 — 071,

If we define now U, = ||, — 6*]|, the inequality above leads to

L
EU, <EU,_1 (1 — 20+ 2%%) + 7202.

This last inequality may be used recursively to obtain a similar upper bound on the rate of
convergence of U,. In particular, the results derived in Section 3.1 still hold with slightly different
multiplicative constants.

3.4 Deviation inequalities

This last paragraph is devoted to the analysis of other theoretical results on stochastic gra-
dient algorithm from a non-asymptotic point of view. In particular, it is possible to go beyond
the quadratic risk : a first kind of result could be an analysis of the IL? loss. A second kind of
result consists in providing deviation inequalities (high probability bounds) on the stochastic
algorithm, and deriving upper bounds of the form

B (6, — 0] = ) < e

where r(n,€) is a suitable quantity that should be related to the central limit theorem we will
obtain in the next chapter.

Assume that (0,,),>1 is a strongly convex SGD while f is p-strongly convex used with a step
size (Yn)n>1. Below, we denote € = 1 if v, = yin~! when 1 = 1/2. Otherwise, ¢ = 0.

Theorem 3.4.1 Assume that (0,)n>1 is a strongly conver SGD while f is p-strongly conver.
Then we have :
— Ifa<1:

52

P ([0, — 0*]1* > |16 — 0*[|2e™ 2" +5) < e 7.
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— Ifa=1:
52

P (16 — 0% 2 1160 — 0°[[2e 2 +6) < e oI Tustr

Without loss of generality, we assume below that 6* = 0.

It is well known that some concentration bounds may be obtained with the help of the Laplace
transform, following the so-called Chernoff method. We follow a simplified framework of SGD
evolution as introduced in Woodroofe (1972). We define our stochastic algorithm as

0n+1 =0, — 7n+1f7/1(9n)7

and introduce the Laplace transform of the algorithm
Gn(t) == B[],

To obtain some good deviation inequalities on 6,, — 6*, we need to find an upper bound of ¢x,
for a suitable value of ¢. For this purpose, we still use the successive conditionning argument and
remark that

bn(t) = Be1P 0 ] = E [E [0 |7, |
Now, we shall write

ot =0%112 _ tl0n—1=0* =0 fr,(0n-1)II* — otl|0n-1—-0" =70V f(0n-1)+1m AMy|?

We use the following computation :

16n — 0*H2 = [|fn-1 - 9*”2 + ’YEL”AMR - vf(en—l)”2 = 29 (V f(bn-1), -1 — 07)
+2'7n <6n—1 - 9*7 AMn)

1651 = 0117 + A2 AMy, =V (On-0)I* = 01 — 0]

+2v, <0n—1 - 9*, AMn)

IN

where we used the strong convexity property in the last line. Now, we turn back to the Laplace
transform computation, conditionned to step n — 1 :

E[etlon—0"I"] = E {E [etuen—e*u?] |fn_1H

< E|:et(17,u’yn)||9n—1*9*H2+t’7232
% E |:62t’yn<9n71—9*7AMn> |fn711|:|

where we used the boundedness of the sequence (6,)n,>1 in B(0,D) and of the increment :
|AM,, + V f(0,—1)|| < B. The key observation now comes from an application of the Hoeffding
Lemma (see Lemma 3.4.1). In particular, the Cauchy Schwarz inequality leads to

[{(6,—1 — 0", AM,)| < 2DB.
Therefore, we obtain that

41242 {2DB}? 2,212 R2
E [th'yn(Gn_lfo*’AMn) \fn—1] < T o PRDB?

Consequently, we obtain the key recursive upper-bound :
On(t) < D1 (81— o)) R E,
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This inequality leads to

n
t2D?(B%4-2) Z 7]%

<¢0(H1—’W> k=1
k=1

If we now introduce the notation
k

o= [ (=),
i=1
we can deduce that
bn (t) < 6t||t90 6*||2mn+t2D2(B242)S Y p_ mim, 'yk

The last sum can be studied with a series/integral comparison argument (see the beginning of
this chapter). If a < 1, then we have shown that

n n
2_—2 2 2.2 —2a 2 1-o
Zﬂnﬂk Vi S T / et S,
— 1
while if &« = 1 we have
"9 aumi
Z” T S rm/ 22218 < oy Tog(n)

where € = 1,,_1/7. In any case, we have shown the next upper bound of the Laplace transform
(that can be made more explicit up to additional painful technicalities). If o < 1 :

H27rn+0'2t2

n(t) < e!lf=0" ™, (3.2)

whileif =1 :
Pn(t) < ellfo—0"[Pmntotn= (A1) log(n)e (3.3)

In particular, we can immediately see that the term t||6y — 6*||?m,, represents the Bias term
involved in the evolution of the SGD while the ¢2 term is the variance one. We only deal with

the case @ < 1. The Chernoff method applied with Equation Equation (3.2) yields

P (00— 071 > 160 — 0*|Pm+6) < etlon=0 e tloo-0Pmts
< et||9079*||27Tn+0'2t2'yneftH9079*||27rn7t6
< eJQtQ'yn—té

Optimizing ¢ in the above upper bound leads to the choice :

p )
" 202,
Up to this last choice, we deduce that

52

P (|l — %1% > 160 — 0" [*mn + 8) < e 2%
This ends the proof. O
Lemma 3.4.1 Assume that Y is a bounded and centered real random variable such that almost
surely ¢ <Y < d. Then,

8

Vs >0 EleY] <e
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We should end the Chapter with a last observation. Clearly, the deviation result above leads
to a sub-Gaussian behaviour of the algorithm around 6* at a scale /7, . Hence, it would be
natural to obtain a central limit theorem (with this rate /7, ) for the rescaled algorithm :

0, =~ 26, —6%).

This is the purpose of the next chapter.
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Chapitre 4

Central Iimit theorem

4.1 Motivation

In this chapter, we study the stochastic gradient descent algorithm defined by a step-size

sequence (yn)n>1 with a p-strongly convex function f. We have shown that when ~, = y1n™¢,

the SGD satisfies
— When a <1
1
E[ni1 — %> S —

ne’

— When a =1 and vy > 1/2

1
E[|6n1 — 6*]° S —,
n
— When a=1and yipu=1/2
logn
Ell0ns1 — 0*2 S =2,
n
— When a =1 and vy < 1/2
1
2
s — 02 S o

4.2 Rescaling a stochastic algorithm

In this paragraph, we establish a (functional) Central Limit Theorem when the S.G.D. algo-
rithm defined by

Xn — Ap—-1— ’Ynf;L(anl) (41)

when f is a u strongly convex function and when (Hgc(u, L)) holds.

e Assumption (Hgo(p, L)) : f is p strongly convex with L-Lipschitz gradient.

In particular, f admits a unique minimum x*. Without loss of generality, we assume that z* = 0.
We also introduce an additional assumption on the noise sequence of the martingale incre-

ment. We assume that this noise has a bounded moment that may be related to the size of

I
e Assumption (Hq,p) : (p > 1) For any integer n, we have :

E(|AMi1|P|Fn) < 0*(1+ f(X0))P.

47



4.2.1 Definition of the rescaled process

We start with an appropriate rescaling by a factor ,/4,. More precisely, we define a sequence

(Xn)n21 . .
X, = Xy (—2¥)
Na

Given that f is C? (and that 2* = 0), we “linearize" Vf around 0 with a Taylor formula and
obtain that &, € [0, X,,] exists such that :

V(Xn) = D*f (&) Xn.

Therefore, we can compute that :

XnJrl = Xn + ’7n+1bn(Xn) + 2V 7n+1AMn+l

where b,, is defined by :

1 - _
Vz € RP bn(z) = < T 1) 2+ Cpz, z€R¥, (4.2)
Tn+1 Tn+1

Co = —, |2 D2f(c,). (4.3)
Yn+1

It is important to observe that if v, = v1n~%, then

1 Tn o o a _ [ o(nfTh) if  a<l1
%H( %+1_1>_71(n+1) [1+%+0(” 1)_1}_{;Y+o(1) if a=1
(4.4)

where :

4.2.2 Interpolated continuous-time process

We associate to the sequence (X,,),>1 a sequence (X (n))nZI of continuous-time processes. In
this view, it is convenient to introduce the following standard notation.

Definition 4.2.1 (Time interpolation) For any integer n and any time t > 0, we define

m
N(n,t) := min{mZn, Z o >t}

k=n+1
and
tn = FN(n,t) - Fn
where

According to this time interpolation (switched with I'y,), we define the continuous-time process.

Definition 4.2.2 (Process Xt(n))

XM =X, + B+ M™, t>0, (4.5)
where :
N(n,t)
B,ﬁ") = Z Vebk—1(Xk—1) + (¢ = L)bN (n,t) (XN (nit))
k=n+1
and
N(n,t)
Mt(”) — Z VIRAM 4/t — t, AM ()11
k=n+1

48



To obtain a CLT, we show that (X ("))nzl converges in distribution to a stationary diffusion,
following a classical roadmap based on a tightness result and on an identification of the limit as
a solution to a martingale problem.

4.3 Tightness of (X™),~,

Tightness of a sequence of stochastic process is a useful tool to obtain convergence results, in
particular convergence in distribution. It is well known that tightness is a compactness criterion
on certain path-space, which is a preliminary step before using a complementary identifiability
step, for proving weak convergence.

Here, the sequence of processes (X (n))nZO is built with continuous time process. A classi-
cal criterion (see, e.g., Theorem 8.3 of BILLINGSLEY) shows that a sufficient condition for the
tightness of (X (”))nzl (for the weak topology induced by the uniform convergence on compacts
intervals) is the following property.

Proposition 4.3.1 (Tightness criterion on C) Assume that for any T > 0, for any positive
€ andn, a d > 0 exists and an integer ng exists such that :

Vte[0,T] Yn>ne P( sup |XM—X"|>e) <n
SE[t,t+6)

Then, the sequence (X(”))nzl is tight for the weak topology induced by the weak convergence on
compact intervals.

The next lemma holds for any sequence of processes that satisfy Equation (4.5).

Lemma 4.3.1 Assume that :

— [ satisfies (Hsc(p, L)),

— supys1 B[ Xel?] < +o0,

— ap > 2 exists such that supy>; E[|| AM||P] < +o0.
Then (X(n))n21 is tight (for the weak topology induced by the weak convergence on compact
intervals).

Proof : First, note that )_((()") = X,,, the assumption supy>, E[|| Xy[|>] < +oo implies the tightness

of (Xén))nzl because we have :

lim limsgp[?’ (HX(STL)H > K) =0.

K—+o00

We consider B and M (") separately and begin by the drift term B(™. On the one hand,

N(nt+8)+1
P( sup [|B{ — B Ze) <P Y mlbei(Xe1)l > ¢
SE[t,t+4] k=N (n,t)

We known that ||bk(2)|| < C(1 + ||z||) for a universal constant C' independent on k because f is
L-smooth, which implies that ||[D?f|| < L. Now, consider non negative ¢ and 7, the Chebyschev
inequality yields :

2

N(n,t+6)+1
P( sup HBé”)—Bt(")H>e><s‘2E S @+ ()l
SE[t,t+0] k=N (n,t)
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The Jensen inequality (on the supremum) and the fact that Zk T]lvt:i))ﬂ vt < 26 when n is large

enough imply that a constant C' exists such that for large enough n and for a small enough ¢ :

P ( sup [|B™ — BM™|| > ) <72 % C6*(1 + sup B[ Xg||2]) < 6,
E>1

SE[t,t+0]
if we choose § = e2C~1n~1, o
We now consider the martingale component M ™ : if we denote 7 = VNt(;i’;H, we have for
any s > 0,
M™M= (1=m)Mg), o +TMG)

Mt(n)Hv ||M](\?) — Mt(n)H}. As a consequence,

so that | M — M™|| < max{|| M) (n,)+1

(ns)

P sup M -M"|>c)<P sup MY — M| > e
SE[t,t+6] N(n,t)+1<k<N(n,t+6)+1 .

Let p > 2 and applying the Doob inequality, the assumption of the lemma leads to :
P M _ ") >e| <ePE M M e
sup H s ” € € ” nt+6)+1 t H
SE[t,t+40]

and the Minkowski inequality yields :

N(n,t+06)+ v
P( sup | M — M| > ) <e? Y ,3 [I|AM]7].
SE[t,t+6] k=N (n,)+1

Under the assumptions of the lemma, E[[|AM|[P] < C. Furthermore, we can use the rough
upper bound :

N(n,t+6)+1 . 2y N(n,t+0)+1
o< >
k=N(n,t)+1 k=N(n,t)+1

Now, we can choose ng such that fyn/ < €Pn and we then obtain

Vn > ng P ( sup || MM — Mt(n)H > E) < né.

SE[t,t+4]
This ends the proof of the tightness of (M ™)1 o
The process X (™) being the sum of tight processes, we obtain the conclusion of the proof O

Theorem 4.3.1 Assume that f satisfies (Hgc(p, L)) and that v, = yin~* with o € (0,1) or
o =1 with yip > 1/2. If (Hyp) holds, then (X™),>1 is tight.

Proof : To prove this result, it is enough to check that the assumptions of Lemma 4.3.1 are
satisfied. First, one remarks that our assumptions imply the convergence rates detailed in Section

4.1. Hence, we have the polynomial decay property :
E[[| Xy — 2*[%] < Cn,

because o < 1 or @ =1 and y1p0 > 1/2. . As a consequence, Sup;>1 E[|| X, |%] < +oo.
On the other hand, since we have assumed that (Hs,p,) holds and that f(z) is bounded by
C(1 + ||z||?) for a suitable large C, we can derive that sup, E[f?(X,)] < +oo0 and (H, ) leads
to :

up E[|AM, ] S sup E[7(X,)] < +oc.

n>1

Hence, we can apply Lemma 4.3.1 and obtain the tightness of (X (n))n21~ O
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4.4 Central Limit Theorem

4.4.1 Main result

Below, we will show the following result.

Theorem 4.4.1 Assume (Hgco(p, L)) holds and that o € (0,1] and if « = 1 then ya > 1.
Assume that (Hgp) holds with p > 2 when o < 1 and p = oo when o = 1. Finally, suppose that
the following condition is fulfilled :

E [(AMyi1)(AMy 1) Foo1] 2252 52 in probability (4.6)

where Y2 is a symmetric positive p x p-matriz. Then,

(i) The normalized algorithm (fvl) converges in law to a centered Gaussian distribution
n n

ué‘;‘), which is the invariant distribution of the (linear) diffusion with infinitesimal gene-

rator L defined on C*-functions by :
1 . 1
0(e) = {Vate). (1 tamiyoa = DS ) ) + T D(2)3)

(i1) In the simple situation where %% = 021, (09 > 0) and a < 1. In this case, the covariance
of ué‘j) 1s given by
2
g, _
0 (D2 f(a)) !

In particular,

Xn
Vn

4.4.2 Identification of the limit

0.2
— N0, 2{D? ()} ).

Starting from our compactness result above, we now characterize the potential weak limits of
(X(™),>1. This step is strongly based on the following lemma.

Lemma 4.4.1 Suppose that the assumptions of Lemma 4.3.1 hold with o leql with yip > 1/2
if a =1 and that :

E[AM,(AM,)!|Fp_1] 2272 52 in probability,

where X2 is a positive symmetric dx d-matriz. Then, for every C?-function g : RP — R, compactly
supported with Lipschitz continuous second derivatives, we have :

E(9(Xn+1) — 9(Xn)|Fn) = 1n41Lg(Xn) + RS,
where ’y;ilR% — 0 in L' and L is the infinitesimal generator defined by
1 1
Vo € C*(RP)  Lo(z) = <<1a1271p — D? f(x*)) x,0:0) + 52t192¢(ac)2
1

Remark 4.4.1 We recall some basic facts on Markov generator and stochastic differential equa-
tions. If we denote by L the infinitesimal generator of the following stochastic differential equa-
tion :

dU, = —AU,dt + XdBy,
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where : A is a symmetric positive definite matriz and X2 is a covariance matriz, then (Uy)i>o lies
in the family of Ornstein- Uhlenbeck processes. On the one hand, the drift and diffusion coefficients
being respectively linear and constant, (Ut)i>0 ts a Gaussian diffusion ; on the other hand, since A
has negative eigenvalues, (Ut)e>o is ergodic. This process is positive recurrent, elliptic and admits
a unique centered Gaussian tnvariant measure whose variance will be characterised below...

Proof : C will denote an absolute constant whose value may change from line to line, for the

sake of convenience. We use a Taylor expansion between X,, and Xn—i—l and obtain that a &,
exists in [0, 1] such that :

Q(XnJrl) - Q(Xn) = <Vg(Xn), Xn+1 - Xn> + %(Xn+1 - Xn)TDQQ(Xn)(XnJrI - Xn) (4~7)
5 (s = X (D60 %+ (1= 6)Xs1) = D2(X) (it — Xe).
e

We first deal with the remainder term RSJ)A and observe that (C,,) introduced in Equation (4.3)
is uniformly bounded so that a constant C exists such that ||b,(z)|| < C]/z]|. We thus conclude
that :

1Kt = Koll < C (st 1Kol + AT AM i )

Using (Hg.p), we deduce that for any p < p,

E [[|Xn+1 = XnllP] < Cyys- (4.8)

Since D?g is Lipschitz continuous and compactly supported, D?g is also e-Holder for all € € (0, 1].
We choose € such that 2 4+ ¢ < p and obtain :

1 % % 1+5
E[IRELI] < CE [1 X1 - Xall?*] < Ot
We deduce that fy;ilRSJ)rl — 0in L' o

Second, we can express Equation (4.4) when v, = yn~% with a € (0, 1] in the following form :

1 Tn ) 1
€p 1= —1) — —1g5_11» = o0(1).
" e ( Tn+1 2y 1P=1} @)

Then, given that D?f is Lipschitz (and that z* = 0), it follows that :

Vz € RP < (en + 1 Xal)ll]

ba(2) — (2171{&1}1,0 - D2f<:c*>) .

where (5,)n>1 is a deterministic sequence such that lim, 4 €, = 0.
We may apply the convergence rates described in Section 4.1 and observe that sup,, E[|| X,[|?] <
Yn, meaning that sup,, E[|| X,]|?] < +o0o. We deduce that :

EKVQ(Xn)v (Xn-i-l - Xn))’]:n] = Tn+1 (Vg(Xn), <21,y1{a:1}fp - DQf(x*)> Xn> + R7(12)

where ’ygile) — 0in L' as n — +o0o. Let us now consider the second term of the right-hand

side of Equation (4.7). We have :

E[(Xnt1 — Xn)" D29(X0) (Xt — Xn)lFa] = o1 3 D2, g(Xn) E[AM AMY, | Fy] + R

1,
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where

b RD)| < Crn | X2 22525 0 in L

under the assumptions of the lemma. To conclude the proof, it remains to note that under the
assumptions of the lemma for any i and j, (E[AM}, ;AM; ,|F,])n>1 is a uniformly integrable
sequence that satisfies :

E[AM! AM]_||F,] =3;; in probability.

Thus, the convergence also holds in L'. The conclusion of the lemma easily follows from the
boundedness of D?g. odJ

We are now able to prove Theorem 4.4.1 :

Proof of Theorem 4.4.1, (i) - & < 1 : Note that under the assumptions of Theorem 4.4.1, we
can apply Lemma 4.3.1 and Lemma 4.4.1 and obtain that the sequence of processes (X (n))n21 is
tight. The rest of the proof is then divided into two steps. In the first one, we prove that every
weak limit of (X(™),,>1 is a solution of the martingale problem (£,C) where C denotes the class
of C%-functions with compact support and Lipschitz-continuous second derivatives. Before going
further, let us recall that, owing to the Lipschitz continuity of the coefficients, this martingale
problem is well-posed, i.e., that existence and uniqueness hold for the weak solution starting
from a given initial distribution p (see, e.g., ETHIER-KURTZ or STROOCK-VARADHAN).

In a second step, we prove the uniqueness of the invariant distribution related to the operator
L and the convergence in distribution to this invariant measure. We end this proof by showing
that (X (™)) converges to this invariant distribution, so that the sequence (X (n))nZI converges to
a stationary solution of the previously introduced martingale problem. We will characterize this
invariant (Gaussian) distribution in the next paragraph.

Step 1 : Let g belong to C and let (ft(n)>t20 be the natural filtration of X (™. To prove that any
weak limit of (X (), solves the martingale problem (£,C), it is enough to show that :

t
v >0, g(X™) - g(XV) - / Lg(XMyds = M9 4+ R
0

where (./\/lin’g ))tzo is an (Ft(n))—adapted martingale and Rgn’g ) 5 0 in probability for any ¢ > 0.
We set :

N(n,t)
MM = 3™ g(X1) — 9(Xk) — Elg(Xip1) — 9(Xe)| For)-
k=n+1
By construction, (Mgn’g))tzo is an (]-'t(n))—adapted martingale (given that ]:sgn) = ]:ﬁ(:)) and :
( . . . ) . ) ) N(n,t)—1
tn k=n

where (R])r>1 has been defined in Lemma 4.4.1. Using an argument similar to Equation (4.8),
we can check that for any ¢ > 0 :

sup E[| X — X2 < Oy,

s<t -
This inequality combined with the Lipschitz continuity of g and its derivatives implies that the
first three terms tend to 0 when n — +oo. Now, concerning the last one, the previous lemma
yields :

N(n,t)—1
E Z Ri < CtsupE H'yk_lRiH nzteo ),
k=n k2n
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o
Step 2 : First, let us prove that uniqueness holds for the invariant distribution related to L.
We denote it by ug) below. In this simple setting where the coefficients are linear, we could use
the fact that the process, which is solution to the martingale problem, is Gaussian so that any
invariant distribution is so. Uniqueness could then be deduced through the characterization of
the mean and the variance through the relationship [ Lf (x)u(()g) (dz) = 0 (see next subsection
for such an approach). However, at this stage, we prefer to use a more general strategy related to
the ellipticity of £ : the matrix %2 is positive definite and symmetric. Therefore, the semi-group
is elliptic and the process irreducible. Of course, irreducibility implies uniqueness of the potential
invariant distribution.

Second, it can be shown that the Orstein-Uhlenbeck semi-group is ergodic because the drift
matrix is positive definite and satisfies :

sug 1Pg(z) — pg] — 0 as t — 400,
zE

where K is an arbitrary compact set of RP.
Step 3 : Let (X, )x>1 be a (weakly) convergent subsequence of (X,,),>1 to a probability v. We

have to prove that v = u&‘;‘). To do this, we take advantage of the “shifted” construction of the
sequence (X (”))neN. More precisely, as a result of construction, for any positive T', a sequence
(¥(ng, T))k>1 exists such that :

N(T, (g, T)) = .
In other words,

v (e, T) _ ¢
sz(nk,T) _Xnk

At the price of a potential extraction, (X (¢(nk7T)))k21 is convergent to a continuous process,
which is denoted by X1 below. Given that X;n) - )_(;") tends to 0 as n — 400 in probability,

it follows that X;O T has distribution v. However, according to Step 1, X°>T is also a solution
to the martingale problem (£,C) so that for any Lipschitz continuous function g,

Bl )]~ 1) = [ (Prote) - 12)(0)) Byzear (o)

Denote by P, the set of weak limits of (X,,),>1. P is tight and as a result of construction, XSO’T
belongs to P. Thus, for any € > 0, a compact set K. exists such that for any T' > 0,

< 2[|glloo sup p(KE) < 2(|glloce-
neP

| (Pra() = u2(0)) Byrtz)

K¢ 0

On the other hand,

[ (Prot) - 12 @) Pgrta)
K. 0

and it follows from Step 2 that the right-hand member tends to 0 as T" — +oo. From this, we
can therefore conclude that for any bounded Lipschitz-continuous function g, a large enough T
exists such that :

< sup |Prg(2) — u{&(g)]
zeK,

[Elg(2 )] 12 (g)] < Cye.

Since E[g(Z;O’T)] = v(g), it follows that v(g) = ,ugff) (9). Finally, the set P is reduced to a single
element P = {,ugg)}, and the whole sequence (X;,),>1 converges to Mfﬁ).

Before ending this section, let us note that ,u,fj) is a Gaussian centered distribution : this is a
simple consequence of Remark 4.4.1. We therefore leave this point to the reader. o
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4.4.3 Identifiying the limit variance

We end this section on the analysis of the rescaled algorithm with some considerations on the
invariant measure ugoa) involved in Theorem 4.4.1. As shown in the above paragraph, this invariant
measure describes the exact asymptotic variance of the initial algorithm. We now focus on its
characterization i.e., on the proof of Theorem 4.4.1(i7). In particular, to ease the presentation,
we assume that the covariance matrix ¥? related to (AM,,1),>1 is proportional to the identity
matrix :

lim E [AM, (AMypy 1) ] = 02I; in probability. (4.9)
n—-+o0o
We also assume that v, = yn~% with o < 1. Then, (i) of Theorem 4.4.1 states that (X, )n>1
weakly converges toward a diffusion process, whose generator £ is the one of an Ornstein-
Uhlenbeck process. Assumption Equation (4.9) leads to a simpler expression :

2
09
L(8)(@) = ~(D*f (a2, Va0) + 0 A (1.10)
A particular feature of Equation Equation (4.10) when ~,, = yn~% is that £ does not depend
on « nor . The invariant measure ugf) is a multivariate Gaussian distribution that may be well
described in the basis given by the eigenvectors of the Hessian D?(f)(z*). The reduction to p uni-
dimensional system makes it possible to use the spectral decomposition of D?(f)(z*) = P~'AP
where P is an orthonormal matrix and A a diagonal matrix with positive eigenvalues. The process
X () ig therefore centered and Gaussianly distributed asymptotically. This process is associated
with p blockwise independent Ornstein-Uhlenbeck processes. Given A the eigenvalue associated
to any eigenvector, the generator on this coordinate is now
~ - - 0'02
L(¢)(&) = —M\&, Vi) + 7A55¢7
where we used Tr (P'D3P) = Tr (D3PP') = Tr(D2) in the last line because P'P = I;. If
we denote pggO the associated invariant gaussian measure, the tensor structure of £ and the

relationship / ﬁ(qb)d/]&o = 0 for some well chosen functions ¢, we can identify the covariance

matrix. Denote ¢ any integer in {1, ..., p} (that points a coordinate on an eigenvector). We choose
32 NSO ,
P(Z) = {x2 } and obtain that £ <{x2 } ) (&) = —N\{z012 + %(2) It then implies that
()12 g 8
E, pol{#3)] =50 (4.11)

1

Picking now ¢(&) = 20, we obtain £ (2Wz)) (z,9) = —(\i + A;)2Dz1) so that
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Chapitre 5

Stabilisation of Markov processes

5.1 Semi-group, Markov process, infinitesimal generator

We denote by E the state space (Polish space is a minimal requirement). For the sake of
simplicity, we assume that £ = R? and &£ is the set of Borelians. We recall the definition of
Markov kernels :

Definition 5.1.1 Une application de E dans P(E) de la forme x — P(x,.) est appelée une
probabilité de transition sur E si

(i) Pour tout A€ &, x— P(x,A) est E-mesurable.

(ii) Pour tout x € £, A P(x, A) is a probability on E.

On a alors la définition suivante un semi-groupe (P;)¢>0 :

Definition 5.1.2 (Semi-groupe) On appelle semigroupe de transitions sur E que l’on note
(Py)t>0 une famille de noyaux de transitions dépendant d’un paramétre t € R, vérifiant

V(t,s) ERE  Py=1Id et  PyoPs= Py,

(Autrement dit, pour toute fonction f E-mesurable et bornée,
P =PUPS) ov Pifla) = [ f)P o))

Notons (2, F, (Ft)t>0,P) un espace de probabilité filtré. *

Definition 5.1.3 Un processus (Xi)i>0 défini sur (2, F,(Fi)e>0,P) et a valeurs dans E est
appelé un processus de Markov s’il existe un semi-groupe de transitions (P;)¢>o tel que pour tout
x € E, pour tous s,t > 0, pour toute fonction mesurable positive ou bornée,

Eo[f(Xers)|Fe] = Psf(Xe).

On ne détaillera pas ici la construction d’un tel processus. On rappelle cependant que si E est
polonais et si (FP;) est de Feller au sens suivant :

1. Pour toute fonction continue E :— R nulle a I'infini (pour le compactifié d’Alexandrov) ,
pour tout ¢t > 0 z — P, f(x) est continue et nulle & I'infini (pour le compactifié d’Alexan-
drov) :

2. (P,) est stochastiquement continu, i.e. pour toute fonction continue f : E — R, pour tout
x € R, P, f(x) — x lorsque ¢ tend vers 0,
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alors (X;) admet une version cadlag, i.e. continue & droite et admettant des limites a gauche et
que la propriété de Markov forte est valide.

Remark 5.1.1 Dans la littérature, un semi-groupe est souvent dit féllerien dés que f continue
bornée implique P f continue bornée pour tout t.

Dans la suite, le processus (ou le semi-groupe) sera supposé de Feller.

Générateur infinitésimal :

Definition 5.1.4 Soit (X;) un processus de Feller. Considérons f € Cy (espace des fonctions
continues bornées nulles a l'infini) et Supposons que

1 _
lim S(Pf = f) = L]

existe. Alors, on dit que f € D(L) si de plus, Lf appartient a Cy. L’opérateur L : D(L) — Cy est
alors appelé le générateur infinitésimal du semi-groupe (Py)¢>0.

Le générateur infinitésimal permet donc ainsi de décrire I’évolution infinitésimale du proces-
sus. On a le résultat suivant :

Proposition 5.1.1 Soit f € D(L). Supposons de plus que

Eo sy PI@I@I
t<1,zCE t

Alors,
1. Pour toutt >0, P.f € D(L).
2. La fonction t — P, f est dérivable a droite et pour tout t > 0,

d+
Eptf =LPf=P(Lf).

3. Pour tout t > 0,
t
Vee E, Pf(x)=f(x) —i—/ LP;fds.
0

Remark 5.1.2 Le dernier point fournit parfois la définition du générateur dans la littérature.

Preuve : Pour tout ¢ > 0,

lim m = lim P; <Psfs_f> .

s—0t S s—0t
Par la définition de Lf et 'hypothése (Hg), on déduit alors du théoréme de Lebesgue que
P f — Pf —
lim P, <ff> _p ( lim ff> — PLS.
s—0t S s—0t S

Ceci nous permet d’en déduire les deux premiers points. En intégrant et en prenant la valeur en
0, on en déduit le dernier. O

Remark 5.1.3 On peut aussi montrer que D(L) est dense dans Co (pour la topologie de la
convergence simple). En pratique, on travaillera généralement sur un sous-espace de D(L) qui
est lui-aussi dense dans Cg.
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On énonce enfin une proposition importante a la fois pour la pratique et pour la compréhension
du lien fort qui existe entre processus de Markov et martingales :

Proposition 5.1.2 Supposons que f € D(L) et que (Hy) soit satisfaite. Alors, (Mtf) définie par
vt > 0, Mt = f(Xy) — f(Xo) — / Lf(X

est une (Ft,IPy)-martingale (ot Fy = 0(Xs,5 < t) et P, est la loi du processus (Xi)i>o de loi
matiale .

Remark 5.1.4 On dit aussi que P, est solution du probléeme de martingale (A, D(A)). Il y a
donc une sorte de réciproque a ce résultat : si pour une classe de fonctions f suffisamment grande
(pour étre caractérisante), il existe une et une seule loi P, sous laquelle (Mtf) est une (F¢,IP)-
martingale (pour donner un sens & ce qui précéde, il faut se placer sur ’espace canonique associé
au processus, mais on restera vague sur ce point). Ce type d’outil peut étre particulicrement
puissant pour déterminer la loi d’un processus limite par exemple. On renvoit au livre d’Ethier
et Kurtz pour plus de détails sur ce vaste sujet.

Remark 5.1.5 Lorsque f n’est pas bornée, Lf peut conserver un sens. Dans ce cas, (Mtf) sera
alors a priori une martingale locale.

Preuve : f et Lf appartiennent a Cy de sorte que M f est intégrable pour tout ¢t > 0. De plus,
pour tous 0 < 5 < t,

E[M] — M{|F)) = E[f(X))— f(X,)— / LF(X)dulFy] = Prof(X,)— F(Xs)— /0 T PLA(X)du

o dans la derniére ligne, on a appliqué Fubini (en utilisant que Lf est bornée). Ainsi, d’aprés
la proposition précédente, on en déduit que cette quantité est égale a 0. [0 Exemples :
— Soit (X;) processus a valeurs dans R? solution de dX; = b(X;)dt + o(X;)dB; ol b et o
sont Lipschitziennes. Alors, par la formule d’It6, on peut vérifier que pour toute fonction

f € C% (C? a support compact),

t
E[f(XP)] = /(x) + /0 E[Lf(X7))ds

avec

1
LF = (VL) +5 D (007550, -
Z7J
— Soit (N¢)¢>0 un processus de Poisson composé d’intensité A et de loi de saut u. Alors,

'D(ﬁ = C() et
Lf(x) = A / (F(x+ ) — F(@)uldy).

5.2 Mesures invariantes : définition et existence

5.2.1 Définition, caractérisation

Definition 5.2.1 (Mesures invariantes pour (P;);>0) p est invariante pour le semi-groupe
si pour toute fonction f mesurable (positive ou bornée), on a

/Ptfdu /fdu

Ce qui se réécrit en (P f) = p(f).
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L’action en tout temps des transitions dans P; laisse donc invariante p au travers de 'intégrale sur
les fonctions de E. L’invariance d’une loi p peut aussi étre caractérisée au travers du générateur.

Proposition 5.2.1 Soit (P;)i>0 un semi-groupe et (L, D(L)) le générateur infinitésimal associé.
Soit p une probabilité sur E. Alors,

i invariante pour £ <= Vf € D(ﬁ),/ﬁfd,u =0.

Remark 5.2.1 Pour prouver ce résultat, on va utiliser que D(L) est suffisamment gros. Ce point
un peu délicat est laissé de coté.

Preuve : On admet que lorsque le processus est de Feller, ’ensemble
B :={f € D(L), (Hf) est satisfaite}

est dense dans Cy pour la topologie de la convergence simple. Ainsi, si u(P,f) = u(f) pour tout
f € B, alors u(P,f) = u(f) pour tout f € Cp (en appliquant le théoréme de Lebesgue). 11 suffit
donc de montrer que pour tout f € B, u(P,f) = pu(f). Comme pour tout f € B, la formule de
Dynkin et la commutation sont vraies, on a pour une telle fonction (en appliquant Fubini, ce qui
est possible car par définition Lf est bornée donc LPsf = P,Lf également) :

W(Pif) = u(f) + /O (L, f)ds.

Or, P,f € D(L) de sorte que pour tout s, u(LPsf) = 0. On en déduit le résultat. O

5.2.2 Existence de mesure invariante

Si on généralise les arguments développés dans le chapitre 1, alors on comprend que si F
est compact (et polonais), alors comme P(FE) est aussi compact (théoréme de Prokhorov sur
un espace polonais), on va pouvoir construire des mesures invariantes comme limites faibles
de “mesure d’occupation moyennées”’ (voir plus bas, les familles (y;)). Mais lorsque F = R¢
par exemple, alors il faut combler le manque de compacité de l'espace en s’appuyant sur la
dynamique du processus. On va en fait demander au processus d’avoir une “propriété de rappel”,
i.e. d’avoir la propriété d’avoir tendance & revenir lorsque ’on s’éloigne trop de 0. On exprimera
cette propriété a partir d’une fonction V' : R? — R continue, strictement positive et coercive, i.e.
telle que lim, 4o V(x) = 400 (Ici, | .| désigne la norme euclidienne sur R?).

Avant d’énoncer le résultat, on rappelle quelques définitions et un critére de tension basé sur
ce type de fonction. Dans ce qui suit, on supposera que P(E) est muni de la topologie de la
convergence étroite : une suite (vp)p>1 de P(F) converge vers v € P(E) si pour toute fonction
f: E— R continue et bornée, v, (f) — v(f) lorsque n — +oo.

Definition 5.2.2 (et Théoréme de Prokhorov) Soit E un espace topologique. Soit M C P(E).
On dit que M est tendu si pour tout € > 0, il existe un compact K. tel que pour tout v € M,
v(K¢S) <e. Si E est polonais, alors M est tendu si et seulement si M est relativement compact.
En particulier, toute suite (v,) de M admet une sous-suite convergente.

Lorsque E = R?, on a le critére suivant :
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Proposition 5.2.2 Soit M C P(R?). Alors, s’il existe une fonction continue V : R* — R, telle
que limyg_, 1 o V(2) = +00 et telle que

sup v(V) < +o0,
veM

alors M est tendu.

Preuve : Notons C = sup,,c o ¥(V). Notons K; := {z € R%, V(z) < 6}. Comme V est coercive,
K est compact. Or, par définition,
Vi(x)

1K§ < T — V(Kg) <

v(V)
5

Pour ¢ fixé, il suffit alors de poser § = C'/e. 0 On énonce maintenant un résultat d’existence de
mesure invariante basé sur la fonction de Lyapounov.

Theorem 5.2.1 Soit (X¢)i>0 un processus de Markov a valeurs dans R? de semi-groupe (P)e=0
et de générateur infinitésimal L. Supposons qu’il existe V : R — R, continue et coercive (telle
que limyg_, o V(x) = +00) telle que

(i) V(tz)eR. x B, PV(z)=V(z)+ /0 Po(LV)(2)ds (5.1)
(5.2)
(i1) LV <BeR et limsupLV(z)<O. 5.3

|z| =400
Alors, (Xt)t>0 admet au moins une probabilité invariante.

Remark 5.2.2 Comme V n’est pas dans le domaine, ceci signifie en particulier qu’on suppose
que LV := lim;_, g+ W est bien définie. On suppose également ici que la formule de Dynkin est
satisfaite pour V', ce qui pas non plus automatique a priori dans ce cadre. Cette hypothése pourrait
étre affaiblie. L’ utilisation de fonctions de Lyapounov peut aussi avoir un intérét en temps court.
Par exemple, pour une diffusion a coefficients localement lipschitziens (et non lipschitziens) mais
tels qu’il existe une fonction V. : RY — Ry positive et coercive telle que LV < CV, alors
supyepo,r] E[V (X)) < +oo. On peut alors en déduire Uexistence et lunicité des solutions dans ce

cadre.

Preuve : On suppose pour simplifier que imsupj, 4 LV (z) = —oo et que LV est continue.
On note (p¢)¢>1 la famille de probabilités définie pour toute fonction f mesurable et bornée par :

1

t
Vi>1, w(f) = 75/0 P, f(z)ds.

ott z € R% On veut construire une mesure invariante pour (P;) comme valeur d’adhérence de
cette famille lorsque ¢ — +o00 : on veut d’abord montrer que (ut)¢>1 est tendue en appliquant
la proposition 5.2.2. On considére g définie par g(x) = 5 — LV (z). g est positive et coercive. De
plus,

V(z) — PV(x)

1 t
W21 gule) =B [ PV <5+ 0

On en déduit facilement que sup;>; p1¢(g) < +oo ce qui implique que (j1¢);>1 admet des valeurs
d’adhérence. Il reste & vérifier que celles-ci sont des probabilités invariantes. Notons po :=
lim,, 4+ o0 pt,, (au sens de la convergence étroite). Comme le semi-groupe est de Feller, pour toute
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fonction Cy, Prf est Cyp pour tout T. Ainsi, par définition de la convergence étroite, pour tout
[ € Co,
too Pr(f) = poo(f) = Tm(ue, (Prf) — pe, (f)) -

n—-+00
Or, par un simple changement de variable

o (Prf) = () = ([ " Pfa)ds - I P.1(w)ds)

ln

T
1 tn+T T oT o n o
= — </ P, f(x)ds —/ Psf(x)d5> < I/ ANy}
tn tn 0 7fn
On a donc pour tout T'> 0 et f € Co, pioo(Prf) = poo(f). Cela conclut la preuve. O

Exemple : En utilisant la fonction V(z) = 1 + |2/, on peut alors facilement montrer que si o
est bornée et si
lim sup(z, b(x)) < 0,

|z|—+o0

alors, on a existence de mesure invariante. On peut penser par exemple au processus d’Ornstein-
Uhlenbeck.
Références : Une excellente référence sur le sujet est 'ouvrage suivant :

[K12] R. KHASMINSKII Stochastic stability of Differential Equations, Second Edition, Sto-
chastic Modelling and Applied Porbability, Springer.

Ce livre traite principalement du cas des diffusions pour les équations différentielles stochas-
tiques mais tout ce qui y est raconté peut avoir un formalisme type semi-groupe trés simple.
On peut aussi renvoyer au survey de Gilles Pagés “Sur quelques algorithmes récursifs pour les
probabilités numériques” (ESAIM :PS,2002) dont le théoréme ci-dessus est issu et dont quelques
résultats & venir se rapprochent.

5.3 Théorie ergodique et Unicité de la probabilité invariante

Tout ce qui suit est toujours raconté sous ’hypothése que le semi-groupe est de Feller.

5.3.1 Un peu de théorie ergodique

On choisit ici de rappeler quelques éléments de théorie ergodique avant d’établir un résultat
d’unicité de la mesure invariante. Considérons un processus de Markov (X;);>0 de semi-groupe
(Py)¢>0 et de mesure initiale p que 1'on suppose réalisé canoniquement. Cela signifie que Q est
I'espace des trajectoires cadlag muni de la loi de distribution P, (loi du processus (X;);>0 et que
w i (X¢(w))e>0 est I'application de €2 dans €2 définie par

YVt >0, Xi(w)=w(t).

Remark 5.3.1 Pour bien comprendre la notion d’espace canonique, le mieuzx est de partir du
plus simple, i.e. de la loi uniforme. Réaliser canoniquement la loi uniforme, c’est considérer
Uapplication X : [0,1] — [0,1] qui & u associe u en supposant que Q0 = [0,1] est muni de
la loi uniforme notée P (i.e. de la mesure de Lebesque sur [0,1]), de sorte que par définition,
P(X € A) = A(A). C’est ce type d’idée qui est généralisé ci-dessus.

I est alors possible d’introduire la famille (6;);>0 des opérateurs de translation sur Q = D(R, R%)
définie par :
Vi>0,YVweQ, Ow=wlt+. (Ow)(s)=w(t+s).
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Ainsi, Xy = 6,X. Le quadruplet ((X;)i>0,F,(0¢)i>0,P,) est alors appelé un systéme dyna-
mique. P, est alors la loi d'un processus stationnaire (dans un contexte pas nécessairement
markovien) si

VAEF, Vt>0, P,(6,A)=P,(A),

ce qui revient dans notre contexte markovien a supposer que u est invariante, i.e. que uP; = p
pour tout ¢ > 0.

Definition 5.3.1 A € F est dit invariant (par translation) si Vt, P, (6, AN A) =P(A).

Si P, est stationnaire, on dit alors que P, (ou le processus associ€) est ergodique si pour tout
événement A invariant par translation, P(A) =0 ou P(A) = 1.

Remark 5.3.2 Les événements invariants par translation sont aussi appelés événements asymp-
totiques, au sens ot ils dépendent du comportement asymptotique du processus. A = {w,limsup,_,, o, Xi(w) <
3} en est un exemple.

Supposer le processus ergodique revient donc a supposer que ’on a la loi du 0 —1 de Kolmogorov
(la deéfinition choisie ici n’est pas toujours la définition initiale dans la littérature). Dans le
contexte d’une suite de variables aléatoires i.7.d., on sait que celle-ci est fortement liée a la loi
des grands nombres standards. C’est le cas également dans ce cadre plus général. 1l s’agit du
théoréme de Birkhoff (généralement appelé théoréme ergodique) :

Theorem 5.3.1 Supposons P, ergodique. Alors, pour toute fonction F : D(R,,R%) — R appar-
tenant a L1(P,),

1/t o
P, — p.s, t/ F(0,X)ds =52 P, (F).
0

En particulier, pour toute fonction f € L'(u),

t
plda) s Bo = ps. 4 [ FOEDs S5 (),
0

Remark 5.3.3 Le point frappant dans ce résultat est qu’il n’y a aucune hypothése de régularité
sur les fonctions considérées. Il suffit qu’elles soient intégrables (comme dans la loi des grands
nombres standard). En revanche, il s’agit de résultats vrais P, ou p— presque sirement. Dans
un contexte ot par evemple, p a une densité sur R?, on ne peut identifier (a priori) pour quels
points de départ, ce résultat est valable.

Tout ce qui précéde est valable pour un systéme dynamique stationnaire mais la propriété de
Markov n’a pas encore vraiment été utilisée. Afin d’obtenir un critére d’unicité dans le cadre
markovien, on va maintenant préciser certaines propriétés dans ce cadre. On parlera alors de
mesure invariante ergodique. On notera

T :={ue PRV, pP, =p},

i.e. ensemble des mesures invariantes relatives a (P;). Il est facile de montrer (exercice) que
T est un sous-ensemble convexe de P(FE). En d’autres termes, une combinaison convexe de
mesures invariantes reste une mesure invariante. Si 7 est compact (ce qui peut étre prouvé sous
des hypothéses de Lyapounov adéquates), alors, d’aprés le théoréme de Krein-Milman, 7 est
I’enveloppe convexe de ses points extrémaux.
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Proposition 5.3.1 Supposons que (P;) soit un semi-groupe de Feller sur R%. Alors,

(i) Si p est une mesure invariante, pu est ergodique si et seulement si pour tout A € B(R?) tel
que p(dz) —p.s, Pz, A) = 14(x), alors P(A) =0 ou 1.

(11) Supposons que v et u soient deux mesures (invariantes) ergodiques telles que p # v. Alors, v
et pu sont singuliéres, i.e. il existe deux ensembles mesurables A et B telles que u(A) = v(B) = 1.

(#ii) Si p est invariante, alors p est ergodique si et seulement si p est un point extrémal de T . En
particulier, p est ergodique st p est unique et on a l’existence d’au moins une mesure invariante
ergodique si T est compact.

Remark 5.3.4 Dans le point (i), le point intéressant est la réciproque. On est passé d’une ca-
ractérisation fonctionnelle de l’ergodicité a une caractérisation marginale grace o la propriété de
Markov.

Concernant les points (ii) et (iii), une maniére simple de comprendre la propriété est de repenser
au cadre des chaines de Markov & espace d’états fini. Supposons que l'on ait eractement deux
classes de récurrences A et B. Ces deux classes générent chacune une mesure invariante a support
respectivement dans A et B. Ces deux mesures invariantes notées ua et up sont ergodiques car les
chaines restreintes a A et B sont irréductibles (donc n’admettent qu’une seule mesure invariante).
T est alors l’enveloppe convexe de {pa,pp}, i.e.,

T ={Mua+ (1 —=Nps, A€ [0,1]}.

Preuve : On prouve simplement (i7) qui est le point le plus important pour I'unicité de la mesure
invariante. On renvoie au livre de Da Prato et Zabczyk pour la preuve des autres propriétés.
L’idée est d’utiliser I'attractivité des mesures ergodiques. Considérons deux mesures invariantes
ergodiques p et v et supposons qu’il existe un borélien I tel que p(I') # v(I'). D’aprés le théoréme
de Birkhoff et le théoréme de convergence dominée, on a

p(dx) — p.s. / (z,T)ds 2% w(T)

et
v(dz) — p.s. / (z,T)ds 2% v(T).
Notons
—{xERd/ Py(z,T)ds =% (1)}
et
—{xeRd/ Py(2,T)ds =225 (1)},
Par construction AN B = ) et d’aprés ce qui précéde, u(A) = v(B) = 1. O

5.3.2 Unicité de la mesure invariante

On va prouver I'unicité a l'aide de la contraposée du point (ii) de la proposition précédente.
Il suffit de prouver que toutes les mesures invariantes ergodiques sont équivalentes. Ce type de
résultat sera établi lorsque le processus est fortement fellérien et irréductible.
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Definition 5.3.2 Soit (P;) un semi-groupe de Feller sur R®. On dit que celui-ci est fortement
fellérien s’il est régularisant au sens suivant : il existe tg > 0 tel que pour toute fonction borélienne
bornée f : R4 - R, Py, f est continue bornée.

Le semi-groupe transforme donc une fonction mesurable en une fonction continue. Prenons
I'exemple du Brownien. On sait que Pi(z,.) = N (z,t) de sorte que

(z —y)?

1
Py(z,dy) = pi(z,y)dy ou pt(w,y)zmtexp(— )-

p: est appelée la densité de transition p; associée au semi-groupe. Ainsi,

Pf(x) = / F)pe(, y)dy

et comme pour tout ¢ > 0, p; est continue et bornée, on a par le théoréme de continuité de
Lebesgue que P.f est continue bornée si f est mesurable bornée. Le semi-groupe associé au
Brownien est donc fortement fellérien. L’intérét de cette propriété est un peu subtile est sera
expliqué aprés la définition d’irréductibilité.

Definition 5.3.3 On dit que (P;) est irréductible s’il existe sy > 0 tel que pour tout x € RY et
pour tout owvert ', Psy(x,T') > 0.

Le point compliqué est que I'irréductibilité n’implique pas que pour tout borélien A, P, (x, A) >
0. La propriété de Feller forte va nous permettre d’obtenir cette propriété au point ty + sg.

Lemma 5.3.1 Supposons que le semi-groupe soit fortement fellérien (au temps to) et irréductible
(au temps sg. Alors, les mesures de probabilités Py, 4s,(x,.) sont toutes équivalentes.

Preuve : Soit A un borélien de R?. On veut montrer que s'il existe zg € R? tel que Py, (20, 4) >
0, alors Py 4+s,(z,A) > 0 pour tout x € R?. Partons donc de cette hypothése et considérons
z € R, Alors, comme

Pt0+80 (1.07 A) = \/Rd Pt() (Z/7 A)Pso (x()a d@/)7

on en déduit qu'il existe yo € R? tel que Py, (yo, A) > 0. Comme 14 est une fonction borélienne,
on déduit de la propriété de Feller forte que y — Py, (y, A) est continue. Par conséquent, il existe
o > 0 tel que pour tout y € B(yo,70) (ouvert!), inf e gy ro) Pro(y, A) > 0. Ainsi, comme pour
tout = € RY,

Protso(z, A) Z/ Py (y,A)Psy(z,dy) > inf Py (y, A)Ps,(x, B(yo,70),
B(yo,r0) y€B(yo,m0)

on déduit de l'irréductibilité (et de ce qui précede) que P45, (x, A) > 0, ce qui conclut la preuve.
[ On a alors le théoréme d’unicité :

Theorem 5.3.2 Supposons que le semi-groupe soit fortement fellérien et irréductible. Alors, il
existe une unique probabilité invariante p. De plus p est équivalente a Py(x,.) et pour tout x € R,
(Pi(x,.))t>0 converge faiblement vers p.

Preuve : On prouve simplement 'unicité de la mesure invariante. D’aprés le lemme, on peut
supposer qu’il existe to > 0 tel que les mesures de probabilité P, (x,.) sont équivalentes. Ainsi, en
utilisant que pour toute mesure invariante y et pour tout borélien A, u(A) = [pa Py (z, A)p(dz),
on en déduit facilement que pour tout x € R? p(A) = 0 si et seulement si Py, (v, A) = 0.
Par conséquent, toute mesure invariante p est équivalente aux mesures Py, (z,.). En particulier,
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toutes les mesures invariantes ergodiques sont équivalentes ce qui implique 'unicité lorsque T
est compact (d’aprés la Proposition 5.3.1). Dans le cas contraire, on prouve que toute mesure
invariante est ergodique :

On considére donc une mesure invariante p et un borélien A invariant par P, i.e. tel que Vt > 0,
Pz, A) = 1a(x) p—p.s.

On doit montrer que p(A) = 0 ou 1. Supposons que p(A) > 0. Alors, d’aprés ce qui précéde,
il existe g € A tel que Py, (9, A) = 1. Or, les mesures P, (x,.) étant équivalentes, il vient que
Py (z,A) =1 pour tout =z € A. Finalement,

W) = [ Pl Ap(ao) = 1.

O

Un cadre d’application important est le suivant :

Corollary 5.3.1 Soit (P;) un semi-groupe sur RY. Supposons qu’il existe to > 0 tel que Py, (v, dy) =
Pro (2, y)Aa(dy). Alors, on a unicité de la mesure invariante p dés que dy-pp, pour tout x € RY,
pi(x,y) > 0. De plus, p est équivalente a la mesure de Lebesque.

Ce résultat n’est pas exactement un corollaire car les hypothéses ci-dessus assurent l'irréducti-
bilité mais pas la propriété de Feller forte. Néanmoins, les outils de la preuve sont proches. On
pourra vérifier en exercice que sous 'hypothése précédente, la preuve du théoréme fonctionne
encore.

Exemple important : Supposons que (X¢):>0 soit une diffusion uniformément elliptique : dX; =
b(X;)dt + o(X;)dBy avec b : RT — R et o : RT — My 4 régulieres et oo* < Aol (minoration
au sens des matrices symétriques), ou A\g > 0. Alors,(X;) admet une densité strictement positive
réguliére en (x,y). Cest évidemment le cas si o est une matrice constante et non dégénérée.

5.4 Calcul explicite de mesures invariantes, exemples

5.4.1 Calcul explicite

On part de 'hypothése que le semi-groupe (P;) admet une unique mesure invariante p de
densité p (suffisamment) réguliére par rapport a la mesure de Lebesgue. En notant (f,g) =
[ f(z)g(x)Aa(dx), i.e. le produit scalaire sur L2(R%, \y), on a :

/ Cfdp= / CF(@)p(x)\aldz) = (£F,p) = (f, £7p)

ou L* est I'adjoint de L. D’apreés la proposition 5.2.1, (f, L*p) = 0si f € D(L) et satisfait (Hg).
Si la classe de fonctions est suffisamment grande, alors on en déduit que p est 'unique solution
de
L*p=0.

Pour une diffusion en dimension 1 ergodique, cette équation admet une équation explicite
lorsque o(x) # 0 et b et o sont CL.

Exercice : Calculer la densité de la mesure invariante pour une diffusion unidimensionnelle
ergodique (sous les hypothéses précédentes). On commencera par montrer (par intégrations par

partie) que pour toute fonction C? a support compact, (Lf,p) = (f,L*p) puis on résoudra
I’équation L*p = 0.
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Example 5.4.1 (Semi-groupe d’Ornstein-Uhlenbeck) Il s’agit du systeme diffusif ergodique
le plus simple :
dXt = —)\Xtdt + O'dBt, )\, o> 0.

On suppose que (X;) est & valeurs dans R?. Cest un systéme avec drift linéaire vers lorigine,
d’intensité A. On vérifiera la propriété de non explosion avec une fonction judicieusement choisie
(un polynéme en x par exemple). Par ailleurs, on identifiera la mesure invariante o l'aide du
critére de la section précédente au travers du calcul de l’adjoint du générateur du semi-groupe
d’Ornstein- Uhlenbeck.

Enfin, il est évidemment possible d’écrire que X; est en réalité égal a :

t
X, = Xoe M+ / AR,
0

Montrer que © = N(0,0%/(2))) est lunique mesure invariante du systeme (On pourra soit
regarder la convergence des moments, soit montrer que cette mesure est solution de I’équation
[ Lfdr =0 pour tout f C? & support compact).

Example 5.4.2 (Diffusions gradient) Qu’en est-il pour ’EDS suivante

dXt = —VU(Xt)dt + O'dBt

aveco >0, U : R? — R C! telle que limy,|, o U(x) = +00. Montrer que si limy, oo VU (2)]? =
+o00 lorsque |z| — 400, alors p(z) = Z ' exp(~U(xz)/(20%) (ot Z = [paexp(=U(z)/(20%)dz)

est l'unique mesure invariante.

5.5 Vitesse de convergence a 1’équilibre

Dans cette section, on suppose que l'on a existence et unicité de la mesure invariante m et
on aborde le vaste sujet de la convergence vers la mesure invariante. Par le théoréme de Bir-
khoff énoncé précédemmment, on a un premier résultat de convergence en moyenne trajectorielle
(rappelons cependant que ce résultat n’est vrai que 7(dx) presque partout). On va ici proposer
quelques résultats de convergence en loi.

5.5.1 Forme de Dirichlet

Une documentation archi-compléte sur ce trés vaste domaine se trouve dans
[ABC+| C.ANE, S.BLACHERE, D.CHAFAI, P.FOUGERES, I.GENTIL, F.MALRIEU, C.ROBERTO,
G.SCHEFFER Sur les inégalités de Sobolev logarithmiques, Société Mathématique de France, 2000

Vitesse exponentielle a I’équilibre

Definition 5.5.1 (Forme de Dirichlet) Etant donné un opérateur £ qui laisse invariante j,
on définit

Vi EDL)  T(f,9) = 5lL(f9) ~ L(g) ~ 9L(S)
On définit également T'(f) =T'(f, f).
Proposition 5.5.1 On a les propriétés suivantes :
“VfeD(L) T(f)=0
— JT(f)dp =~ [ fL(f)du
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Proof : On démontre la premiére propriété en remarquant que P; est un opérateur positif : toute
fonction positive est transformée en fonction positive sous P;. Ainsi :

Pi((f—a)*) > 0.

Par ailleurs, on a

Pi((f = a)®) = P(f?) = 2aP,(f) + a®

Aussi, le discriminant du polyndéme en a précédent est négatif. Cela signifie donc que

Pi(f?) = Pi(f)*.

Puis, on peut remarquer que

P 2\ _ f2
Pj}(l) t(fgf = L(f?)
alors que
2 _ g2 _
tim P2 iy P2y 4 gy = ap2(p)

puisque P;(f) — f lorsque t — 0. Aussi, on obtient que

R - PSP
t—s0 2t

=TI(f)

et donc I'(f) > 0.
La seconde propriété résulte du fait que [ L£(f)dp = 0 pour toute fonction f lorsque £*(u) = 0.

Definition 5.5.2 (Energie) La fonction d’énergie associée a la forme de Dirichlet est définie
par

&)=~ [ 12hdn= [T(pdn.

Dans ce contexte, on s’intéressera a une inégalité fonctionnelle de type Poincaré. Cette inéga-
lité mettra en jeu la forme de Dirichlet définie précédemment et un terme de variance quantifiant
la vitesse de convergence a ’équilibre. Nous allons spécifier ce lien dans le contexte des diffusions
définies par

dX; = b(X})dt + dB;.

Dans ce cas, le générateur infinitésimal est donné par
1
L = (b(x), V(@) + SAF.

De ce fait, I'opérateur I'(f) est donné par

<Vf,Vf>

SIEG?) —2FL(F)) = 5 |20,V ) + S0 200, f) - faf| = SFT2,

le dernier terme étant obtenu en calculant explicitement A(f?).
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5.5.2 Diffusion de Kolmogorov

La diffusion générale la plus célébre est assurément celle définie au travers de 1’équation
différentielle stochastique
dX; = —VU(Xy)dt + dBy, (5.4)

ou U désigne un potentiel coercif, minoré (par 0). Le générateur infinitésimal de ce processus est

L(f) = ~(V,VU) + 4AF

Difficile de donner un ouvrage de synthése sur cette équation. On pourra consulter avec profit
les ouvrages.

[ABC-+| C.ANE, S.BLACHERE, D.CHAFAI, P.FOUGERES, I.GENTIL, F.MALRIEU, C.ROBERTO,
G.SCHEFFER Sur les inégalités de Sobolev logarithmiques, Société Mathématique de France, 2000.

[B94| D.BAKRY, L’hypercontractivité et son utilisation en théorie des semigroupes, Lectures
on Probability theory, Lecture Notes in Math. 1581, 1994

[R99] G. ROYER, Une initiation aux iné ?galités de Sobolev logarithmiques, S.M.F., Paris,
1999.

Cette diffusion est intimement & la dynamique décrivant le recuit simulé. Nous commencons
& donner des éléments importants liés & cette diffusion fondamentale. On effectue I’hypothése
que U est de classe C? et tel que

lim U(z) =400 et |VU|> = AU  est minoré.

|z|—>+o00
Par ailleurs, nous définissons la condition de rappel a l'infini :
JdJaeRiIeR VreRP (2, VU(x)) > alz|* — b

Nous obtiendrons l'existence et I'unicité forte des solutions de ce processus ainsi que la non
explosion en temps fini en utilisant par exemple la fonction de Lyapunov V(x) = |z|3 puisque

L(V)=-2<VU(x),z) + |z]* < 2b—2aV.

En appliquant alors le théoréme 5.2.1, ce dernier point nous assure également que le processus
admet au moins une distribution invariante. Par ailleurs, le semi-groupe étant elliptique, nous
avons également unicité de la mesure invariante associée a Equation (5.4). Nous obtenons alors
le théoréme suivant.

Theorem 5.5.1 Le processus (Xi)i>0 définit par Equation (5.4) posséde une unique distribution
invariante ™ donnée par

m(z) x e 2V,
Proof : La seule chose qu’il reste a prouver concerne l'invariance de 7, définie & une constante
multiplicative prés. Nous commengons par démontrer que 7 est réversible pour £, c’est-a-dire
que £ est auto-adjoint dans L?(7r).

W(fg) €LAm) < f.L(g) >a= / fL(g)dn = / FAgeU/2 4 / F VUG .

On intégre alors par parties le premier terme du second membre en remarquant que Ve 2V =
—2¢72UVU. On obtient alors que

< [, L(g) >x= —/Vngdw =< L(f), 9 >xr .
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Cette relation de symétrie implique alors immédiatement que 7 est invariante :
vf € L2(n) /lXﬁdw:<1¢mﬂ>w:<£ﬂLf>ﬂ:O
On obtient ainsi la preuve du théoréme. O

5.5.3 Inégalité de Poincaré et opérateurs auto-adjoints

Nous commencons par établir un résultat classique lorsqu’on sait démontrer une inégalité de
Poincaré sur la mesure stationaire.

Definition 5.5.3 (Inégalité de Poincaré) Soit w la mesure stationnaire associée au semi-
groupe de générateur L. La mesure satisfait une inégalité de trou spectral (ou de Poincaré) s’il
existe une constante Cp telle que

ViEDWL)  Vars(f) = [E [ — n(f)2dr < CpE(f. f).

Dans le contexte de la diffusion de Kolmogorov Equation (5.4), cette inégalité s’écrit :

Vet [ (@) —w(f)Pd@) < Cp [ 95,

Dans le cas précis ot I'opérateur £ est auto-adjoint dans L?(7), on peut alors diagonaliser L.
Tout d’abord, il est immédiat de voir que 0 est valeur propre associée a la fonction constante 1.
Notons par ailleurs A une valeur propre de —L£ non nulle, de vecteur propre associé f tel que

m(f) =0. Alors :
/ fPdn = / —L(f) fdnr.

Par ailleurs, nous avons vu que 2I'(f, f) = L(f?) — 2fL(f) et que

é—anﬁw: / (. f w—/z

= &(f.f) = (L(f),1
= E(f. f) = (/% 5(1)%
= & 1),

car L(1) =0.

Remark 5.5.1 On peut aussi voir cette derniére annulation en utilisant ’adjoint de L pour la
mesure de Lebesgue pour lequel L*(7) = 0 par stationnarité.

Nous venons donc d’établir que si L(f) = —Af, alors

Vars(f) = £,

Par conséquent, si 7, £ vérifient une inégalité de Poincaré de constante C'p, on a alors

1
—<C
N P

Cela signifie donc que les valeurs propres de —L satisfont la propriété de « trou spectral » :

Sp(—L) € {0} U [1,

Cp —I—oo[.
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5.5.4 Convergence exponentielle

Nous pouvons désormais démontrer le théoréme de convergence exponentielle du semi-groupe
vers 7. L’objet que nous venons naturellement d’introduire est la variance d’une fonction f. Afin
de démontrer une convergence en loi du processus (X;) vers 7, nous allons quantifier la proximité
de la loi de (X;) a m. Un critére populaire est donné par la distance L2.

o) = [ IEAF(X0] = 7()Pa(o)

Elle mesure comment la loi de X; partant de x s’approche de 7, et ce en intégrant sur ’espace
pondéré par w. Il s’agit donc de calculer

¢(t) = Varx(P.f),
car P, f(x) = E; f(X}). Nous démontrons alors le théoréme suivant.

Theorem 5.5.2 (Ergodicité par trou spectral, cas symétrique) Soit P, un semi-groupe de
générateur L et mesure invariante 7, tels que L est symétrique dans L*(r). Il y a équivalence
entre les deux propositions suivantes.

i) L satisfait une inégalité de Poincaré de constante Cp.

i1) Il y a convergence exponentielle :

VfeD(L) Varg(P,f) < e_zt/CpVarﬂ(f).

Preuve : On démontre tout d’abord que i) = #i). On suppose que 7(f) = 0 sans perte de
généralité. On définit

o) = [ [PufPdr = Vare(P),
E
On a alors
J0) = [ 2£B)
E
= =28(Bf,Bf).
L’inégalité de Poincaré implique alors que
2
'(t) < ——o(t
#(t) <~ 7 9lt),
et on conclut en appliquant le lemme de Gronwall :
2
Vare(Pf) < e %' Varz(f).

Réciproquement, montrons que i) = i) et supposons que l'on ait l'ergodicité exponentielle.
Pour ¢ = 0, il est facile de voir que les deux cotés de l'inégalité sont égaux. Ainsi, la dérivée en
t = 0 du terme de droite est supérieure a la dérivée en ¢t = 0 du terme de gauche :

¢'(0) < —C?PVarw(f).

Mais un calcul rapide montre que
¢'(0) = —2&(f, f).

Cela aboutit directement & I'inégalité de Poincaré :

Varz(f) < CpE(f, f)

Le théoréme est donc démontré. O
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Tensorisation Enfin, il y a une fagon de déduire des inégalités de Poincaré si on arrive a
décomposer le générateur L. Cela peut se faire par le biais de la propriété de « tensorisation ».
Considérons £; et £y deux générateurs infinitésimaux de semi-groupe (P})i>o sur (Ey,7) et
(P?)t>0 sur (E2,ms). On étudie le semi-groupe sur l'espace produit E; x E» pour la mesure
T = m ® my donné par

Pt((l‘l, xg), (d.%’l, dwz)) = Ptl (1’1, d%l)F)tQ(xQ, d:UQ).
On montre facilement (exercice...) que le générateur est alors

L=L+ Lo

Cette notation doit étre comprise ainsi : pour une fonction f de deux variables (z1, z2) on calcule
L en appliquant £; (resp. L2) & xa (resp. 1) fixée et on additionne les résultats. L’opérateur
carré du champ I' est donc donné par I' =I'; +I's. On a alors la tensorisation de la variance :

Proposition 5.5.2

VieD(L) Vars(f) < /E Vars, (f) + Vars(f)|dr

On étudie la différence des deux termes :

J @)+ Va1 -vartn = [ ( / [f(.2) —m<f<.,x2>12dm) dr

+/E (/E2[f(:v1,.)—772(f(x1,.)]2d7rz) dr

- [ 1) - a(p)an
E

Le théoréme de Tonnelli permet alors d’écrire que

/E[Varm(f)—l—Varm(f)]—Varﬁ(f):/Ef2d7r—/ [/fdmrdw—/ [/fdmrdﬂ—i— [/fdwr.

On vérifiera alors que le dernier terme se re-écrit en fait

/(f — m1(f) — ma(f) + m(f))* dr.

Ce dernier terme est bien str toujours positif, ce qui démontre la proposition. O
On déduit immédiatement de cette tensorisation 'inégalité de Poincaré pour le semi-groupe
(Pt)t>0 décrivant la dynamique « produit ».

Theorem 5.5.3 (Tensorisation de I’inégalité de Poincaré) Supposons que les mesures my
et mo vérifient une inégalité de Poincaré de constante Cy (resp. Co ) pour lopérateur carré du

champ I'y (resp. I'y) associé au générateur Ly (resp. Lo). Alors il en est de méme pour m = m1 @y
et ' =T1+4T9 , avec la constante Cp = maz(C1,Cy) :

VfeDL) Vars(f) < max(Cl,Cg)/F(f, f)dr.
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Défaut (?) Bien entendu, la structure spectrale est fondamentale dans toute cette partie, en
particulier le caractére symétrique de £ dans L?(7) est incontournable. Méme si ce cas symé-
trique se rencontre fréquemment, le monde est parfois mal fait et des exemples trés intéressants
mettent en jeu des dynamiques ot £ n’est pas auto-adjoint. Dans ce cas, il est possible d’attaquer
les problémes de stabilisation du systéme avec d’autres outils, plus trajectoriels. Une fagon de
procéder est décrite dans le paragraphe suivant.

Par ailleurs, les résultats fournis par une analyse spectrale sont parfois assez difficiles a
interpréter d’un point de vue trajectoriel. Ils sont en revanche remarquablement précis.
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Chapitre 6

Simulated annealing

6.1 Principle of the simulated annealing procedure

6.1.1 Concentration of the Gibbs field

The simulated annealing algorithm is a global minimization scheme for solving the problem

arg min, U(z).
It relies on two principles :
— First, an exploration of the state space through a stochstic process (X¢)i>0,
— Second, an exploitation with a cooling schedule.
We define an inverse temperature parameter 5 > 0 (1" = % in physics). The Laplace principle
shows that the distribution 7g defined by

T = Jea € PTG

concentrates around the global minimizer of U when § — +o0.
This statement is supported by the next proposition.

Proposition 6.1.1 Assume U is locally L-Lipschitz, then the distribution mg satisfies
g (U >minU 4 6) — 0 as B — +oo

Proof : Without loss of generality, we assume that min U = 0. To show this result, we simply
write
[ lussdrg [ Ly@ysse PV @da - [1ysge”(F-DUeU

T8 (U > 5) Zﬁ Zﬁ Zﬁ

Now, we obtain
521

Zp
It remains to derive a lower boud of Zz. We consider L the Lipschitz constant around arg min U.
We can design €5 and B, small enough such that

g (U > ) < e~ (61

sup AU (y) < 1.
Beﬁ
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We then deduce that
Zg > / e BU > eI\ (BEB)
Be,
The Lebesgue measure of B, is lower bounded by ¢f~¢ where ¢ is small enough, independent
of 3. We then obtain
15 (U > 0) < ¢ 1 Z1e~B-Dipd,

Hence, w3 (U > minU + ) goes to 0 exponentially fast (with j3). O

6.1.2 Kolmogorov diffusion
6.1.2.1 Definition of the simulated annealing process

In the previous chapter, we have seen the important influence of the semi-group (P;)¢>0
associated to the Kolmogorov-Langevin diffusion :

dX; = —VU(Xt)dt + dB;. (61)

In particular, under mild assumptions on U, we have seen that Equation (6.1) defines an elliptic
ergodic diffusion whose unique invariant measure is mp. Moreover, the ergodicity of (X¢)¢>o and
the rate of convergence of may be translated through a variance convergence and a Poincaré
inequality.

We now define the following stochastic differential equation

dX; = —ﬁtVU(Xt)dt + d By, (62)

where (8;)¢>0 is a smooth increasing and differentiable function that will be set up such that
By — +00 as t — +o0.

Definition 6.1.1 (Simulated annealing process - generator) Equation Equation (6.1) de-
fines the simulated annealing process. The associated infinitesimal generator L is

1
ﬁtQO = —6t<VU(.I‘), vng> + iAm(P + @Eﬁp

It is important above to point out that since the process is inhomogeneous with respect to the
time ¢, we will have to derive some functions of ¢, although in the classical stationary situation,
the functions only depend on the state space x. Nevertheless, if now ¢ depends on ¢t and =z, it is
immediate to check that

E, Xiin,t+h) — ,t 1
tim e LI Z OO0 g G17(0), Vool ) 4+ Anilt) + Dol 1),

when ¢ is a C>°(R? x R*.) function.
Our goal is to show that when ¢ goes to infinity, the simulated annealing process gets “close
enough” to the Gibbs field 7g,. Below, we will use several notations.

Definition 6.1.2 (Distribution of (X;);>0) The process being uniformly elliptic, the law of
Xy has a C*° density with respect to the Lebesgue measure and is denoted by my.

Definition 6.1.3 (Density with respect to mg,) We denote by f; the Radon-Nikodym deri-
vative of the probability density my of the simulated annealing process Xy with respect to the Gibbs
measure Tg,, i.€. :

dmt

Je (6.3)

~ dm,

where my is the distribution of (Xs)s>0 at time t.
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6.1.2.2 Properties of the infinitesimal generator

Using the results obtained in chapter 5, one can see that Ry > ¢ — £, is continuous and
therefore the semi-group (Pst)o<s<¢ is smooth . Also by their definition the operators (Pst)o<s<t
are linear and have the following semi-group property : Py = Ps3 0o Pyyyp, forall 0 < s <t
and h > 0. Hence, for all 0 < s <, we have :

d
— P51 = Ps Ly 6.4
dt )t ’t t ( )

As will be shown below, bounding the L?-norm of f; w.r.t. mg,, i.e., | ftllxs, » ensures convergence
of the simulated annealing algorithm. However it does not provide enough information about the
convergence of m; to mg, to deduce a fine convergence rate. This is why we study the evolution
of | fr — 1||7rBt which controls the distance between the two measures. If this quantity is bounded
then we obtain the convergence of the simulated annealing algorithm. If moreover it converges
to zero, it implies a stronger convergence rate.

Proposition 6.1.2 (Deviations of the simulated annealing algorithm) Denote by J; =
1o~ 112, . then

P(U(X,) > minU 4 0) < & + e/ i,

where ¢, —> 0 as Py — +o00.

Proof : We compute
P(U(X:) > minU +6) = /1U(ac)>minU+6dmt = /1U(:Jc)>minU+6ftd7T,8t-
Then, we write f; = (ft — 1) + 1 and obtain that
P(U(X¢) > minU + ) < mg, (U > minU +0) + / 1y(2)>minv+s (ft — 1)d7g,

Now, the Cauchy-Schwarz inequality yields

P(U(X;) > minU + ) < g, (U > minU + 6) 4 /75, (U > min U + 8)/J;.

We obtain the proof with ¢, = 7g, (U > min U + §) and Proposition 6.1.1 g

6.2 Convergence of the simulated annealing algorithm in 1L%(g,)

Below, we will restrict our study to the compact manifold situation. Hence, R is replaced by
K alarge compact set. This permits to assume that U is upper bounded by a universal constant
M. This will also largely simplify the demonstrations.

6.2.1 Differential inequality
In order to prove that the simulated annealing algorithm converges, we will show that
Jy —0 as t — +o0.

To obtain such a result, we will deduce a differential inequality for J; = || f; — 1|2 5
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Definition 6.2.1 (Notation (U)r, ) For any time t, we denote by

(U)ry, = /Ud’ﬂ'ﬁ
the mean of U with respect to mg,.
One can check that

Proposition 6.2.1
O, (z) = =B |U(x) — (U)n, | 75, ().
Proof : We can compute

Ul ) —BeU(z) e~ BiU(x)

Oma, (x) = =P + Bzat{Zﬁt}?
Bt

t

The derivative of Zg, is easy to handle :

Zs, = at/e—ﬁtU = /—5;Ue—ﬁtU =B, <U >n, Zs,
Therefore, we obtain that

atﬂ-ﬁt(x) = ﬂé (< U >rg —U(l‘)) ﬂ-ﬁ(x)a

which ends the proof of the proposition. O
According to this result, we then obtain the derivative of I;.

Proposition 6.2.2 For any t > 0, we have

@&zmm—wa=2<ngﬁ>%+@/ww—@mwﬁume

Proof : We start by computing its derivative :

o =oulf 11, =0 { [ =25+ vma | =0 [ 2w}

—9 / fe(2)0; [f1] (x)ms, (x / f2(@)0pmp, (x

Using the backward Kolmogorov (Fokker-Planck) equation given by Equation (6.4), for the
first term we have 9ym; = Lym; where £} is the adjoint operator of £F in L?(\). Therefore, we
have

aw:z/ﬂ@@%@wmwm+/ﬁumeww

=2 [ i 2w e = [ o) " S e+ [ t0)0ms

—Q/ft ¥ Ime)( da;—2/ft )0 [, () (x)dx—i—/ff(:c)@mgt(x)dm
—2 [ Lif)@mio)iz - [ 12001 [r5(2) (2)do
=2 [ H@) L))y @do + B [ F@UE)= < U >, Jma(w)da,
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Thus, we easily obtain the following equality :

Oulfi — 112, =2 < fuLai >ny, +5 [ (U(&) = (U}, ) f2(a Vs d, (6.5)

which is the desired conclusion. O

6.2.2 Spectral gap asymptotic at low temperature

In the above term, we recover the influence of the Poincaré inequality brought by the first
term of the right hand side : < f,Lf >z, = — < V[, V[ >,  is expected to be negative and
should be related to J; itself. In order to deal with the first sum we use an estimate of the spectral
gap of Lg,. This is provided by Theorem 2.1 of Holley and Strook (see also Freidlin and Wentzell).

Theorem 6.2.1 (Holley and Strook 88) Under assumptions of 7?7, there exist two positive
constants 0 < ¢ < C' < 400 such thatV 8 € Ry,

ce P < ~(B) < Ce P U)

where y(B) = inf{— [ ¢Lg¢ dug : |¢l,; =1 and [ ¢pdug = 0} and c*(U) is the mazimum depth

of a well containing a local minimum defined in Equation(6.6).

About the constant ¢*(U) The constant ¢*(U) is always strictly positive as soon as the
function has a strict local minimum that is not global. This is generally the case in our setting.

The constant ¢*(U) plays a central role in Theorem ?? and comes from the statement of
Theorem 6.2.1. To precisely define ¢*(U), we first introduce some useful notations. For any
couple of vertices (z,y) of RP, and for any path 7, , that connects them, we define h(7;,) as the
highest value of U on 7, :

We define H(z,y) as the smallest value of h(v;,) obtained for all possible paths from x to y :

H(z,y) = min h(7)
YTy
Now, for any pair of vertices  and y, the notation v, , will be reserved for the path that attains
the minimum in the definition of H (z,y).

Finally, we introduce the quantity that will mainly determine the size of the spectral gap
involved in the functional inequality satisfied by mg when f — 400 (see the seminal works of
Freidlin and Wentzell for an interpretation as a large deviation principle and Holley and Stroock
for a functional analysis point of view) :

(U) = (Jhax [H(z,y) = Ulz) = Uly)] + min U(z). (6.6)

Figure 6.1 proposes a simplified illustration of the value of ¢*(U) when the state space is of
dimension 1. This illustration can be extended to RP with the help of a more complex set of
possible paths v, .

We will prove the result of Theorem 6.2.1 later on and now end the study of the simulated
annealing process.
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Y € Yy, M,

miny ey, ,,, MaXseq iU, (5) Uy

T .
min U, (u) M, := arg minger,, U, ()
uel'g

FIGURE 6.1: An example of a function U and of the value ¢*(U,) when the possible paths are restricted
to horizontal displacements.

6.2.3 Proof of convergence

Using the definition of f, one can see that [ fidms, = 1, hence applying the spectral gap
Jt—1

result stated in Theorem 6.2.1 with for ¢; = Hf 1|
t— T8y

gives :

_/d’tﬁﬂt(@)(w)ﬂﬁt (2)da > ce= V),
This and the definition of Lg, imply :
< ft Left >mp, < —ce PO £, - 1”3%

Starting from Equation Equation (6.5), our strategy is to produce an upper bound of || f;||3
because :

\/ U s, ) ), (1)

Now, we can write :

<2K’/ftd7r5t (x)

/ffd%(x) = /(ft —1+1)%dmg, < 2/(1} —1)%dmp, +2<2J; +2

where we used (a + b)? < 2a? + 2b%.
We then obtain in Equation Equation (6.5) that

J} < —ce P W) 4 AKB(1 + Jy) = — 6,y + 4K B,

where we have written r = ce=Pt<"(U) — B;. We then have to understand the necessary conditions
that make it possible to conclude that J; — 0 as t — +o00.

The Gronwall lemma entails

t
Jp < Joe~ Jo ud +/ Ble” Jinudugg,
0
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Therefore, we need that

o0
/ nsds = +00.
0

e~ Bec*(U) _ 52 > 77t_1

Such a condition is true as soon as

)

for 6 small enough. We can see that such a condition is true when g, = Blog(l + t) with
B < c*(U)~! since in that case

ne ~ ct=¢ U8 with a:=c(U)s <1

Concerning now the second term of the right hand side, we see that for such a choice, 8} =
B(1+t)~! and consequently

t t t
/ Bre” S mudu g < s e JiuTdugg B/ e_(l_o‘)il[tlia_slia](l +5)7(1 + 5)" U7
0 0o 1+s 0

We can integrate by part the last term and show that

t t 7 (1—a)st—«
/ 6;6_ fst ﬁududs S 66_(1—06)71751706 / deT(l + 8)_(1_a)d8 — 0,
0 0

as t —» +o00. Hence, we have obtained that

t—>+o00
Using now Proposition 6.1.2, we have shown the next result.

Theorem 6.2.2 Assume that 3; = Blog(1 +t) with B < c*(U)™!, then

. . 2 _
Jim =12, =0

and for any § >0 :
lim P(U(X:) >minU + ) = 0.

t—+4o00
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