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Chapitre 1

Introduction/Notations/Preliminary

1.1 Notations

On the whole we shall work on a probability space (€2, F,P). The random variable
will take value on a set E. The set E will denote a Polish space, that is a metrizable
complete separable space. A separable space is a topological space that contains a dense
and at most countable subset, i.e., it contains a finite or countable set of points whose
closure is equal to the entire topological space.

— We denote by B(E) the set of Borel sets on F.

— M, (E) will denote the set of probability measures on E

— C(F) will denote the set of continuous functions from E to R

— C.(F) C C(FE) will denote the continuous functions on E with compact support

— Cy(F) C C(F) will denote the bounded continuous functions on F

— If X : Q — E is a random variable (r.v), we denote £(X) the law of X and we

denote

E(f(X)) = / F(@)dp(z),

where p = £(X). We shall also use the notation
u(h) = [ s@dnte)
E

— For ar.v X valued in R%, we denote
Px(€) = E[¢"“M],

for all ¢ € R, This is the so-called characteristic function.
Recall the usual definition of convergence in probability measure

Definition 1. A sequence of random variable (X,,) defined on (2, F,P) and valued in £
converge in law (or in distribution) to a r.v X if

lim E(f(X,)) = E(f(X)),

for all f € Cy(E). We denote
X, 5 X

n—oo



Let us recall the link between convergence in law and vague or tight convergence

Definition 2. A sequence of measure (p,,) converges tightly to a measure p if

[ fdua > [ sau
for all f € Cy(E).

A sequence of measure (j,) converges vaguely to a measure p if

/fdunnjoo/fdu

for all f € C.(E)

It is then clear that
Tight CV = Vague CV

but the converse is not true. Indeed consider (d,,).
We leave the following result as an exercize

Vague CV + p,(R?) — p(RY) = Tight CV

Recal that if V' is a topological vector space, the space V* denote the set of continuous
linear form.

Definition 3. We say that a sequence (x,) converges weakly to x in V' if for all £ € V*

U(z,) — l(x)

n—o0

We say that a sequence ¢, converges x weakly to £ on V* if for all z € V

Uxy) == (ln, ) — ({, ).

n—o0

Recall that when V' = (Cy(E), ||.||c), we have V* is the set of Borelian measure which
are signed and finite.
Then essentially we have

CVinlaw = Tight CV on M;(FE) (1.1)
Vague CV on M;(E) towards limits on M;(FE) (1.2)
sweak CV with V' = (Co(E), ||.||«) restricted to My (E)  (1.3)

The following proposition can be useful

Proposition 1. Let H be a dense subset of (Co(R%), || ||s0). Let p and (p,)n>0, probability
measures on (R%, B(R?)).
Then

/Ln%u & VYeoe H, lim/cpdun:/godu.
n—oo

n—oo
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1.2 Warm-up

In this section, the aim is to motivate the whole lecture by making a first link between
the well-known Central Limit Theorem and the Brownian motion. The complete link
figured out by the so called Donsker’s Theorem will be a red thread during this lecture.
We start by recalling the result of central limit theorem by giving different proofs. A
important result used in the proof is the Levy Theorem.

Theorem 2. (Lévy).
1. If X, 55 X then V€ € RY, limy, o Ox (€) = O (£).
2. If there exists a function ® : R* — C continuous in 0 such that for all £ € R,

lim ®x, (§) = ®(E),

n—o0

then there exists a unique probability measure (1 on (]Rd, B(Rd)) such that ® = [i.
Moreover fi, ~25 11 and if X is a r.v of law p we have X, =

Theorem 3. Let (X,,),>0 be a sequence of i.i.d r.v valued in R with
E[X,] =0, E[X}] ="

Denote for all n € N*
Sp=>_Xi,
i=1

then g
n L 2
=N,

We shall need a Lemma which we shall see later is related to the relative compactness.

Lemma 4. g
lim supP ||—=| > K| =0
Ko st H V|~ }
Démonstration. It is a consequence of Byenaimé Tchebychev. m

Démonstration. First proof : with characteristic function By independance, we have
forallt e R

X3

B[] = (E[e“«z])n n
= (1- 4 0+00)

2n

Then » A
lim E[e" V7] = /% = E[e™V].

n—oo
The Levy Theorem yields the result. Note that here we have identified the limit charac-
teristic function then it is automatically continuous in 0. Hidden by this continuity there
is an important fact of relative compactness.
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Second proof : with Lindberg swapping trick. For this proof, we shall suppose
that E[|X;]?] < oco. An obvious observation is that if X; ~ N (0,0?) then

Sn
2 N

n (0,0%)

and the convergence is straightforward. Now let us consider ¢ € C3(R

), and consider a

sequence of i.i.d r.v (N})ien+ where N ~ N(0,0?%). We suppose them independent of the

sequence (X;)ien+. Let N~ N(0,0?), as already said we have

S
L =1
N="F

N

n

Let us define fori=1,...,n

n
>N,
j=it+1

Sl = in +
j=1

Let us check that we have

S,=258" SN=x5°

and

St =80+ Xip1,  Sh =5+ N

where we have defined
=) X+
j=1

where the symbol 1l means independent.
Using a telescopic sum and a Taylor formula, we have
Sn SO

2o (i) o] = 2o () ()]

2=l (R) -+ ()]
()
()

Z/\/] AL (Xiy1, Niga),

j=i+2

S

N

S”jl + Nit1
Vn

)
[

n

NG

" ’Xl‘g—i_’/\/’l ’3
O 0 I e
n—1
" |XZ|3+|-/\[Z |3
= ol 3B |
o " |X1’3 + ‘N1’3
— o(le)e | R AT
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Then
() -] -

By density of C, into C? for the norm ||.| s this limit holds for all ¢ € C.. The passage
from C, to Cy is more tricky. First note that C, = Cy and then does not give Cj. But we
shall use the Lemma. Indeed let ¢ € C,. For all K > 0 there exists a function fx € C¢
such that fx =1 on [-K, K] and fx =0 on [-(K + 1), K + 1]°. then we can consider

¢ =ofx + (1 — fx)
such that ¢fx € C,

()]

< e ;ast ()]~ EWK(NM' n \E o(Z2) - sl \ FE[p (V) (1— f))
< |E fonc (52 )| - B ren] + ot (supp || 52 2 &] + P = 1)

Then take the limsup in n — co next in K — oo yields the result. O]

Theorem 5. Let 0 =ty <ty <...<ty, then

Sint;] c J .
<\/ﬁ’j:17’k)n:>oo Z\/ti_tifl-/\/;ly,]:lw”uk

i=1

or in an equivalent way

Snt;) = Sty 1) i=1. ok
\/ﬁ Y AR

But we could look at (SL—\/”%J,t > 0) or the affine interpolation (Sj',¢ > 0). It is then
natural to address the question wether a limit theorem can be established for the whole
trajectory and not only for a finite number of time.

Then let us speak about the limit object which is the so-called Brownian motion.

A (VG —t N, i =1,....k)

n—0o0

Definition 4. A one dimensionnal standard Brownian motion is a stochastic process
(B, t > 0) such that

1. Bo - 0
2. t — By are almost surely continuous from R, to R
3. Forall 0 =t <t <...<t, (B, —By_,,j = 1,...,k) are independant

increments of law N (0,¢; — t;-1)

Within this definition, it is not clear that such a process exists. Assuming the existence
we want to promote the previous theorem to

(SP,t > 0) =5 (B, t > 0)

n—o0
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which means that for all continuous and bounded functions F': C(R, ) — R we have

E [F (5}/”% )} — oo E[F(B)].

F(f) = min(sup | f(?)], k)

(0,7

By example, for £ > 0



Chapitre 2

Tight convergence in M(E)

2.1 Polish space, examples and counter-examples

The typical set that we shall consider during the whole lecture are Polish spaces (as
already mentioned). Recall the exact definition.

Definition 5. A topological polish space E is said to be polish when

1. Metrisable : there exists d : E x E — R, a distance which induce the same
topology than the one of E.

2. Complete : i.e all Cauchy sequences are convergent.

3. Separable : there exists a dense and countable family {z,,n € N} in E, that is
{tn,neN} =F

Remark 1. Note that sometimes the distance is explicit and tractable. In this sense (E, d)
is a natural metric space. Nevertheless, when the distance is neither explicit nor tractable,
knowing that F is metrizable allows to exploit several properties (namely convergent
subsequences).

Remark 2. The separability can be addressed from a topological point of view or from a
metric point of view :
— Metric : for all € > 0, for all x € E there exists n € N, such that d(z,,z) <e.
— Topologic : for all x € E and for all neighborhood V' of E there exists n € N such
that z,, € V.

Let us present some examples

— E = R? with its natural topology is Polish. The distance is d(z,y) = ||z — y||2.
The separability comes from Q¢

— All compact metric spaces (F,d) is Polish.

— For all T" > 0, the space £ = C([0,T],R) is Polish for d = |.||. Consider
Q[X] = U,, Q,[X] is countable. For the dense character, one can invoque the
Stone Weierstrass Theorem.

— A Hilbert space (F, ||.||2) with a countable basis is Polish.

— A product of Polish space is Polish

— C(R4,R%) equipped with the uniform convergence on compact is Polish.

For counterexample



Lemma 6. Let (E,d) a metric space. Suppose that there exist {x;}ic; such that there
exist § > 0 such that for all (i,7) € I? i # j = d(x;,x;) > 6. Then if I is not countable
then E 1is not separable.

— E = (*°(N) with the uniform topology. Consider {0, 1}.
— E = (L*(R), ||.]ls)- Indeed one can inject isometrically (/*°(N),||.||c)
— E=(GR), [ )

2.2 Tightness and Prokhorov Theorem

The notion of tightness is crucial in the rest of the lecture. This notion is enlighted
by the Prokhorov Theorem that we shall prove later since it needs a fine understanding
of the topology of M;(FE).

Definition 6. A family F C M;(F) is said to be tight if for all ¢ > 0 there exists a
compact set K C E such that

sup u(E\ K) < ¢
neF

In other words up to a small error the mass of all measures y € F is concentrated on
a compact set which is common for all measures p € F.

Proposition 7. Let E be a Polish space. All finite family of My (E) is tight.

Démonstration. Assume that we have shown that singletons are tight. Then consider F =
{p1, ..., g}, and denote K; the compact associated to y;. The compact set K = |J_, K;
will satisfy the tightness property for F.

Let us show now that a singleton is tight. Let € > 0, since E is separable there exist
a dense sequence (x,,) and for all £ > 0 we have

E= L;JBF (xn, %)

By increasing limit, for all £ > 1 there exist Vi such that we have
e 1 £
e (HBF (%u E)) >1- ok

K:ﬂCjBF(xn,%)

k n=1

Then let us define

Let us show that it is a compact set. This is a closed set then it is complete. Note that
if a set is pre-compact and complete then it is compact. It is then sufficient to show that
for all 6 > 0 there exist I with || < co and

K c|JB(y:,0)

el

which is obvious by construction of K. The tightness property is obvious. O]
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In general showing that an infinite family of measures is tight is a difficult task,
sometimes an art. The following Theorem shows the importance of tightness

Theorem 8 (Prokhorov). Let E be a Polish space and F C M;(E).
The family F s tight if and only if F s relatively compact for the tight topology.
The proof is postponed at the end of the chapter.

Remark 3. The implication = needs the Polish property whereas the implication < does
not need this property.

Remark 4. As we shall see later the tight convergence is metrisable and we shall present
adequate metric. Then the compactness in M (E) can be addressed by using the sequen-
tial aspect of compactness.

Proposition 9. Let {p,,n € N*} C My(E). If {{in,n € N*} is a tight family and if there
exists a measure p such that for all subsequence (jigny) one can extract a subsequence
which converges weakly to p then (u,) converges weakly to pu.

2.3 Properties and topology of M;(FE)

Proposition 10. Let E be a metrisable space and p € My(FE) then u is entirely deter-
mined by its values on open sets or in equivalent way on closed sets or equivalently on
Lipschitz function.

More precisely for all Borel set A

w(A) = inf{u(0), A C O open set}
= sup{u(0O),A D F closed set}

Moreover if E is Polish one can replace closed by compact set.

Démonstration. Let us denote A C B(FE) the set of Borelian set such that

pw(A) =M inf{u(0), A C O open set}
=@ sup{u(F),A D F closed set}

First step : Let us show that .4 contains the open set. This is obvious for (1). Let A
be an open set let us show that ;(A) satisfies (2). For all £ € N*, we denote

F— {x € Eld(x, A°) > %} ,

where x +— d(x,Z) = inf,cz d(z, z) is continuous. Then Fj is closed by continuity and
(F}) is non decreasing sequence of sets. Since A is open, we have

UFR=4

k>1

and
pu(A) = lim p(Fy) < sup{u(F)|F C A, F closed}

10



The other inequality is straightforward.

Second step : A is stable by complementary. This is straightforward by remarking
that 1 — u(Z) = p(Z°) for all subsets Z and —inf{...} = sup{—...}.

Third step : Stability by countable union. Let (A;);en- € AYN. For all € > 0 there
exist O; open and F; closed such that F; C A; C O;

w(O;)

€ €
_ - < N\ < AR
o = 1(Aq) < p(E;) 9
Then |J A; C |JO; which is an open set and we have
M(UOi)_N(UAi) = M(UQ'\U!‘L‘)
ieN* ieN* iEN* ieN*
< U O; \ Aj)
iEN*
> n(0i\ Ay

1EN*

1EN*

IN

IN

Then, at this stage, we have

u(lJ 00) = < A

1EN* 1EN*

For the other inequality, we cannot consider | J; F; since this set is not necessarily closed.
Nevertheless for all N € N* N

UFrclJa

i=1 i

We shall use that v
MUMZ%WQE)
and if BC D C Athen A\ B=(A\D)U(D\ B)
N N
p(lJAaNUFR) < w(JFNUFR)+u(JAa\U F)
iEN* i=1 iEN* i=1 JEN* iEN*
< e+ Z (A \ F;)
< 2,

for N sufficiently large. Then | J, A; € A.
As a conclusion, we have proved that A is a o-algebra that contains the open sets,
then A = B(F)

Concerning the Lipschitz functions. Let F' be a closed set and consider
fK,F(Q?) = (1 — Kd(l‘, F))Jr

11



We have
1p(z) < frr(z) <1

and
lim fx,p(r) = 1r(2),

for all x € E. The function fx p is Lipschitz. By dominated convergence Theorem
w(F) = p(lp) = lillgn 1(fx,r)
and the result holds.
When FE is Polish, then p is tight, then for all € > 0, there exist K. such that
WE\K:) <e

Then if F is closed and F' C A with u(A) < u(F) + ¢, then F = F N K, is a compact
set such that F' C F' C A and

H(A) < u(F) + 22,
which yields the result. O]
The following Theorem gives a criterion for tight convergence.

Theorem 11 (Portmanteau). Let (u,,n € N*) a sequence of probability measures in
M (E) and pp € My (E) with (E,d) a metric space. The following assertions are equiva-
lent

1. In the tight convergence topology, i.e for all bounded and continuous functions we

have
pin(f) = p(f)
2. For all bounded and uniformly continuous functions f
pn(f) = u(f)

3. For all bounded and Lipschitz functions

pn(f) = p(f)

4. For all open set O C E
liminf p,,(O) > u(0O)

5. For all closed set F' C E
limsup pi, (F) < p(F)

n

6. For all Borel set with u(0A) = O



Démonstration. 4) < 5) It comes from the fact that the complement of a closed set is an
open set, and vice versa.
Montrons que 3) = 4). Let O be an open set. Consider the Lipschitz bounded function

¢k(‘r) = mHl(l? kd(l‘, OC))
We have ¢, < 1p and ¢ — 1o. Then for all n

1 (0) = / .

and then
lim inf 11,,(O) > liminf/gbkdun = /gbkdp

Then using dominated convergence Theorem, taking &k to infinity yields

lim inf p,, (O) > limkinf/¢kdun = / lodp = pu(O)
Show that 4) and 5) implies 6). If 4(OB) = 0, since B = B\ B then

u(B) = u(B) = u(B)
then

o o

liminf u,(B) > liminf p,(B) > u(B) = u(B) (2.1)
limsup i, (B) < limsup p,(B) < p(B) = pu(B)
Then
liminf p,(B) = lim sup p,(B) = lim p,,(B) = p(B)
Show finally that 6) = 1). Let ¢ € Cy(R?). Up to considering the negative and the
positive part we can suppose that ¢ > 0. We then have

/Rd dp, = /Rd (/0||¢oo 1y§¢(:p)dy> dpin ()

l|#]] oo
- / ({2 : $(z) > y})dy  (Fubini)

At this stage let us consider F, = {z : ¢(x) > y} which contains the open set {z : ¢(z) >
y}. We then have

OF, C F,\{z: é(z) >y} = 7' ({y}).
Then p(0F,) = 0 for almost all y. Indeed

{y: wdF,) >0} Cc {y: uo'({y})) > 0}

which are the atom of the image measure of 1 by ¢. Then {y : pu(0F,) > 0} is at most
countable. For almost all y

fin(Fy) — p(Fy)
and by dominated convergence Theorem

¢ oo |9l oo
/0 in({: $(x) > y})dy — / u({e s $(x) > y))dy = / oy

which yields the result. O

13



2.4 Some considerations on R and R
The case of R and R? are rich enough and usual results are easy to show

Proposition 12. Let X and (X,,)n>0 be real random variables. Then, X, ENp'e if and
only if for every t € R where Fx is continuous, we have

lim FXn(t) = Fx(t).

n—oo
Démonstration. The implication = is a consequence of the Portmanteau Theorem. For
the converse, we will prove point 2) of the Portmanteau Theorem. Let’s consider an open
interval O =]a, b[ (the general case follows from a countable union). Since the number of
discontinuity points of Fy is countable, we can find a decreasing sequence (ay) converging
to a such that Fy is continuous at a; for all k, and an increasing sequence (by) converging
to b such that Fx is continuous at b;. By right and left continuity, we have that :

limsup Fy, (a) < limsup Fy, (ar) = Fx(ax) — Fx(a)
lim inf FXn(b_> > lim inf FXn (bk> = Fx(bk) — Fx(b—)
Then
liminf Py, (Ja,b[) = liminf Fx (b)) — Fx,(a)
> Fx(07) = Fx(a) = Px(]a,b])
and we get the result. O

The Prokhorov Theorem is also easy.

Theorem 13 (Prokhorov). Let (i,)nen be a tight sequence of probability measures on
(Rd, B(Rd)). Then, it is possible to extract a subsequence that converges tightly to a pro-
bability measure.

Démonstration. According to the Banach-Alaoglu theorem, we can extract a subsequence
(ftn, ) that converges weak-* to a positive measure p. For any function f € Co(R?), we

have :
/ Fdpn, — / fdy.

On a que p(R?) < 1. To conclude, it suffices to show that pu(RY) = 1. Let € > 0; we can
then find a compact set K such that :

Sup fin, (K) > 1—¢.
ng
We can find f € Cp(R?) such that 1 > f > 1x. We then have

p(@) = [ fap=tim [ fdpn, = im [ Ledn, =1

Now, as we let ¢ tend towards 0, we have p(R?) > 1, and the result is proven. [

14



Then we can now prove the Levy Theorem.
Theorem 14. (Lévy).

1. If X,, =5 X, then for all £ € RY,
2. If there exists a function ® : R* — C continuous at 0, such that for all £ € RY,

Tim @, (€) = 2(¢),

then there exists a probability measure p on (Rd, B(Rd)) such that ® = ji. Moreo-
ver, fin —25 11 and if X is a random variable with distribution p, then X, X,
Démonstration. Point 1) is evident by considering the real and imaginary parts of z + €.
For Point 2), it suffices to show that g, is tight. Indeed, the Prokhorov theorem
will then provide the existence of a convergent subsequence to a measure p. Thus, ® is
necessarily the characteristic function of p. Thus, ® must be the characteristic function
of p. In this way, all the limit points will be equal to p (as they will have the same
characteristic function).
To demonstrate tightness, we will show that Py, ([—M, M]) uniformly converges to 1
as M tends to infinity. On the set [—M, M|, the quantity
sin(X /M)
X/M
is bounded by a certain constant « independent of M. Therefore, we have
Px, (=M, M]?) = E(1mane(Xs))

M l/M )
E —/ (1 — e t)dt
2 Jom

1M 1/M

a 2 —1/M

e}
1
o}

(1 -y, (t))dt

When n goes to infinity, by dominated convergence, we have
M 1/M
2 Jouym

1/M

1-tx®) -+ [ 1-0w)

~1/M
Then

n

1 M l/M

limsup Px, (M M) < 25 [ (1= a)
o _

Thus there exist N such that

1/M
sup Px, (=M, M]") <+ / (1- (1))

n>N 1/M
Or
M 1/M
lim—/ (1-@(t)=1—-2(0)=0
M2 ) M
then Px, ([—M, M]¢) converges uniformly to 0 and we get the result. O

15



Theorem 15. (Lévy)(Version faible). X, - X ssi V¢ € R, lim, o Py, (€) =
Px(8).

2.5 Distance on M(F)

We shall define two distances on M;(F) and then show that they give the tight
topology. We then consider a Polish space E equipped with a metric d.

Before defining the Levy Prokhorov distance let us define the € neighborhood. For a
set A and ¢ we define

A ={reFstIyecAstdlx,y) <ec}= UB(y,e)

yeA
Proposition 16 (Levy Prokhorov Distance). Let (u,v) € M1(E)? we define
p(p,v) = inf{e > 0|VB € B(E), u(B) < v(B°) + ¢} (2.3)
= inf{e > O|VF closed u(F) < v(F®) +¢}. (2.4)

which is a distance on My(E) called Levy Prokhorov distance.

Démonstration. Let us start by proving that we can concentrate on closed set. It is
sufficient to show that

VB € B(E),u(B) <v(B°) +¢ (2.5)
& VF closed, u(F) <v(F°)+e¢ (2.6)

The first implication is straightforward. For the reverse, let us remark that B® = B°.
Then we have

u(B) < p(B7) < v(B%) + = = v(B°) + ¢
Now let us check that it is a distance.
First let us show that p(u, 1) = 0. We have that for all € > 0

VB € B(E),u(B) < u(B°) + ¢
Then for all € > 0, p(u, n) < e which yields p(p, ) = 0.
In order to show that p is symmetric. We just have to show that for all (u,v)
plp,v) < p(v, p)
To this end let us remark that
VB € B(E), ((B°)°)° C B¢
Then

e < plp,v

AB, u(B) > v(B%) + ¢

3B, u(B°) + = < v((B))

3B u((( )%) +e < pu(B) +e <v((B))
= (B v(C) >v(C) +¢

€<p( 1)

)

>
+
)

e e e

16



Then it is clear that p(u, ) < p(v, p).
Let us show now that if p(u, ) = 0 = pu = v. To this end, for all £ > 1 and all closed
set F', we have

1
plF) < v(FY4) +
Then

v(F) v((\F*)

k
= lilrgn v(FYk)

> p(F)
and then p(F) < v(F) and by symmetry v(F) < pu(F) which yields p = v.

Now it remains to show the triangular inequality. Let (X, u, ) € M (E)3. Let £,6 > 0
such that

p(Ap) <e, plp,v) <9
We have for all B € B(E)

ANB) < u(B%) +e <v((B))+e+4

and therefore p(\,v) < e+ §. Then we get the triangular inequality. O
Proposition 17 (Kantorovich-Rubinstein). Let (E,d) be a metric space, define for a
function f
[f(z) = f(y)]
fllsL = | f||lsc + sup ————==
1152 = 1l + 00 LD

The set BL ={f : E — R|||f|lprL < oo} corresponds to the bounded Lipschitz functions.
Blp,v) = sup

The quantity
[ sdu | san
IfllBL<1|JE E

for (u,v) € My(E)? defines a distance on My(E) called Kantorovich-Rubinstein distance.

Démonstration. The only non-trivial fact is that 5(u, ) = 0 implies that for all bounded
Lipschitz function, we have p(f) = v(f). Using the regularity of measure on (F,d), this
implies that y = v O]

Before expressing the main result, let us recall the Theorem of Ascoli-Arzela. To this
end let us recall the definition of the continuity modulus. For a function f : (E,d) — R

ws(f) == sup [f(t) = f(s)]

d(t,s)<d
Recall that f is uniformly continuous if and only if lims_,ows(f) = 0.

Theorem 18 (Arzela-Ascoli). Let (K,d) be a metric space and C(K) = {f : K —
R continuous}.
We have A C C(K) is relatively compact if and only if
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1. Forallte K

sup [ f(#)] < oo
feA

2. Equicontinuity

supws(f) — 0
feA 6—0

Remark 5. (1) : If K C R we just need that 3tg € K such that supc, |f(to)| < oo
Démonstration. Let us show that (1) comes from (1') and (2). Define t;, = t, + (=0

define At = M, we have for t € K

n

FE] < 1)l + > 1f(t) — f(tr1)]

< | f(to)] + nwad(f)
< 1f(to)| + nwaami (1)

Then

sup |f()] < |f(to)] + nsup waamx) (f).
feA feA n

This quantity is bounded for n sufficiently large.

Let us show that the relative compactness implies (1) and (2). If A is relatively
compact then it is pre-compact. Therefore for all € > 0 there exists n and fi,...,f, € A
such that

Ac|UB(fie).
i=1
In particular for all f € A tehre exist j such that

[flloe < IIf = fillso + Ilfillo

Then

sup || flle <€+ sup || fillo
feA i=1,...,n

Then A is uniformly bounded which yields (1).
Now for all f € A and all (¢,s) € K?

(&) = f() < 1fi(®) = fils)[ + [f(s) = fi(s)| + | () = fi(D)]
Then
ws(f) < 22+ ws(f3)

Then

supw;(f) <26+ sup ws(f;)
feA i=1,...,n

Now the Heine Theorem implies that

lim sup ws(f;) =0

i=1,...,n

18



And this implies that
lim sup sup ws(f) < 2¢
5 feA
Now let us show that (1) 4+ (2) implies that A is relatively compact. Let us use the
sequential characterization. Consider (f,,) a sequence in A and let us show that there
exists a convergent subsequence. The equicontinuity implies that for all n > 1 there
exists 6, < % such that

S|

sup wn (f) <
feA

Now since K is compact there exist a finite family ¢,, ; such that
K c|JB(tn;.1/n).
J

Since A is uniformly bounded the set ( f,,(¢,;);m > 1) is bounded Using Bolzano Weiers-
trass there exist ¢, such that

(f¢1(m)(t1,j)7 m Z ]-)
is convergent. Then one can extract ¢, such that

(fososrmy(trj),m > 1)

is convergent for [ = 1,2 and with a diagonal argument, there exist ¢ such that

(foem(tr5),m > 1)

is convergent for [ > 1
Now let us define the dense subset

K ={t,,,n>1jcJ,}CK

For all ¢ € K’ define
F(#) = Tm foe (¢')

Note that f is uniformly continuous on K’ since for all |t — s| < §

|f(t) = f(s)] = lim | fo(n) () — fo(m)(s)] < supws(g)

geA

Then there exists a unique extension f wich is continuous on K, then uniformly conti-
nuous. Let ¢t € K. We have for ¢ = t,, ; such that

2
() = foy (O < (@) = FE+ [FE) = fomy @) + [fom () = Foem) ()] < ws, (f) + -
and the convergence in norm holds. O]

Now, we are in the position to express the main Theorem relating tight convergence
and the measure § and p
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Theorem 19 (The distance 5 and p metrizes M;(E)). The following assertion are
equivalent

1. pn — p tightly
2. B(ptn, ) — 0
3. p(pin, 1) — 0

Démonstration. Let us show that 1) = 2). Since p is tight, for all ¢ > 0, there exists K.
such that p(K) > 1 —e. Be aware that at this stage, we cannot use Prokhorov. Then let
K* the open e-neighborhood et by Portmanteau

liminf u,, (K°) > pu(K®) > 1 — ¢,

then for n sufficiently large u,(K¢) > 1 — 2e.
Now let A = {f, || fllzr <1} and let Ax = {fix, f € A}. By Ascoli Ak is relatively
compact. Then there exist £ = k. and fi,..., f, such that

k
f{K'C:L_Jlg(j},E)
i=1
which implies that for all f there exists f; such that
sup | f(t) — f;(t)| < ¢
teK
Then for all f € A there exist j such that

sup |f(t) = ;)] < sup[f(s) = fi(s)] + sup inf [f(#) = f(s)]
teKe seK teKe SE
+sup inf [f;(t) = fi(s)]
teKe S€

< 3¢

We have used the Lipschitziannity in the last two terms. Then for all f € A, there exists
7 such that

[ (f) = (O <l = DI+ |0(F = )+ T (f5) — 1(f5)]
< pa((f = )1+ [f = filloostn((K5)%)
+u((f = D)+ 1 = filloop((K)°)
+pa(f5) = 1(f5)]
< fualf;) — p(f5)] + 10e

Then

Blpns ) < 10 + sup |pa(f;) — p(f5)l

1<5<k
This way, since |u,(f;) — p(f;)| = 0forall j =1,...k

lim sup B(pn, p) < 10e
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and then
lim 5 (pin, 1) = 0.

Let us now show that (3) = (4). To do this, we will demonstrate that it is possible
to compare the distances p and . Indeed we shall show that

plpsv) <24/ B(p,v)
Let B € B(E) and p,v € M (F), without loss of generality, we can assume that
u(B) < v(B). Let € > 0, and consider the function g defined as
1
g(r) = max (0, 1 — —d(z, B)) for all x € E.
5

Recall that g € BL(E) with ||g|ls. < 1+ % and 15 < g < 1p.. The first term 1
corresponds to the ||.||s and the term 1 corresponds to the Lipschtiz constant. Therefore,
we have the following inequalities :

u(B) < v(B) < /Egdy < /Egd,u+ (1 + é) B, v)

< u(B:) + (1 + é) Bu,v)

< M(B(S) + 57
where § = max (8, (1 + %) B, 1/)) Therefore, by the definition of p, we have :

p(p,v) < 6.

Two cases arise :
If B(u,v) < 1, and we choose ¢ such that 8(u,v) < &? < 1, then we deduce that :

1
(1+—> Blu,v) <e+e* < 2.
£

Hence, p(u,v) < 2e. By taking the limit as ¢ tends to 3(u, ), we obtain the following
inequality :

p(p,v) < 24/ B(p,v).

Now, if B(u,v) = 1, we deduce that p(u,v) < 2+/6(u, v) since p(p,v) < 1.
In all cases, we can conclude that (3) = (4).

It remains to prove that 3) = 1). To this end by the Portmanteau Theorem it is
sufficient to prove that for all closed set F

lim sup g, (F) < p(F)

By hypothesis for all € > 0 there exist ng such that for all n > ng p(p,, ) < e. Then for
all closed set F’
pn(F) < p(F°) +¢
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which yields
lim sup p,(F) < u(F°) +¢

Taking € — 0 and (F*) a decreasing sequence we get

lim sup g, (F) < p(F)

Then we can prove the Prokhorov Theorem

Theorem 20 (Prokhorov). Let E be a Polish space and F C My(E).
The family F s tight if and only if F s relatively compact for the tight topology.

Démonstration. Let us start by the sense <= Note that up to replace F by F, we can
suppose that F is compact. Note also that F tight implies that F is tight. Let us start
with a Lemma

Lemma 21. Is F is compact and

E={]10.,

1s a non decreasing union of open sets. Then for all ¢ there exists N such that for all
weF
n(On) 21 —¢

Démonstration. By contradiction there exist € > 0 such that for all N € N there exist
un € F with
/LN(ON) <l-—¢

This gives us a sequence (uy). Since F is compact and since M (FE) is a metric space. By
the sequential characterization there exist an extraction ¢ such that, in the tight topology

He(N)y — M-

By the Portmanteau Theorem for all n

p(On) < liminf pis(n)(On)
< liHJlVinf ,U¢>(N)(O¢(N)) 0, C O¢(N) N >>1
< 1-—¢

Since (O,,) is increasing, we get that
N(U On) <1l—c¢

which contradicts that £ =, T O, O
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Let us come back to the proof that F compact = F tight. Let ¢ > 0 and {z,,n > 1}
a dense sequence. For k£ € N* being fixed

E =|JB(zn, %)

From the Lemma there exist Ni(¢) such that fro all p € F

Nk(é)

u(|J Blaa, 1/k) > 1 %

n=1

The set
Ni(e

)
K () U Brlxa,1/k)

k>1 n=1

satisfies for all u € F

o

IA
(]
2|
I
™

Furthermore note that K is pre-compact (can be covered by a finite number of ball of
radius 1/k for all k) and it is clear that K = K then K is complete since F is complete.
It follows that K is compact and then F is tight.

For the sense = let us atrt with the case where E is compact. We shall need this
proposition.

Proposition 22. If (K,d) is a metric compact set. Then from any sequence (pi,) in
M (K) one can extract a convergent subsequence.

Démonstration. Somehow it is an abstract version of the real case K = [a,b]. Here we
consider K equipped with d, C'(K) equipped with .||« and {z,,n > 1} a dense sequence
in K. We consider as well A = Q|[fx, k > 1] where fi(.) = d(., x)) as the algebra genrated

by (fr)-
Star by showing that A is dense. To thsi end we shall show the following abstract

version of Stone-Weierstrass. A is a sub-algebra that separates the points i.e V(z,y) €
KxKe#y=3f € Af(z) # f(y) & Ais dense in C(K). Let (z,y) € K x K, we have

Ve Af(x) = f(y)

vk > 1 fi(z) = fi(y)

Vk > 1d(x, zy) = d(y, xx)

forz, — y0 = d(y,y) = imd(y, xx) = limd(z, zx) = d(x,y)
z=y

A S R
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Note that A is countable. Let us proceed by making a diagonal extraction. For all
f € A we have
[in ()] < (I flloe < 00

For all f one can extract, then by countability we can make a diagonal extarction ¢ such
that

u(d(n))(f) — M(f)
Clearly M : A +— R is linear. For all f € A
(MO < [ fllo

Then M is a linear form on A which is uniformly continuous then there exists a unique
linear continuous extension on C'(K).
let us show that for all g € C(K)

M (g) = lim p14(n)(9)
Indeed let (gx) € A such that g — g in ||.||cc. We have
|16 (98) — Bom)(9)] < llge — gl = 0
Let u be any adherence value of (14(n)(g)), we then have
[M(gx) — ul < lgr — gl =0
and then there exist a unique adherence value

u = lim M(gy) = M(g)

Note that if we knew that
M(g) = u(g)

for p € M (FE), we would have finished. To conclude we can check that
M(1)=1, f>0=M(f)>0
O

Come back to the general case. Since (p,,) is tight, there exist an increasing sequence
of compact sets (Kj),., (i.e. K; C Kjiq for all j > 1) such that

1
VneN, pu,(K;)>1— = pour tout n € N
J

Indeed, for that it is sufficient to choose a family of compact sets (Lj)j cy Such that
pn (Lj) =1 — % by tightness and then K; = U;¢;L;; the family of compact set (K)
satisfied what we wanted.

Next, for all j > 1 and n € N, denote by v/ = pn|x; the restriction of u, to Kj.

jeN

yj _ ]-k/J/n
" ,un(KJ'
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By the last proposition for all j (/) converges up to an extraction. By diagonally extrac-
ting
J J ;
Vin) n_:)roo v/ forall j52>1
Up to extracting again we have

1
o) (K5) = py > 1 — 2

pi (B N Kj) pip (BTN Kj+1)

lim sup Ho(n ]+1) (BE NKji)

(AVARAY

)(
hm SUP [lo(n) (BN KJH)
)(

hmsupud) B*NKj)

p; limsup v/ (B N K;)

v

p; liminf 7 (B N K;)
> ! (B°N Kj)

Taking € — 0 yields o o
Mj+1V]+1(B N Kji1) > p’ (BN K;)

This yields that fro all closed set F'

pi’ THF N Kjp) > pg? (F0K;)
By the regularity of the measures for all the Borel sets B

pie’ (B N Kji) > ! (BN K;)
Therefore by using this increasing fact one can define p such that

u(B) = lim pj1 (B N K;) = lim 0”7 (B N K),
J

J
sincel—%g,ujgl
The application p € M;(E). Indeed

p(E) = lim py1? (K;) = 1
J
Let (B;) disjoint
p(| |B) = li;!n/ij'/j((u Bi) N K;)

= lim Z wi (V7 ((Bi) N K;)

= th (7 ((B;) N K;) monotone convergence
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In ordee to conclude, so we must demonstrate that it is possible to extract a sub-
sequence of (fn),cy such that this subsequence converges tightly towardsc p. In other
words, for all f € C,(E) we shall show

lim /fd,un:/fd,u.
n—+oo [p E

Without loss of generality we can suppose that 0 < f < 1. For all n € N and for all
721, we get

[ s~ | fdu‘ <[ sam— [ Jgar
< /Kjfdun—/Kjdej /Kjfdvj—/Efdu
< Ajfdvi—/l(jfdvj /Kjfdvj—/Efdu

Since finx; = vl and p, (K;) < % by tightness. Next, since (Vﬂ;)neN converges tightly
fav’ — [ fdu

1
/fdun—/fdu‘é—.Jr
E E J K; E

< v (1) — ().

+

/Kjfduj—/Efd,u

+ pn (K5) +

1
+=+
j

to 17, we deduce that

lim sup
n—-+o0o

Now j to infinity allows to conclude. Next by definition og p (with B = E ) we get

/K g+ | fan

J j—=+oo JE

Then lim,, o f g Jdpn, = f 5 Jdp which finishes the proof. O
Let us express a corollary

Corollary 23. The metric space (M (E), B) is complete.
This is also true for 3 replace by p.

Démonstration. .Let (ju,), .y be a Cauchy sequence of (£, ) then it is pre-compact. By
Prokhorov there exist a convergent subsequence. Since a Cauchy sequence has at most
one limit point, we can deduce that it converges, and therefore, the space is complete
(with respect to the metric induced by p or () O
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Chapitre 3

Functional Limit theorems

3.1 Goal

Proposition 24. If F is a Polish space then
C=C([0,T],E)

18 a Polish space.
Démonstration. The metrisability and the completness are usual. O
Then it is reasonable to consider constructing probability measure in M;(C)

Theorem 25 (Existence and uniqueness of Brownian motion). Let E =R (or E = R?).
There exist a unique measure W € My (C)) such that if X is r.v valued in E with L(X) =
W, we have
- X() — O
— t — X, is almost surely continuous, i.e X € C
— Y0=ty<t1 <...,tp,k € N(Xy, —Xy,_,,i=1,..., k) are independent increments
such that fro alli=1,... k

X, — Xio, ~N(0,ti —ti 1), N(0, (t; — ti1) g, E = RY)

We call W the Wiener measure. All r.v X such that L(X) = W s called a standard

Brownian motion.

The Brownian motion is a essential ingredient in modern probability that allows to
construct other interesting processes. This is also a universal process that appears natu-
rally as the limit process of the central limit Theorem.

Come back to the warmup. Let (§;) be a sequence of i.i.d r.v such that

Egl = Oa ]ng =1

Denote
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and
S\tn)+1 = Sin]

NG

S\ tn
Sit = 21 (nt — nt))

Jn

We have the following theorem

Theorem 26 (Donsker Invariant Principle). We have the following convergence in dis-
tribution
(SP0<t<T) 5 (X,0<t<T),

n—o0

where X is a Brownian motion.
In an equivalent way, in the tight topology

LSy — w.

n—oo

This convergence can be also established in the space D where D holds for discon-
tinuous function ; more precisely cadlag (right continuous and left limit). This won’t be
addressed in these notes.

We shall show the result by assuming E£21¢ < oo.

Before establishing this theorem we shall present the usual procedure to show conver-
gence in distribution. Essentially there are two steps : tightness and identification of the
limit process. For the identification, usually we study the marginals.

3.2 Marginals and Product o-algebra
On C there is a natural application called projections. For all 0 <t < T define

mw: C —- FE
fo= [t

Definition 7. Let X be a continuous process. Let 0 =<t; < ...t < T,k € N, then
L(Xey,. .., Xt,)

is called the k-dimensional marginal or the finite dimensional marginals.
In other words if £(X) = pu € M;(C) then

£<Xt1, e ,th) = <7Ttl, . ,Wtk)#,u,
where the last symbol means mesure image.

Recall that C is endowed with its Borel o-algebra generated bu the open sets for the
uniform topology. Another o-algebra is also natural

Definition 8 (Cylindric o-algebra). The cylindric o-algebra Cyl(C) is defined by
Cyl(C) =o(m,0 <t <T),
this is the o-algebra generated by the projection applications.

We have the following theorem
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Theorem 27. The Borel and the cylindric o algebras are the same
Cyl(C) = B(C)

Démonstration. The inclusion C is obvious since the application m; are continuous, then
forall 0 <t < T m;}(O) € B(C) for all open sets and therefore

Cyl(C) = o(m;1(0), 0 open) C B(C)

For the inclusion D, let us show that all open ball B(f;r) € B(C) satisfies B(f;r) €
Cyl(C).
Let feC,r>0

B(fir)={9€C| lg— flo <7}
={geC|Vte[0,T],d(f(t);g(t)) <r}
={geC|VteQnI0,T],d(f(t),g(t)) <r} continuity

— ) {geclg®) e BHO:M}

teQN[0,7]

() {gecClmlg) € B(f(t);r)}

t€QN[0,7)

= (] = 'BUW):r)
teQN[0,T]
Since B(f(t);r) € B(E) then w; '(B(f(t);r)) € Cyl(C) and then B(f;r) € Cyl(C). As a
consequence

B(f;r) = | B(f;r) € cyi(C)
=

Finally all open set in a Polish space E is a countable union of open ball

oo
U xkagk

where (xy) is a dense sequence and B (ZL“k; er) C U for all k.
Then Cyl(C) contains the open set. As a consequence

Cyl(C) > B(E)

]
Corollary 28. — All law p € M;(C) is uniquely determined by its marginals.
—Hn T ME My (C) tightly if and only if
n—-+00
a)  (pn;n > 1) is tight
b) CV of finite dimensional marginals towards the one of (for all subsequences)

n—-+00

i'e(’ﬁtp'--?’ﬁtk)#ﬂgo(n) — (ﬂ'tl,...,ﬂ'tk)#,u V0<t1<<tk
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- In more probabilistic words. Let X, Y two processes on C then X £ Y if and only if
VEZ1V0 <t <ty <...<tyg

(Xt17Xt2> cee 7th) é (thu s ank)
- Let (X,,) be a sequence of processes in C then
X, 5 X
if and only if
(Xn;n > 1) is a tight family
CV of marginales for all subsequences

The convergence of marginales means that for all extraction ¢, if (Xy(,)) converges in
distribution then Vk > 1,V0 <t <ty < -+ < 1,

Ly (X, X))

n—-+00

(Xom) (t1) 5 Xom (tr))

Démonstration. For the first point let us show that if 4 and g/ have the same marginals
then p = /. To this end let us consider By,..., By k Borel sets and let 0 < t; < ... <t
and define

A={fecClf(t) e Bii=1,....k} ==, (B)
Then we have

p(A) = (me, ... m)#(Br X ... X By)

= (7Tt1,...,7Ttk>#/,Ll(Bl X ... X Bk)

= w(4)
Then the set

T ={AeB(C)uA) =1 (A)}
contains the sets that generates Cyl(C) which is stable by intersection, then it is a class
monotone. Then 7 D Cyl(C) and the first point follows.

For the second point. Since M;(C) is metrisable we get that

tight
o —"

if and only if {u,,n > 1} U{u} is compact in M;(C} and the unique limit point is . By
Prokhorov this holds if and only if {x,,n > 1} is tight and for all extraction ¢

He(n) — V

implies ¢ = v (unique limit point). By the first point this holds if and only if {p,,n > 1}
is tight and for all extraction ¢

n——+00

(7Tt17 ‘e 77Ttk) #,U/go(n) — (ﬂ-t17 SR 77Ttk) #1
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Remark 6. Note that
X, 5 X

implies that for all 0 <t; < ... < t; we have

(Xn(t1)s - X)) = (Xup, .., X0)

n—-+4o0o

3.3 Kolmogorov criterion

Theorem 29 (Kolmogorov Criterion). Let E = R?. For a > 0 and for f : [0,T] — E,
we define

the o Holder norm.

Let (X,,) a sequence of r.v in C, satisfying

— (Xn(0),n > 1) is tight

— dp,c, > 0,E[| X, (1) — Xn(s)[P] < c|t — s|F
Then (X,,n > 1) is tight and more precisely, for all 0 < o < B/p (No(Xy),n > 1) is
tight.

Démonstration. Let us prove the result for d = 1 and let us suppose that T" = 1. let us
start by showing that

Xn(0),n>1) tight _
{ (EVQ(E()) _2 i) tiiht = (X,,n>1) tight

Recall that we have to show that for all € > 0, there exists a compact K C C such that

supP(X,, € K¢) <e¢

By Arzela-Ascoli a compacts et is characterized by
— The boundeness in 0, i.e IM > 0,Vf € K,|f(0)| < M
— The equi-continuity

supws(f) — 0
feK 0—0

Note that for all a > 0 if there exists M’ > 0 and K C {f € C|N,(f) < M'} then K is
equicontinuous. Therefore let us consider

K={feC||f(0)] <M, Ny(f) <M}
Let us show that
(X,(0),n>1) tight _
>
{ (No(X,),n > 1) tight = (X,,n>1) tight.
We have to show that for all £ > 0, 4K compact

supP(X, € K°) <e

n>1
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which is implied by the fact that for all ¢ > 0,3M, M’ > 0

sup P(1X,,(0)] = M, No(Xy) > M) <,

n>1

which is implied by the tightness of (X,(0),n > 1) and (N, (X,),n > 1).
Let us start by showing that for all 0 < a < 3/p (No(X,),n > 1) is tight. This needs
a preliminary analysis. Let define for all m € N*

D,, := the dyadic numbers of order m
k
Note that card(D,,) = 2™. Define

K (X) := sup |Xypo-m — Xy

tEDm

Let us show that

E[|X, — X,|F] < c|t — s|'F = EK,,(X)P < 27

Indeed
EKm(X)p — E Sup |Xt+2—m - Xt‘p
t€ D,
< D B — X
teDy,
< cCard(D,,)(27™)*"
= @™

Now let us show that for all X € C

No(X) €2 K (X)20m.

By continuity
|Xt — X8|

N (X) =
(X) sup T

s;ét,(s,t)e(um Dm)2
If s <t with s,t € J,, D, there exists m > 0 such that

2—(m+1) S t—s S 9—m

This way one can write
N-1

[s,t[= |_| (7 Tig [

i=0
with s =179 < 7 < ... < 7y =t with 7; € Dy, k > m. All the pairs (7;, 7;41) belongs
to the same Dy, and 7,4 — 73 = 27k This decomposition can be done in such way that
|Tit1 — 7| = |Tj41 — 75| for at most 2 indices.
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Then we have

|Xt_Xs‘ S |X i

Then

Xy — X
M < 92 Z Kk<X)2(m+1)a

[t =5l —

is tight. Using Markov inequality we have

P (2 > Kn(Xp)2M > M G

k>0

) < E [|2Zk20 Kk(Xn)Qm}p]

Let us show that E [| 3, Ki(X,)2"|"] is uniformly bounded in n.
To this end we have

(E

> Ki(X,)2k

k>0

P\ 1/p
D < 32 (B(K,(X))

k>0

< Y20 (B2t

k>0

< P Z 2]@(047%)

k>0

which is finite and idependent of n for all 0 < a < %.
This way there exists C' such that

C
sup P (22[@()@)2’“ > M) <5
" k>0

and the tightness follows.
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3.4 Proof of the announced results

3.4.1 Existence and uniqueness of the Brownian motion

Let us quickly present construction of Brownian motion. To do so, consider the Hilbert
space L?([0,1],d)\) where A denotes the Lebesgue measure, and let (e;),.y be an ortho-
normal basis of H. For example, one can choose the basis defined using Haar wavelets.
These are obtained by translation and dilation of the following function

1si0<t<?
H(t)=¢ —1siz<t<1
0 sinon

Let us then note that for every integer n € N, there exists a unique pair (j, k) € N
such that

n=2+k with 0<k<?2.
For such integers, we then define, for all ¢ € [0, 1],

en(t) =2PH (2t —k) for n=2"+k with j>0 and 0<k<2/,

and impose eg(t) = 1. The family thus defined (e,),., is an orthonormal basis of
L?[0,1].

From such a family, it is possible to construct a Schauder basis (v,),, of C[0,1] (i.e.,
a dense family in a Banach space). To do this, we define

t
v () —/ en(u)du for all te€|0,1].
0

Moreover, if d : [0,1] — R is defined by

2t if0<t <3
dit) =92(1—¢t) if3<t<1
0 otherwise

and d,(t) = d (27t — k) for n = 27 + k with 0 < k < 27. Tt is then possible to show
that

U () = Apdy (1)

with A\g = 1 and, forn > 1, \, = %2*3'/2 where n = 27 + k with 0 < k < 2/ and j > 0.
From this family, it is possible to construct Brownian motion. Indeed, let (g;),cy be a

sequence of standard Gaussian random variables, independent and identically distributed
(i.e., g1 ~N(0,1)) on a probability space (€2, A, P) and let us define

X' =Y gwi(t) with te[0,1].
i=1
This sequence of random functions satisfies the following convergence :
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Theorem 30. Almost surely, (X"), .y converges uniformly on [0,1] to a limit X which
1s a Brownian motion.

DA@monstration. First, (assuming the limit exists), let us see what happens at the
level of the covariance functions and quickly verify that

lim E[X!'X]'] =E[X;X;] = min(s, ).

n—-+00

To do this, we will use the fact that the variables (g;),.y are independent and identi-
cally distributed standard Gaussian random variables.

(Z ng-(S)) (Z gjvj<t>>]
= Z vi(8)v;(t)

_ 2_; (/0 i () du) (/0 e:() du)

= Z (es, 1[075]>L2(dIP>) (ei, 1[07t]>L2(d]P) :
i=1

To conclude, it suffices to use Parseval’s theorem (see [204]), which assures us that

E[X"X" =E

n

lim Z <€i7 1[0,8}>L2 <€i7 1[07t]>L2 - <1[0,S]7 1[0,t]>L2 = min(S, t)

n——+o0o
i=1

This construction will be employed again when we prove the Schilder theorem in
Chapter 4.

Let us now demonstrate the uniform convergence. For this, we will need the following
lemma.

Lemma 31. In the framework described in Section 2.6, there exists a random variable C
such that, almost surely, for all n > 2, we have

lgn| < Cy/logn et P(C < o0)=1.

DA@monstration. For x > 1, we have

2 oo
P (|gn| >x)zﬁ/ /2 g

< \/2/ ue 2 dy = e-ﬁ/z\/g.
7/, T

Thus, for all o > 1, we obtain

2 2
P Ogn‘ > \/m) < exp(—alog n)\/j —n /2
™

(e
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Moreover, since a > 1, this last quantity is summable, and the Borel-Cantelli lemma
1.1.1 then implies that

P <]gn\ > y/2alogn infinitely often > =0.

Consequently, the random variable C' = sup,, <, \/‘% is finite almost surely. Armed

with this lemma, we can establish the uniform convergence of X, (¢) to X;. To do this,
we will show that, almost surely, the remainder of the series (in absolute value) converges
uniformly to 0.

First, observe that for all n € [27, 271 we have :

-logn < j+1

- for all ¢t € [0,1],d,(t) # 0 for at most one integer n € [27, 271 (this localization of
the support fully justifies the use of the functions d,,).

This is why, using the previous lemma, we have, for all M > 27 with J > 1

Z |gn| vn(2) Z |gn| Andn(t) < C Z A/ log nd,, (t

oo 21— 1
C'ZZ S27923 /5 4 1ds (1)
j=J k=0

—CZ 2792\ /5 +1

Since 0 < d,(t) < 1 for all n € N and for all ¢ € [0, 1], the last term above tends to
zero as J — +o0o. This implies that (almost surely) X' converges uniformly ; furthermore,
the limiting process (X)) is continuous (almost surely) since the functions ¢ — X'
are continuous for all n € N.

The proof is not completely finished. It remains to show that it is a Gaussian process.
Note that the form of the covariance function easily allows us to show that the increments
of the process are independent. Using this observation, for any 0 < t; <ty < ... <ty < 1,
it is not difficult to show (by considering the characteristic function) that the vector

(Xey, - Xey)

is a Gaussian vector. These details are left to the reader’s attention and can be found,
for example.

3.4.2 proof of Donsker

To prove the Theorem we shall show the convergence of finite dimensional law and
the tightness.

Finite dimensional Laws

Pour identifier la limite A@©@ventuelle, nous allons utiliser les lois (en dimension finie)
induites par

Proposition 2.5.2. Soient 0 < t; <ty < ... <ty <1 alors
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(X7, X

c
£ t2,...,XtZ)—>G dans R? lorsque n — oo

ou G est un vecteur gaussien centrA© de matrice covariance I' = (T'ij), <ij<d AVEC
I';; = min (¢, t;) pour tout 1 < i,j < d.

DA@©@monstration. Pour simplifier, nous ferons la dA@monstration lorsque d = 2. Le
cas gA@nA@ral est similaire mais les notations alourdissent inutilement la preuve.

Tout d’abord, observons que pour tout ¢ € [0, 1]

S|
‘Xt - %SLMJ

Moreover, pour tout £ > 0, puisque les variables ont mA®me loi,

1
< Tn | Vint)+1] -

1
P <% |VLntJ+1‘ > 5) =P (“/1’ > \/Eff)
D’ou, d’aprA”s 'inA@©galitA© de Tchebychev, \/Lﬁvmtﬁ-l L0 lorsque n — 4-o00.
Cest done A@galement le cas de X — \/LHS nt]-
En consA@quence, la norme euclidienne H(XQ,XZ;) — (\%SWI 15 \/Lﬁstmg J> H tend
2

vers 0 en probabilitA(©).

Pour poursuivre notre A@tude, nous utiliserons le lemme ci-dessous.

Lemme 2.5.1. Soient Y,,, X, et X des variables alA@atoires rA@elles. Supposons que
Y, £ X et | X, — Y, i) lorsque n — 4o00. Alors X, A x lorsque n — +oc.

Au vu de ce qui prA@cA“de, le prA@cA@dent lemme nous assure que nous pouvons
travailler avec \/LES nt] plutA ‘'t que X

Puisque nous sommes en dimension finie, nous pouvons utiliser la transformA@e de
Fourier pour A@tablir un rA@sultat de convergence en loi. Ici, pour (ui,us) € R?, nous
avons

1

E [eiu1 ﬁstnm +iu2ﬁstm2J] - [ei(u1+uz) \/ESL”HJ +iu2ﬁ(stnm —SLntlJ ):|

. S 5]
eZ(UI+U2) ms\_ntlj

- E [eiUQﬁ(SLntZJ*SLntlj)}

puisque S|, | et (Stntz | — Sinty J) sont des variables alA@atoires indA@pendantes

(car t; < t; ). Nous pouvons alors utiliser le thA©@orA me 1.5.2 de la limite centrale
dans R? qui nous assure que

| /i
lim E | van Sl

. 1 1 to—t
E [ewgﬁ(swﬂfswﬂ)] _ e—(u1+w)271 % eﬂé 2-4
n—+o0o

En d’autres termes,

(X4

t19

Xt’;) Aaq lorsque n — 400
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1t
Remarque. ~L’A@tape prA@cA@©dente nous montre la forme de la structure de co-
variance d'un A(c)ventuel processus limite X :

. % . . t1 4
ou GG est un vecteur gaussien centrA(c) de matrice covariance I' = ( )

E [X X = min(s,t) pour tout s,t € [0,1]

Tightness
In order to show the tightness, we shall use the Kolmogorov criterion. We apply this
Theorem for X,, = S and p = 4. Note that p = 2 will imply that 8 = 0 and then it is
not sufficient.
Let us compute
)

E [)S}”] — 5P

We shall consider two cases

— dkeN,sn<k<tn

— dkeNk<sn<itn<k+1
The second case is easy. For the first

Sltn] — Stsn] N [tn — [tn] |[sn] — sn|

Sy — st

<

At this stage, we have

4

Lth — | SN n|—\(sn|—
E( Y 6| =Bl - fon) + g 2 LT = [snl 2 1

[sn]+1

Now let us observe that for all p > 1, for all £ > 1 for all a; > 0

k

k p k
D al < (Z%) <p)y af
=1 =1

=1

We have now

E US}"] — gl 4]
< [BIStus — Sronl* + ltm — Ltm) EEL + [ — ]
< % [%(Ltnj ~ on) 4+ L= (3”12(“’” — 1D | = ltn) ]t + [sn] — snf?
< % [([tn] = [sn])* + [tn — [tn]]* + [[sn] — sn|’]
< % ([tn] — [sn] +tn — |tn] + [sn] — sn)”
< % (tn — sn)* = Ce(t — 5)?

n

and the Kolmogorov criterion is satisfied with p =4, 8 =1 and ¢ = Cx.
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Chapitre 4

Optimal transport
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